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Motivation and Main Idea

Finite-length Dbivariate-bicycle (BB) quantum
LDPC codes are attractive low-overhead mem-
ory candidates, but cover-based searches often
rank candidates only by a scalar cover factor.

m \We optimize both the directional cover
factorization h = a,a, and the monomial lift
offsets (s, ).

m A support-difference equality
Ap(i,1") = Ag(g,7") identifies a
mixed-block base Tanner 4-cycle.

m \We evaluate the net voltage of these short
base cycles: zero net voltage allows
closure after one traversal, whereas
nonzero high-order voltage delays closure
for multiple traversals in the lifted graph.

m Fora (6,6) base and h = 4, the optimized
pure y-cover gives the [[288, 20, 18]] code,
improving kd? /n over the optimized pure
r-cover [[288, 16, 18]| code.

BB Code Background

A BB code is a two-block CSS code generated
by sparse polynomials in

R =Fy[z,y]/(z" =1, y™ — 1),

where exponent pairs are read on the torus 7, x
Z, . Let

dp dQ
P=Y a%yhi, Q=) aiy.
i=1 =1

where = and y denote the commuting cyclic-shift
CPMs. Setting

A:P(xay)7 B:Q<Qj,y),
the BB checks are
Hy = |A B, Hy7 = [BTAT]-

The base length is ny, = 2¢m.

Directional Covers

An h-fold cover creates h lifted copies of the
base Tanner graph. Choose

h =a,a,,

where a, and a, extend the two BB directions:

(£, m) — (a,l,a,m), n, = hng.

Y
Each monomial receives a lift offset (s,t) €

Gh — Zam X Zay

a+¥ls_ b+mt

2y’ = x Y
The offset specifies which lifted copy the corre-

sponding edge connects to.
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Collision-Voltage Method

A voltage is the group-valued lift offset assigned
to a base edge:

VP, 1Q4 € Gh = Za, X 2
Define

AP<Z7 Z/> — (CLZ — CL,L-/, b?, — b’i/>7

AQ(-]7~]/> — (C] - Cj/, 63 - 63/>
A collision

AP(iai/) — AQ<j7j/>

corresponds to a base Tanner 4-cycle. Its net
voltage is

() = (VP,Z' — VP,if) — (VQ,J' — VQ,j’)-

High-Order Voltage Prefil

For a short base Tanner cycle C, let Q(C) =
(2,,9,) € G, denote its net voltage, i.e., the
total lift displacement accumulated around the
cycle.

If Q(C') = 0, the cycle returns to its starting lifted
vertex after one traversal. If Q(C') # 0, it closes
only after ordg, (2) traversals, where

A () =1 i Yy
or — lem .
G ocd(a,,,2.) ged(a,, §2,)

Thus, a larger voltage order forces a short base

cycle to traverse the cover multiple times before

closing. For selected short cycles ¢_,, we use
dp(o) = o w(C) ordg, (£2,(C))

as a prefilter to rank lift assignments o before

exact minimum-distance verification.

Design Rule

Start from a compact BB base polynomial

pair (P, Q).
Choose a directional cover split h = a,a,,.
Assign monomial shifts as voltages in GG, .
Break the smallest base collisions by
making {2 nonzero and preferably high

order.
Rank candidates using a?D and S.
@A Verify the exact quantum parameters
1, k. d]].
This rule makes the shift pattern interpretable
and identifies useful directional covers.

Conclusion

The net-voltage criterion provides a simple pre-
filter for directional BB covers. Difference col-
lisions identify short base Tanner cycles, while
high-order net voltage delays their closure af-
ter lifting. For h = 4, the [[288, 20, 18]] pure y-
cover preserves four more logical qubits than
the [|288, 16, 18]] pure x-cover at the same dis-
tance.

Numerical Example

Let

R = FQ[.CB,y]/(LE(S o 17 y6 - 1)7
P =y’ + 2%y° + 23y + 2y,
Q =z + xy® + x%y? + x2y°.
The directional covers from this base are:

Code (/,m) n k d dp(o) Cover Shift

D, (6,6) 72 16 6 base no shift

4
D, (12,6) 144 16 12 4 2 sp=(0,0,1,0), s =1(0,0,0,0)
D7 (6,12) 144 20 10 4 2 tp=(0,1,0,1), t5=(0,0,1,0)
D, (24,6) 288 16 18 4 4 sp=(0,2,3,1), s =1(0,3,3,2)
D, (6,24) 288 20 18 8 4 tp=(0,1,0,1), t5=(0,0,1,2)

Why the Pure y-Cover Wi

For D,, the cover is (6,6)
(ay,a,) = (1,4) and G}, = Z,. Label
Pl :y57 P2:$2y57 PSZ'CUSya P4:£E4y,
Ql — &, Q2 — $y57 QS — £U2y2, QLL — x3y3°

The first-order base collisions are
AP(174) — AQ(47 2)7 AP<27 3) — AQ(L 3)7 (1)
AP(Sa 2) — AQ (37 1)7 AP<47 1) — AQ(zv 4) (2)
Under the D; lift, the four base 4-cycles have

voltages 1,2,2,3 in Z,, with orders 4,2, 2, 4.
Hence none closes after one traversal.

(6,24), so

Decoding-Level Comparis

- %- -QBP, T = 100-[[288,16,18]]
—+— QBP, T = 100-[[288,20,18]]
- A--QBP, T = 1000-[[288,16,18]]
—A— QBP, T = 1000-[[288,20,18]] .
- |- -BP-OSD-10, T = 32-[[288,16,18]] |
—8— BP-0SD-10, T = 32 -[[288,20,18]]| ]
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The verified D} = [|288, 20, 18]] code reaches
the same distance as D, = [[288, 16, 18]] while
preserving four additional logical qubits. The
larger voltage prefilter value, d, = 8 for D,
Versus cZD = 4 for D,, indicates a structurally
better shifted cover before exact distance
verification.

m Cover direction matters at fixed h.

m Nonzero high-order collision voltage is an
interpretable screen for promising
finite-length covers.

m Future work will combine this voltage filter
with automated exact-distance verification
for larger BB and multivariate-bicycle
searches.
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