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Abstract

This paper studies the local stability of a pressure—phase-coordinate control-volume model
for one-dimensional compressible flow. Using pressure and a generalized phase coordinate as
the state variables, the model retains the essential effects of compressibility, phase change,
flow restriction, and wall heat transfer while remaining simple enough for closed-form analysis.
Starting from the mass and energy balances, explicit state equations are derived and linearized
about an equilibrium operating point. The analysis yields a closed-form factorization of the
Jacobian determinant, showing that saddle versus non-saddle behavior is governed by a single
phase-coordinate sensitivity term in the energy balance. In strictly single-phase regions, and
in the bulk of the two-phase region under the present approximation, the model is non-saddle.
By contrast, sharp heat-transfer variation near phase boundaries can drive direct stable-to-
saddle transitions. In a higher-pressure regime, the analysis also identifies conditions under
which a Hopf candidate may arise. These results provide a simple and physically interpretable
framework for understanding how heat transfer influences local stability in two-phase flow
models.
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Abstract

This paper studies the local stability of a pressure—phase-
coordinate control-volume model for one-dimensional
compressible flow. Using pressure and a generalized
phase coordinate as the state variables, the model retains
the essential effects of compressibility, phase change, flow
restriction, and wall heat transfer while remaining simple
enough for closed-form analysis. Starting from the mass
and energy balances, explicit state equations are derived
and linearized about an equilibrium operating point. The
analysis yields a closed-form factorization of the Jaco-
bian determinant, showing that saddle versus non-saddle
behavior is governed by a single phase-coordinate sensi-
tivity term in the energy balance. In strictly single-phase
regions, and in the bulk of the two-phase region under the
present approximation, the model is non-saddle. By con-
trast, sharp heat-transfer variation near phase boundaries
can drive direct stable-to-saddle transitions. In a higher-
pressure regime, the analysis also identifies conditions un-
der which a Hopf candidate may arise. These results pro-
vide a simple and physically interpretable framework for
understanding how heat transfer influences local stability
in two-phase flow models.

Keywords: two-phase flow, control-volume model, pres-
sure—phase coordinates, local stability, heat transfer, sad-
dle instability

1 Introduction

Dynamic models are widely used in the simulation, analy-
sis, and control of vapor-compression-based HVAC (Heat-
ing, Ventilation, Air-Conditioning) systems (Qiao et al.
2015). In practice, however, such models may ex-
hibit pressure oscillations even under constant inputs,
and the mechanism behind this behavior is not always
clear. In particular, when the refrigerant moves across
phase boundaries, the heat transfer coefficient may change
sharply with phase state and introduce strong feedback
into the system dynamics.

Fig. 1 shows a representative example from a cycle-
level simulation, where the discharge pressure exhibits a
sustained oscillation under constant inputs. Although this
behavior can be observed numerically, its origin is difficult
to identify directly from the full cycle model.

Two-phase flow systems are known to exhibit a
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Figure 1. Oscillatory discharge-pressure behavior in a cycle-
level simulation under constant inputs (Laughman and Qiao
2018).

wide range of static and dynamic instabilities, including
Ledinegg instability, pressure-drop oscillations, density-
wave oscillations, and other system-level oscillatory phe-
nomena (Yadigaroglu 1981; Kakac and Bon 2008; Ruspini
etal. 2014). These mechanisms have been studied in many
thermal-fluid systems, including boiling channels, boilers,
evaporators, refrigeration systems, and heat-pump com-
ponents (Eborn and Astrém 2000; Qiao and Laughman
2021). In this literature, stability is often determined by
the interaction among pressure-drop characteristics, dis-
tributed transport delays, compressible volumes, phase-
change dynamics, and external hydraulic boundary con-
ditions.

The oscillation shown in Fig. 1 is related to this broader
class of two-phase-flow stability problems, but the objec-
tive of the present paper is more local. Rather than ana-
lyzing a complete flow loop or a particular system-level
instability mode, we study the local stability of a single
pressure—phase-coordinate control-volume model coupled
to an outlet flow relation. This reduced setting allows the
effects of compressibility, phase change, flow restriction,
and phase-dependent heat-transfer feedback to be isolated
in closed form.

This local viewpoint is closely tied to the structure of
detailed HVAC cycle models. Their dominant dynam-
ics are often represented by finite-volume heat-exchanger
models built from sequences of control volumes and flow



models. Such models capture the fluid and thermal dy-
namics well, but their complexity makes theoretical sta-
bility analysis difficult. As a result, even when oscilla-
tions are observed in simulation, it is not easy to deter-
mine whether they arise from flow restriction, thermody-
namic sensitivities, heat-transfer closure, or the interaction
of these effects.

The motivation of the present work is therefore to study
this local feedback structure in a simpler analytical set-
ting. The reduced model retains the essential mechanisms
of compressibility, phase change, flow restriction, and
heat-transfer feedback, while remaining simple enough
for closed-form analysis. This viewpoint is also relevant
beyond the reduced model itself, because many distributed
heat-exchanger and cycle models are assembled from re-
peated control volumes coupled through flow restrictions.
The present analysis should therefore be interpreted as
a local mechanism study: it does not attempt to repro-
duce the full system dynamics, but instead isolates a com-
pact feedback structure that may also govern instability in
larger models.

For this purpose, the model is formulated in pressure
and phase coordinate. The phase coordinate x coincides
with vapor quality in the two-phase region and is extended
continuously into the neighboring liquid and vapor regions
through an enthalpy-based normalization. In these coordi-
nates, the governing equations take the form of a compact
second-order nonlinear system.

Within this framework, the paper develops closed-
form local stability conditions for the pressure—phase-
coordinate model. In particular, the analysis shows that
local saddle versus non-saddle behavior is controlled by
a single phase-coordinate sensitivity term in the energy
balance, which directly links stability loss to sharp heat-
transfer variation near phase boundaries. Representa-
tive simulation cases are then used to verify the resulting
regime picture.

The remainder of the paper is organized as follows.
Section 2 derives the pressure—phase-coordinate control-
volume model. Section 3 develops the local stability con-
ditions and their regime interpretation. Section 4 presents
simulation cases that verify the analytical predictions.
Section 5 concludes the paper.

2 Model Formulation

This section derives a control-volume model for one-
dimensional compressible flow using pressure p and phase
coordinate x as the state variables. The cross-sectional
area is assumed constant, while gravitational force and ax-
ial heat conduction are neglected. The control volume is
further assumed to remain in local thermodynamic equi-
librium, so that thermodynamic properties can be parame-
terized by p and x (Laughman et al. 2026).

2.1 Definition of the phase coordinate

The state variable x is defined as vapor quality in the two-
phase region. To extend the phase coordinate to single-

phase regions, the same enthalpy-based normalization is
continued outside the interval [0, 1] using the local satu-
ration liquid and vapor enthalpies at the same pressure.
Specifically, in the two-phase region,

h— hsat,liq (l% h)
hsatﬂvap (P7 h) - hsat,liq (pa h) ’

X =

ey

which reduces to the standard vapor-quality definition. In
the vapor region, x is extended as

h — hgew i
= dew,] q(p) 7 )
hdew.,vap (p) - hdew,liq (P)
and in the liquid region, x is extended as
h— hyup 1i
N bub,hq(P) 3)

B hbub,vap (p) - hbub,liq (p) .

For a pure fluid, the same saturation-enthalpy difference
may be used as the denominator in Equations (1)—(3). The
separate bubble- and dew-based expressions are retained
here because the formulation is also intended for refrig-
erant mixtures, for which the corresponding equilibrium
liquid and vapor reference states generally have different
phase compositions and enthalpy differences.

With this definition, x = 0 and x = 1 remain aligned
with the saturated-liquid and saturated-vapor boundaries,
respectively, while x < 0 represents liquid states and x > 1
represents vapor states. Thus, x serves as a continuous
phase-coordinate across liquid, two-phase, and vapor re-
gions. Outside the two-phase region, x should be inter-
preted as a generalized phase-coordinate rather than as a
physical vapor mass fraction.

This extension is consistent with the two-phase defini-
tion because the normalization is based on the same local
saturation reference states used to define vapor quality in-
side the two-phase region. As a result, the coordinate sys-
tem remains continuous across the phase boundaries and
is convenient for both model formulation and local sta-
bility analysis. In particular, it allows the same reduced-
order state-space structure to be used when discussing the
behavior near the liquid-to-two-phase and vapor-to-two-
phase transitions.

Fig. 2 illustrates this construction schematically in the
p-h plane. Inside the dome, the dashed green curves de-
note constant values of the phase coordinate x, which co-
incide with the conventional vapor quality. Outside the
dome, the same normalization extends x continuously into
the liquid region (x < 0) and vapor region (x > 1). The
dashed black curve marks the locus along which &, =
(dh/dp), changes sign. Importantly, this is not a single
pressure level: the location of the sign change depends on
the constant-x trajectory. This distinction will be used later
when discussing bulk two-phase and vapor-region stabil-

ity.
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Figure 2. Schematic p—h representation of the extended phase
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Control

Source Volume

Fixed
Orifice

dih

Figure 3. Control-volume model with inlet flow, fixed-orifice
outlet, and wall heat input.

2.2 Governing equations

Fig. 3 shows the considered control volume. The inlet is
characterized by mass flow rate s, and specific enthalpy
hin, the outlet is connected to a pressure sink pginx through
a fixed orifice, and the wall exchanges heat with the fluid
through a heat-transfer coefficient &, area A, and wall tem-
perature 7,,.

A convenient notation is to define the thermodynamic
derivatives with respect to the independent variables p and

X as P P
_ (2P _ (2P
= (a) o (),

dh dh
oe(3) (),

Here, p denotes fluid density and % denotes specific en-
thalpy. With these definitions, the mass and energy bal-
ances for the control volume can be written in compact

form as
pp Px P — l SM
php —1 phy | V |SE|’
where V is the control-volume size, Sjs is the net mass
source term, and Sg is the energy source term.

Equation (6) is the key reduced storage relation of the
model. The left-hand side captures how variations in pres-

“4)

(&)

(6)

sure and phase coordinate affect density and enthalpy in-
side the control volume through thermodynamic sensitiv-
ities. The right-hand side contains the external forcing
through the net mass and energy exchange. In this way,
the model preserves the essential coupling between com-
pressibility and phase change in a compact form.

The mass source term represents the net mass accumu-
lation rate
(N
where the outlet flow is determined from a fixed-orifice
relation

SM = Iitjn — mouta

m
thow = ——75 (p— pyink)'/? 8)

(Apo)
Equation (8) links the control-volume pressure to the
downstream sink condition. The quantity K, introduced
later, may be interpreted as the sensitivity of the outlet
mass flow to pressure and therefore reflects the dynamic
effect of the outlet restriction.

The energy source term consists of the inlet enthalpy
flow and the external heat input,

Sg Il’hin(hin fh)+OCA(Tw*T). 9

Equation (9) contains two distinct mechanisms. The first
term represents the net enthalpy transport into the con-
trol volume after applying the well-mixed outlet condi-
tion Aoy = h. Equivalently, it is the inlet enthalpy flow
measured relative to the specific enthalpy of the fluid in
the control volume. The second term describes heat trans-
fer between the wall and the fluid. This decomposition is
useful because the local stability result depends on how
these two contributions vary with pressure and phase co-
ordinate.
Solving (6) for p and X gives explicit state equations:

S p hySy — pxSE

P Vi (pp — pehhs! +p ok t)’

¥ = (lfphp)SMJFPpSE

Pth (pp - pxhph;] +P71thx71) '

These equations already show the main structure of the
reduced model. Pressure and phase coordinate are not
driven by separate balances; instead, both states respond
to both Sy and Sk, and the coupling is weighted by the
thermodynamic derivatives.

(10)

Y

2.3 Characteristic speed and compact state-
space form

To make the role of compressibility more transparent, the
speed of sound c is rewritten in pressure—phase coordi-
nates as (Qiao et al. 2023)

~1/2

c= (Pp_thph;1+p_lpxh;l) 12)

It is convenient to define

ap c?
21 P 2
Y2nl,  A2ph _<ah>p, oL

13)



With the extended definition of x, one has h, > O,
hence Y > 0, provided that the corresponding saturation-
enthalpy differences are positive. Also, ® > 0. Moreover,
at fixed pressure, increasing x moves the state toward the
vapor side, so that p, < 0. Therefore, A < 0.

Substituting the sound-speed expression into the state
equations yields

p = fi(z,u) = ®[pSy — ASk], (14)

x= foz,u) = ®Y[(1 = phy)Su + PpSk].-

The model is therefore a second-order nonlinear system
with state vector

(15)

_|P
= M : (16)
and input vector
) T
u= [min hin  Psink Tw] (17)
An equilibrium pair (z,,u,) satisfies
Sm(ze,ue) =0, SE(zestte) = 0. (18)
Define the perturbations
Az=1z7—2,, Au=u—u,. (19)

Linearizing the nonlinear system around (z,,u,) gives

Az =AAz+BAu, (20)
where
a=9f . B= of 1)
aZ (zeste) au (zesute)

Since the local stability analysis depends only on the state
Jacobian A, the full expressions for the entries of the input
matrix B are omitted for brevity.

2.4 Source-term sensitivities and Jacobian

structure

To express A compactly, define the source-term sensitivi-
ties at equilibrium. For the mass source term,

Sy g 1
— =K, K,=-— <0. (22)
ap " P 2(Apo)' /% /P Psink
For the energy source term, define
dSg ISk
£ = 2 23
BP ap ) ﬁ ax ( )
Since
Sg :}’i’lin(hin—h)-l-(XA(Tw—T) 24)
and o = a(x), one obtains
By = —rminh, — AT, (25)

Bx = —ritinhy + 0A(Ty — T) — 0tAT, (26)

where
() () (),
) ! 27)

Using these definitions, the Jacobian matrix can be written
in the compact form

pr - Aﬁp _Aﬁx

A= [Y[(l —php)K, +Ppﬁp] Tp, B

] . (28)

Equation (28) isolates the physical contributions that de-
termine the local dynamics: outlet restriction through K,,
pressure-direction sensitivity of the energy source term
through f,, and phase-direction sensitivity through .

2.5 Simplified heat-transfer model

To keep the local stability analysis analytically tractable,
the heat-transfer coefficient ¢ is approximated as a func-
tion of the phase coordinate x alone, as illustrated in Fig. 4.
In general, however, & may also depend on pressure, wall
temperature, mass flux, and other local flow variables. The
present simplification is adopted because the goal of this
paper is not to reproduce a detailed heat-transfer correla-
tion, but to isolate the dominant phase-dependent variation
that is most relevant to local stability near phase transi-
tions.

Under this approximation, ¢ is taken to be approxi-
mately constant in the liquid, bulk two-phase, and vapor
regions, with representative values Otiq, Oph, and Otyp,
respectively. Smooth blending is introduced in narrow
transition regions near the liquid-to-two-phase and two-
phase-to-vapor boundaries, so that ¢ remains nearly con-
stant over most of each phase region and varies rapidly
only near the phase boundaries. This representation cap-
tures the main qualitative feature of practical heat-transfer
correlations: the strongest phase-dependent variation of-
ten occurs near transitions between single-phase and two-
phase conditions, whereas the variation within the bulk of
each region is generally weaker.

Accordingly, o, = da/dx = 0 outside the transition re-
gions. In the low-quality transition region, o, > 0 because
o increases from ogiq to Opp. In the high-quality transi-
tion region, @, < 0 because o decreases from 0fpp, t0 Oyap.
As shown in the following section, this phase-boundary
variation of o plays a central role in the onset of saddle
instability.

Extension to general heat-transfer correlations. Al-
though the regime interpretation developed below uses
o = o(x), the determinant simplification itself is not re-
stricted to this assumption. For a more general heat-
transfer correlation,

a:a<p7x7G7TW7"')7 (29)



where G denotes the local mass flux, the pressure- and
phase-direction sensitivities of the energy source term be-
come

Bp = —riinhy +A(T,, — T) 0ty — AT, (30)
Bx = —ritinhy +A(Tw - T)Otx - OCAE, G
where 5 9
o (04
w=(5) «=(%), @

denote the complete local sensitivities of the heat-transfer
coefficient.

In the present local analysis, the inlet mass flow is
treated as an external input. Therefore, if the mass flux
is determined directly from the prescribed inlet flow and
flow area, it is held fixed when the state Jacobian is evalu-
ated. In that case, mass-flux dependence changes the equi-
librium value of o but does not introduce additional state
derivatives. If a more general closure makes G state de-
pendent, the derivatives in Eqgs. (30) and (31) should in-
stead be interpreted as total local sensitivities. For exam-
ple,

" Ja o G
= (), (), (),
dx p,G, Ty JG X, Ty ox p

With these complete sensitivities, the Jacobian retains
the same structural form, and the determinant factorization
derived in Section 3 remains

YK,
%

detA =

B (34)

Thus, a more detailed heat-transfer correlation changes the
numerical values of f3, and f3, and therefore shifts the trace
and determinant boundaries. It does not, however, change
the central structural result that saddle versus non-saddle
behavior is governed by the phase-direction sensitivity of
the complete energy source term.

3 Closed-Form Local Stability Condi-
tions

Local stability is determined by the eigenvalues of the Ja-
cobian matrix A. Because the linearized system is planar,
its characteristic polynomial can be written as

AT—TA+A=0, (35)
where

T=1rA, A = detA. (36)

The main point of this section is that, for the present
pressure—phase-coordinate model, both A and 7 admit
physically interpretable forms. This makes the local sta-
bility conditions much more transparent than a direct nu-
merical eigenvalue calculation.

ath

Figure 4. Heat transfer coefficient variations with extended
phase coordinate x.

3.1 Determinant simplification

For the Jacobian above, the determinant admits the closed-
form factorization. Starting from (28):

PKy— APy —AP:
Y[(l - php)Kp +ppﬁp] YPpﬁx
= O*YB. [(PKy — ABp)pp +A((1 = phy)Ky +pyBy) ]
= D*YK, B [ppy+ A1 = phy)].

A= ®?

The terms proportional to Ap,f3, cancel. The remaining
bracket is fixed by the sound-speed identity, since

ppp+A(1—php) =p (p,—Ahp+p ' A) = pc2.
Using @ = ¢?/(pV) then gives

dYK
A= Pg.
v B

(37

Since ® >0, T > 0, K, <0, and V > 0, the sign of A is
governed entirely by the sign of ;. Therefore,

A>0 < B, <0, (38)
A<0 < B, >0, (39
A=0 < B,=0. (40)

This is the key analytical simplification. The determinant
test reduces to the sign of a single scalar coefficient asso-
ciated with the phase-coordinate sensitivity of the energy
source term. Through the expression for B, the determi-
nant depends directly on the heat-transfer-coefficient gra-
dient o, in the transition regions, given that 7, > 0.

3.2 Trace condition

The trace of the Jacobian is

T=®(pK, —AB,+Yp,B.). (41)



Unlike the determinant, the trace does not reduce to a sin-
gle sign-definite coefficient. Its sign depends on the oper-
ating condition through f8, and p,, and therefore must in
general be evaluated explicitly.

Accordingly, the determinant and trace play different
roles: the determinant distinguishes saddle from non-
saddle behavior through f,, whereas the trace determines
whether a non-saddle equilibrium is stable, unstable, or
marginal.

3.3 General stability classification

For a second-order system, the Hurwitz criterion implies
that the equilibrium is asymptotically stable if and only if

A>0, T<0. (42)
If A <0, the equilibrium is a saddle and is therefore nec-
essarily unstable. If A > 0 and 7 = 0, the equilibrium is
marginal in the linear sense and is referred to here as a
Hopf candidate. The boundary A = 0 marks the transition
between saddle and non-saddle behavior.

Thus, for the present model, the local stability problem
separates naturally into two parts: a determinant test, gov-
erned entirely by B,, and a trace test, which determines
whether a non-saddle equilibrium is stable, unstable, or
marginal.

3.4 Strictly single-phase equilibria

A useful simplification arises when the equilibrium lies
strictly in the single-phase liquid or vapor regions. Under
the present heat-transfer approximation, ¢, = 0 away from
the blending zones. In that case,

By = —riiphy, — dAT,. (43)

Since h, > 0 and T, > 0, one has B, < 0, and therefore

PYK,
A= V”ﬁx>0.

(44)
Hence, strictly single-phase equilibria cannot be saddles
under these conditions. The remaining classification is de-
termined by the trace.

3.4.1 Liquid equilibria

In the strictly single-phase liquid region, we consider the
operating regimes in which
K, <0, hy, >0, T, >0, pp <0. (45

Then B, < 0. From (41), the terms pK, and —Ap, are
negative, whereas Yp,f, > 0 because p, < 0 and S, < 0.
Therefore, the sign of 7 is not automatically negative in
the general liquid-region case.

However, liquid is nearly incompressible in many op-
erating conditions of interest, so that p, is often small in
magnitude. Under the approximation

pp =0, (46)

the trace reduces to

TP (pK,—ABp). 47
Because K, < 0, A <0, and B, < 0, both terms in (47)
are negative, so T < (. Together with (44), this implies
local asymptotic stability in the strictly single-phase liquid
region under the additional approximation p, ~ 0.

3.4.2 Vapor equilibria

In the strictly single-phase vapor region, two subregimes
may be distinguished.

Below the 7, = 0 locus. Consider the operating regime
below the locus in the p—h plane where h, = (dh/dp).
changes sign along constant-x trajectories (see Fig. 2). In
this regime,

K, <0, hy, >0, (48)

T, >0, pp > 0.

Then B, < 0. From (41), all three terms are negative:

pK, <0, —AB, <0, Yp,B: <O0.
Hence 7 < 0. Therefore, in this vapor-region subregime,
the condition 3, < 0 implies not only A > 0 but also 7 < 0,

so the equilibrium is locally asymptotically stable.

Above the i, = 0 locus. A second vapor-region sub-
regime may arise above this locus. In that case, we may
have

K, <0, h, <0, 1, >0, pp>0. (49)
Then the sign of B, = —ritj,h, — AAT), is no longer fixed a
priori, since the first term is positive while the second term
remains negative. Consequently, 3, < 0 still guarantees
A > 0, but 7 is no longer automatically negative and must
be checked explicitly from (41).

In summary, strictly single-phase equilibria are always
non-saddle under the present assumptions, because 3, <
0 implies A > 0. In the liquid region, local asymptotic
stability follows if the additional approximation p,, = 0 is
adopted. In the vapor region, local asymptotic stability is
automatic below the &, = 0 locus, but must be checked

explicitly once /1, becomes negative.

3.5 Two-phase equilibria

The two-phase region admits additional structure that is
useful for interpreting the local stability conditions. Un-
der the present heat-transfer approximation, the derivative
o, = do/dx vanishes over a large portion of the two-
phase region and becomes significant only in narrow tran-
sition regions near the liquid-to-two-phase and two-phase-
to-vapor boundaries. Accordingly, the bulk two-phase re-
gion and the phase-boundary regions should be treated
separately.

Fig. 2 also indicates that the sign of s, may change
along a curve in the p—h plane rather than at a single
pressure. Consequently, both the bulk two-phase region



and the high-quality transition region may admit lower-
pressure and higher-pressure subregimes with different
trace behavior.
For general two-phase equilibria, we retain
ﬁx = —riiphy + axA(Tw - T) — 0AT,, (50)
with

he>0, T.>0. (51)

The determinant is still given by (37), so the local saddle
versus non-saddle character is determined entirely by the
sign of B,.

The trace is given by (41), with

Bp = —tiinh, — QAT),. (52)
Define
& 2 titihy + aAT, > 0. (53)
Then (50) becomes
Bx - _é + axA(Tw - T)‘ (54)

The determinant changes sign when , = 0, which gives
the critical gradient

A 3
=— 5
%= AT —T) (55)
The trace becomes zero when
AB, — pK,
Po=Bi = %7 pp#0.  (56)
Pp

Combining (54) and (56), the corresponding trace-zero
boundary is
Bs

af = o }
e T

(57)
Thus, o marks the saddle boundary, whereas ! marks
the Hopf candidate boundary. If o lies beyond o in
the destabilizing direction, the equilibrium changes di-
rectly from stable to saddle and no Hopf boundary appears
first. If af is reached before @, then the system first
crosses a trace-zero boundary while A > 0, which is the
linear signature of a Hopf candidate. Establishing a true
finite-amplitude limit cycle would require further nonlin-
ear analysis.

3.5.1 Bulk two-phase region

Over a large portion of the two-phase region, the heat
transfer coefficient is approximated as constant with re-
spect to x, so that

o, =0. (58)

Then f; = —& < 0, and therefore A > 0. Hence, equilibria
in the bulk two-phase region are always non-saddle.

The trace behavior in the bulk two-phase region de-
pends on the sign of /,,.

Below the /2, = 0 locus. In the lower-pressure part of
the bulk two-phase region, that is, below the i, = 0 locus,
we observe

hp >0, pp >0, T, >0. (59
Then B, < 0. Since B < 0, all three terms in (41) are neg-
ative, and therefore 7 < 0. Thus, bulk two-phase equilibria

are locally asymptotically stable in this subregime.

Above the i, = 0 locus. At higher pressures, above the
hp, = 0 locus, we may instead have

h, <0, pp >0, 1,>0. (60)
Then fB, is no longer sign-definite. Therefore, while A > 0
remains guaranteed, the sign of T must be checked explic-
itly. In this higher-pressure bulk two-phase subregime, the
equilibrium may therefore be stable, unstable, or marginal,
but it cannot be a saddle.

3.5.2 Low-quality transition region

In the low-quality transition region, the heat transfer co-
efficient increases from its liquid-phase value to its two-
phase value, and therefore
o, > 0. (61)
For the operating regimes considered here, we further ob-
serve
hp >0, (62)

p,>0, T,>0,

which implies B, < 0.

Substituting (61) into (54) shows that the gradient term
is destabilizing only under heating,

T,>T, (63)

because then 0, A(T,, — T') > 0. Under cooling (T, < T),
the same term is negative and therefore further decreases
By, which reinforces stability.

Accordingly, in the low-quality region under heating,
saddle instability may occur if

o, > ol (64)

Moreover, because p;, > 0, ﬁp < 0, and A < 0, one has

Bs > 0. (65)
Hence the trace-zero condition lies outside the non-saddle
region 3, < 0. Equivalently, in the destabilizing direction,

a>a®  (T,>T),

X X

(66)

so the equilibrium changes directly from stable to saddle.
Therefore, in the low-quality transition region there is no
Hopf boundary before saddle instability.



3.5.3 High-quality transition region

In the high-quality transition region, the heat transfer co-
efficient decreases from its two-phase value to its vapor-
phase value, and therefore

oy < 0. (67)
In this case, the gradient term in (54) is destabilizing only
under cooling,

T, <T, (68)

because then o, A(T,, — T') > 0. Under heating (7,, > T),
the same term is negative and again contributes to keeping
B < 0.

Accordingly, in the high-quality region under cooling,
saddle instability may occur if

o < o, (69)

since now both @, and o are negative.

The trace behavior in the high-quality region depends
on the sign of &,,.

Lower-pressure subregime (4, > 0). In the lower-
pressure part of the high-quality region, we may still have
hp >0, pp >0, 1, > 0. (70)
Then B, < 0, and as in the low-quality case one has
Bf > 0. Hence the trace-zero boundary again lies beyond
the saddle boundary in the destabilizing direction. Equiv-
alently,
af < o

(Tw<T), (71)

so the equilibrium changes directly from stable to saddle
as o, becomes more negative. Therefore, no Hopf bound-
ary appears before saddle instability in this subregime.

Higher-pressure subregime (4, < 0). At sufficiently
high pressures, above the pressure at which the slope of
the saturated-vapor line in the p—h plane changes sign,
the constant-x pressure derivative of enthalpy may become
negative:

hy, <0, pp >0,

T, > 0. (72)

In this case, the pressure sensitivity of the energy balance,
ﬁp = —I’hinhp — aAT,,

is no longer sign-definite. The first term is now positive,
while the second term remains negative. Therefore, higher
pressure does not by itself imply a Hopf-type loss of sta-
bility; it only makes such a possibility available if &, is
sufficiently negative.

The determinant condition is unchanged: the equilib-
rium is non-saddle only when

A>0 <= B <O.

A Hopf candidate can occur only if the trace-zero bound-
ary lies inside this non-saddle region. Since

Br — ABy — Pk,
X Ypp

the necessary condition for a Hopf candidate is

i

BF <0. (73)

Using Y >0, p, > 0, K, <0, and A < 0, this condition is
equivalent to
K

b 8
Because both K, and A are negative, the right-hand side
of (74) is positive. Thus f, must not only become posi-
tive; it must become sufficiently positive. Substituting the
definition of B, this requirement can be written as

(74)

K
—titihy, — QAT > pr’, (75)
or equivalently,
1 pK
hy < — - (ocATP + AP> . (76)

Equation (76) shows that a Hopf candidate requires a
rather restrictive condition: 4, must be sufficiently neg-
ative so that the pressure-induced enthalpy feedback over-
comes both the stabilizing temperature-sensitivity term
and the additional positive threshold imposed by the trace
condition.

Consequently, three cases are possible in this higher-
pressure subregime:

« If B7 > 0, the trace-zero boundary lies outside the
non-saddle region. The equilibrium therefore re-
mains stable until the determinant changes sign, and
the loss of stability occurs through the saddle bound-
ary.

o If Bf = 0, the trace-zero and determinant-zero
boundaries coincide. This gives a codimension-two
threshold at which 7 =0 and A = 0 occur simultane-
ously.

 If B < 0, the trace-zero condition is reached while
A > 0. In this case, the equilibrium crosses a
Hopf candidate boundary before it reaches the sad-
dle boundary.

For the high-quality transition under cooling, 7}, < T,
the destabilizing direction corresponds to ¢, decreasing
from zero toward more negative values. The determinant-
zero boundary is reached at &, while the trace-zero
boundary is reached at a;f. Since the boundary closer to
zero is encountered first, the ordering determines the tran-
sition sequence:

af > o = stable — Hopf candidate — saddle,



a! = a® = coincident trace/determinant boundary,
af < o = stable — saddle.

Equivalently, in this cooling case a Hopf candidate can
occur only when the trace-zero boundary is reached be-
fore the determinant-zero boundary as o, moves in the
destabilizing direction. Here the term “Hopf candidate”
is used only in the linearized sense (A > 0,7 = 0). Estab-
lishing a true Hopf bifurcation, and hence the existence
and stability of a self-sustained limit cycle, would require
further nonlinear analysis, such as checking the transver-
sality condition and the first Lyapunov coefficient.

3.5.4 Summary regime map

The results above can be summarized as a regime map in
the p—h plane, shown schematically in Fig. 5. The map
organizes the local stability picture according to phase re-
gion, the sign of o, the destabilizing heat-transfer direc-
tion, and the resulting local mechanism.

In the strictly single-phase liquid region, o, = 0, so
Bx < 0 and the equilibrium is non-saddle under the present
approximation. In the single-phase vapor region below the
h, = 0 locus, o, = 0 likewise gives A > 0, and the trace
is automatically negative in the operating regime consid-
ered here, so the equilibrium is locally asymptotically sta-
ble. Above the h, = 0 locus, the equilibrium remains non-
saddle, but the trace must be checked explicitly because
By is no longer sign-definite.

Within the two-phase region, the bulk regime is charac-
terized by o, = 0, so the equilibrium is again non-saddle.
Below the 1, = 0 locus, the trace is negative and the equi-
librium is locally asymptotically stable. At higher pres-
sures, however, the trace must again be checked explic-
itly. By contrast, the low-quality and high-quality tran-
sition regions are distinguished by nonzero heat-transfer
gradients. In the low-quality transition region, o, > O,
and the destabilizing situation is heating, T,, > T. In the
high-quality transition region, o, < 0, and the destabiliz-
ing situation is cooling, 7;, < T. In both cases, sufficiently
steep phase-boundary variation of the heat transfer coeffi-
cient can drive a direct stable-to-saddle transition through
the determinant boundary.

A further distinction arises in the higher-pressure high-
quality regime, where /1, < 0 and f3, is no longer sign-
definite. In that case, the trace-zero boundary may in
principle be reached before the determinant-zero bound-
ary, so a Hopf candidate becomes theoretically possible.
As discussed above, this requires more restrictive condi-
tions than the ordinary determinant-driven saddle transi-
tion and, in the present model, appears to require operat-
ing points close to the critical region.

4 Modelica-Based Case Studies and
Numerical Verification

This section presents Modelica-based case studies that
verify the analytical stability conditions developed in Sec-
tion 3. The four cases are selected to mirror the regime

Table 1. Model parameters common to all case studies.

Parameter Value
Refrigerant R410A
Control-volume size V [m?] 3.927e-5
Heat-transfer area A [m?] 1.571e-2
Reference mass flow rate rirg [kg/s] 0.02
Reference pressure drop Apg [Pa] le3
ritiy [kg/s] 0.02
iq [W/(m? K)] 600
Cyap [W/(m? K)] 300
Low-quality blending interval [0, 0.05]
High-quality blending interval [0.95, 1]

structure summarized in Fig. 5, and their schematic loca-
tions in the p—h plane are shown in Fig. 6: Case 1 con-
siders the bulk two-phase stable regime, Cases 2 and 3 ex-
amine the low-quality and high-quality transition regions
where determinant-driven saddle instability may occur,
and Case 4 probes the higher-pressure regime in which
a Hopf candidate is theoretically possible.

4.1 Implementation and evaluation procedure

The refrigerant is taken to be R410A, and all thermody-
namic properties and their derivatives are evaluated from
the same property model used throughout the paper. The
model is implemented in Modelica and simulated in Dy-
mola. For simplicity, the phase-boundary variation of the
heat-transfer coefficient is represented by linear blending
in the low-quality and high-quality intervals.

For each case, the control-volume geometry, inlet con-
ditions, outlet restriction, and wall temperature are fixed
so that an equilibrium point (p,,x.) exists. The princi-
pal model parameters common to all four cases are listed
in Table 1, while the case-dependent heat-transfer coeffi-
cients and operating conditions are summarized in Table 2.

The local quantities

hp7 h)ﬁ T]?> T;ﬁ ﬁp) ﬁ)ﬁ
are then evaluated at the equilibrium. A small perturba-
tion is subsequently applied to the state, and the nonlinear
response is compared with the local prediction from the
Jacobian.

4.2 Case 1: Stable equilibrium in the bulk
two-phase region

pP? Pm Av T

The first case considers an equilibrium located in the bulk
two-phase region, away from the phase boundaries. Under
the present heat-transfer approximation, this corresponds
to o, = 0. The selected equilibrium lies below the A, = 0
locus, so that h, > 0, p, > 0, and 7, > 0. As shown in
Section 3, this implies B, < 0, hence A > 0, and the trace
is also negative. The equilibrium is therefore predicted to
be locally asymptotically stable.

The numerical simulations confirm this prediction.
Small perturbations in both p and x decay in time, and the
trajectory returns to the original equilibrium. Fig. 7 shows
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stable -> saddle stable -> saddle stable
Enthalpy
Figure 5. Summary regime map of the local stability mechanisms predicted by the closed-form analysis.
Table 2. Case-dependent operating conditions and equilibrium states.
Parameter Casel Case2 Case3 Case4d
pn [W/(m?K)]  led 3e3 3e3 6e3
hin [kJ/kg] 237.15 192.6 423.8 404.0
Psink [bar] 0.7 0.7 1.0 4.5
T,, [°C] 5 1 -1 62
Case 4 X-Xe
e
2
£ p-p,

Enthalpy

Figure 6. Schematic locations of the four simulation cases in
the p—h plane.

the corresponding phase portrait in the (p — p., x — x,)
plane for two representative initial perturbations. In both
cases, the trajectories converge back to the same equilib-
rium, confirming that the operating point is locally attract-
ing.

The phase portrait also indicates a clear separation of
time scales near the equilibrium. The trajectories ap-

equilibrium

\_

Figure 7. Phase portrait for Case 1 in the bulk two-phase region.

proach the equilibrium much more rapidly in the pres-
sure direction, whereas the phase coordinate relaxes more
slowly. Thus, for this operating point, the pressure re-
sponse is faster than the phase-coordinate response.



4.3 Case 2: Low-quality transition region un-
der heating

The second case considers an equilibrium in the low-
quality transition region, where the heat-transfer coef-
ficient increases from its liquid-phase value to its two-
phase value, so that o, > 0. The destabilizing situa-
tion is heating, 7,, > T, because the gradient contribution
o A(T,, — T) enters P, with a positive sign. Under the
sign pattern h, > 0, p, > 0, and 7,, > 0, the analysis in
Section 3 predicts that the trace remains negative through-
out the non-saddle region. Hence, as o increases, the ex-
pected transition is a direct loss of local stability through
the determinant boundary axA, that is, from a stable equi-
librium to a saddle.

To verify this prediction, the equilibrium is kept in
the same low-quality region while the width of the lin-
ear blending interval is reduced in the Modelica imple-
mentation. This increases the local heat-transfer gradient
without changing the thermodynamic regime. Three rep-
resentative conditions are then considered: one below the
determinant threshold, one near it, and one beyond it. Be-
low the threshold, B; < 0 and A > 0, so the equilibrium
remains locally asymptotically stable and a small pertur-
bation returns to the original operating point. Near the
threshold, B, approaches zero and A becomes small, so
the recovery becomes slow. Beyond the threshold, 3, > 0
and A < 0, and the original equilibrium becomes a saddle.

Fig. 8 summarizes the resulting nonlinear behavior. The
time responses in Fig. 8(a) show the three regimes clearly:
return to the original equilibrium below the threshold,
slow recovery near the threshold, and loss of attraction be-
yond the threshold. The phase portrait in Fig. 8(b) shows
that, after the determinant threshold is crossed, the origi-
nal equilibrium at (p,,x.) no longer attracts nearby trajec-
tories. Instead, the trajectories separate into two groups
and converge to an upper or lower attractor. The dashed
line indicates the approximate basin boundary inferred
from the simulations. In this case, the boundary is not
aligned with the coordinate axes, so both pressure and
phase-coordinate perturbations influence which attractor
is reached.

Thus, Case 2 confirms the determinant-driven stable-to-
saddle transition predicted analytically for the low-quality
transition region under heating.

4.4 Case 3: High-quality transition region un-
der cooling

The third case is constructed in a manner parallel to
Case 2, but in the high-quality transition region, where
the heat-transfer coefficient decreases from its two-phase
value to its vapor-phase value, so that o, < 0. The destabi-
lizing situation is now cooling, T;, < T, because the gradi-
ent contribution o, A(T,, — T) is then again positive. As
discussed in Section 3, sufficiently large negative heat-
transfer gradients can drive the determinant through zero
and cause the original equilibrium to lose local attraction.

beyond threshold
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(a) Time responses of x for representative operating conditions.
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(b) Phase portrait in the (p — p., x — x.) plane for a beyond-
threshold condition.

Figure 8. Case 2 in the low-quality transition region under heat-
ing.

The main point of this case, however, is not merely
the threshold crossing itself, but the richer nonlinear be-
havior that appears beyond it. In the simulations consid-
ered here, a beyond-threshold parameter setting is chosen
and the model is initialized with two nearby but distinct
phase-coordinate perturbations while all other parameters
are kept unchanged. Fig. 9 shows the corresponding time
responses of the phase coordinate. Although both trajec-
tories start in the neighborhood of the same original equi-
librium x,, they evolve toward different final operating
points.

This result indicates that the nonlinear system admits
multiple accessible steady equilibria under the same pa-
rameter setting. In other words, once the original equilib-
rium has lost local attraction, the long-time behavior is no
longer determined by the parameters alone, but also by the
initial condition. The upper and lower final states shown
in Fig. 9 therefore represent two distinct attractors in the



same parameters, different initial conditions

upper equilibrium
x(0)=x,+0.01

Phase coordinate x [-]
=

x(0) =x, - 0.01

lower equilibrium

Time [s]

Figure 9. Case 3: time responses of the phase coordinate for
identical parameters and different initial conditions.

beyond-threshold regime.

Thus, Case 3 confirms the same determinant-driven loss
of local stability identified analytically for the high-quality
transition region under cooling. In particular, the coexis-
tence of multiple attractors implies multiple basins of at-
traction and shows that the post-threshold dynamics can-
not be characterized by a single attracting operating point.

4.5 Case 4: Higher-pressure regime

The fourth case examines the higher-pressure regime in
which 7, <0, so that B, is no longer sign-definite. In this
subregime, the determinant is still controlled by f,, but
the trace must be checked explicitly. As shown in Sec-
tion 3, this change in trace structure opens the possibility
that the trace-zero boundary may be reached before the
determinant-zero boundary. Accordingly, three scenarios
are theoretically possible: a direct stable-to-saddle transi-
tion, a coincident trace-zero and determinant-zero bound-
ary, or a Hopf candidate if the trace-zero boundary is en-
countered while A > 0.

The purpose of this case is therefore not simply to re-
produce another stable-to-saddle transition, but to assess
whether the higher-pressure regime can bring the trace-
zero boundary o close to the determinant-zero boundary
a?. To this end, the operating point is moved into a re-
gion where h, < 0, and the corresponding local stability
quantities and nonlinear response are then assessed.

The numerical exploration shows that, in the operating
range considered here, the determinant-zero boundary is
reached well before the trace-zero boundary. Equivalently,
as o, decreases from zero toward more negative values,
a? is encountered before af. In this cooling case, this

X
corresponds to

af < al <0.

Bringing the two thresholds closer would require 4, to
become sufficiently small and strongly negative, so that
the pressure-induced enthalpy feedback makes f3, large

enough to satisfy the trace-zero condition within the non-
saddle region. In the present model, this appears to occur
only very near the critical region. Thus, although a Hopf
candidate is theoretically possible in the higher-pressure
regime, the dominant numerically accessible mechanism
in the present study remains the direct determinant-driven
stable-to-saddle transition.

5 Conclusions

This paper developed a pressure—phase-coordinate
control-volume model and derived closed-form local
stability conditions for compressible two-phase flow. The
main analytical result is that saddle versus non-saddle
behavior is determined directly by the sign of f,, the
phase-coordinate sensitivity term in the energy balance.

The analysis shows that strictly single-phase equilibria
and the bulk two-phase region are non-saddle under the
present approximation. By contrast, the numerical case
studies show that the dominant instability mechanism in
the operating range considered here is localized near phase
boundaries: sharp variation of the heat transfer coefficient
near the liquid-to-two-phase and two-phase-to-vapor tran-
sitions can drive a direct stable-to-saddle transition.

The simulations further show that loss of local stabil-
ity need not appear as unbounded divergence. Instead, the
state may depart from the original equilibrium and con-
verge to a different stable operating point, and in some
beyond-threshold regimes multiple attractors may coexist.

A Hopf candidate is theoretically possible in a higher-
pressure regime where s, < 0 and B, is no longer
sign-definite, but this requires more restrictive conditions
than the determinant-driven saddle transition and was not
found to be the dominant behavior in the cases studied
here.

From a modeling and control perspective, the derived
stability conditions provide a compact local diagnostic
for identifying sensitive operating regions in distributed
thermal-fluid models. In particular, the sign of 3, can be
monitored along a nominal operating trajectory to deter-
mine whether an individual control volume remains non-
saddle or approaches a determinant-driven loss of local
attraction. Operating points with S, close to zero are of
particular practical interest because the determinant be-
comes small, the local recovery becomes slow, and the
model may become more sensitive to disturbances, param-
eter uncertainty, and numerical regularization. This in-
formation can support operating-envelope selection, heat-
transfer-model regularization, spatial-discretization deci-
sions, and gain-scheduled, supervisory, or optimization-
based control design. The criterion should nevertheless be
interpreted as a local screening tool rather than as a com-
plete stability condition for the full vapor-compression cy-
cle.

The present result is also qualitatively consistent with
a common observation in cycle-level simulations, namely
that oscillatory behavior is more often seen in the high-



pressure side than in the evaporating pressure. A pos-
sible reason is that condenser models often traverse a
large portion of the two-phase region, including the phase-
boundary transition regions identified here as locally
destabilizing, whereas evaporator inlet states may already
be beyond the low-quality transition region and therefore
spend less of the evaporation process in that locally sensi-
tive zone.

Although the analysis is carried out in pressure—phase
coordinates, the same local instability mechanism is ex-
pected to persist in more conventional pressure—enthalpy
formulations and in larger distributed models built from
the same control-volume and flow-restriction ingredients.
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