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Abstract
Finite-length bivariate-bicycle (BB) quantum LDPC codes are attractive low-overhead mem-
ory candidates, but typical design methods consider only a scalar cover factor. We introduce
a directionally shifted-cover design rule that treats both the split h = ax * ay and the mono-
mial lift offsets as optimization variables. The novelty is a short-cycle net-voltage criterion.
Support-difference equality defines a base Tanner 4-cycle in the base polynomial pair, which
is assigned voltages in Gh = Zax * Zay; zero voltage lets the corresponding small base Tanner
cycle or closed walk return to the starting lifted vertex after one traversal, whereas nonzero
high-order voltage forces it to close after r traversals, where r is the net-voltage order. This
criterion provides an interpretable prefilter before exact distance verification and explains
why cover direction matters at fixed length. For a (6, 6) base and h = 4, the optimized pure
y-cover gives [[288, 20, 18]], improving kd ^2 / n over the optimized pure x-cover [[288, 16,
18]].
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Abstract—Finite-length bivariate-bicycle (BB) quantum LDPC
codes are attractive low-overhead memory candidates, but typical
design methods consider only a scalar cover factor. We introduce a
directionally shifted-cover design rule that treats both the split h =
axay and the monomial lift offsets as optimization variables. The
novelty is a short-cycle net-voltage criterion. Support-difference
equality defines a base Tanner 4-cycle in the base polynomial pair,
which is assigned voltages in Gh = Zax × Zay ; zero voltage lets
the corresponding small base Tanner cycle or closed walk return
to the starting lifted vertex after one traversal, whereas nonzero
high-order voltage forces it to close after r traversals, where r
is the net-voltage order. This criterion provides an interpretable
prefilter before exact distance verification and explains why cover
direction matters at fixed length. For a (6, 6) base and h = 4, the
optimized pure y-cover gives [[288, 20, 18]], improving kd2/n over
the optimized pure x-cover [[288, 16, 18]].

I. INTRODUCTION

QUANTUM low-density parity-check (qLDPC) codes seek
sparse stabilizer checks together with high rate and large

distance, making them attractive candidates for scalable fault-
tolerant memory. Product and graph-based constructions have
driven much of the progress: hypergraph-product codes gave
positive-rate qLDPC families with distance growing as the
square root of block length [1], while balanced-product, lifted-
product, and quantum Tanner constructions substantially im-
proved the asymptotic landscape [2]–[5]. For near- and medium-
term applications, however, finite-length performance remains
just as important as asymptotic scaling, and degenerate qLDPC
codes have shown strong performance under belief-propagation
with ordered-statistics decoding (BP-OSD) [6].

Bivariate-bicycle (BB) codes have recently become a lead-
ing finite-length code family because they combine compact
polynomial descriptions, sparse checks, and favorable layouts.
Bravyi et al. used BB codes for high-threshold, low-overhead
quantum memory [7]. Subsequent work expanded the same
polynomial framework through multivariate bicycle codes [8],
lower-connectivity BB measurement circuits [9], symmetry and
logical-gate structure [10], and BB code families from covering
graphs [11]. In particular, h-cover BB codes show that many
useful codes can be understood as lifts of smaller Tanner graphs.

This paper refines the covering-graph viewpoint for finite-
length BB-code selection. For a fixed cover degree h, we choose
positive integers ax, ay satisfying h = axay , which scale the
base periods as (ℓ,m) 7−→ (axℓ, aym). We refer to (ax, ay)
as the cover factorization. Different factorizations have the

same block-length scaling but can produce different dimensions
and distances. The monomial lift offsets determine the lifted
polynomial exponents and thereby induce a voltage assignment
on the base Tanner graph. Our contribution is a short-cycle net-
voltage screening criterion: assignments are ranked according
to the net voltages of selected short base cycles, after which
the dimension and minimum distance are evaluated exactly.

II. BACKGROUND AND COVER CONSTRUCTION

A BB code is a two-block CSS code generated by two sparse
polynomials in the quotient ring

R = F2[x, y]/(x
ℓ − 1, ym − 1),

where exponent pairs are read on the torus Zℓ × Zm. Let

P =

dP∑
i=1

xaiybi , Q =

dQ∑
j=1

xcjyej .

If A = P (x, y) and B = Q(x, y), the usual BB checks are
HX = [A B], HZ = [BT AT ].

The commutation condition follows from AB + BA = 0 over
F2, so the base length is n0 = 2ℓm.

For an h-fold cover, choose positive integers ax, ay satisfying
h = axay . The lifted ring is

Rh = F2[x, y]/(x
axℓ − 1, yaym − 1),

which sends (ℓ,m) to (axℓ, aym) and gives nh = hn0. A
monomial receives a monomial lift offset (s, t) ∈ Zax

× Zay

and is displaced by
xayb 7−→ xa+ℓsyb+mt,

s ∈ {0, . . . , ax − 1}, t ∈ {0, . . . , ay − 1}.
Applying this map to every term gives P̃ , Q̃ ∈ Rh, and the
lifted CSS code is formed from the same matrices as above.

III. NET VOLTAGES OF BASE TANNER-GRAPH CYCLES

Here ai, bi are the exponent coordinates of the i-th monomial
xaiybi in P , and cj , ej are the corresponding exponent coordi-
nates of the j-th monomial xcjyej in Q. After the construction
is fixed, each monomial shift is viewed as a voltage in

Gh = Zax × Zay , γP,i = (si, ti), γQ,j = (s′j , t
′
j).

For two monomials of P and two monomials of Q, define
∆P (i, i

′) = (ai − ai′ , bi − bi′) (mod (ℓ,m)),

∆Q(j, j
′) = (cj − cj′ , ej − ej′) (mod (ℓ,m)).



TABLE I
CODES FROM THE EXAMPLE 1 BASE.

Code (ℓ,m) n k d d̂D(σ) Cover Shift

D0 (6, 6) 72 16 6 4 base no shift
D1 (12, 6) 144 16 12 4 2 sP = (0, 0, 1, 0), sQ = (0, 0, 0, 0)
D′

1 (6, 12) 144 20 10 4 2 tP = (0, 1, 0, 1), tQ = (0, 0, 1, 0)
D2 (24, 6) 288 16 18 4 4 sP = (0, 2, 3, 1), sQ = (0, 3, 3, 2)
D′

2 (6, 24) 288 20 18 8 4 tP = (0, 1, 0, 1), tQ = (0, 0, 1, 2)

A mixed-block base 4-cycle is the equality ∆P (i, i
′) =

∆Q(j, j
′). Its lifted voltage is

Ω(i, i′; j, j′) = (γP,i − γP,i′)− (γQ,j − γQ,j′) ∈ Gh.

The design objective is not merely to make these voltages
nonzero, but to make their group orders as large as possible, so
that small base Tanner-graph cycles (cycles) must wind through
many fibers before closing. This formula is the link between
the construction and the search rule. If Ω = 0, the repeated
displacement closes inside one fiber and can support a small
lifted dependency or logical candidate. If Ω ̸= 0, one traversal
changes the fiber coordinate or group coordinate by Ω, so the
structure closes only after the first return to zero. For Ω =
(Ωx,Ωy), that return order is

ordGh
(Ω) = lcm

(
ax

gcd(ax,Ωx)
,

ay
gcd(ay,Ωy)

)
,

with gcd(a, 0) = a. For a target distance D, let C<D be the
small base Tanner-graph cycles that may lift to objects below
weight D. For a shift assignment σ, use the prefilter

d̂D(σ) = min
C∈C<D

w(C) ordGh
(Ωσ(C)),

Ŝ(σ) =
k(σ)d̂D(σ)2

hn0
.

We first assign a nonidentity net voltage to the selected base
cycle by assigning nonzero high-order voltage, then choose the
directional split that preserves larger k, and finally verify the
exact distance d. Here d̂D and Ŝ are only screening quantities
used to rank shifts before exact distance verification.

IV. NUMERICAL RESULTS

Example 1. Let R = F2[x, y]/(x
6 − 1, y6 − 1), P = y5 +

x2y5+x3y+x4y, and Q = x+xy5+x2y2+x3y3. The search
covers are listed in Table I.

For D′
2, the cover is (6, 6) 7→ (6, 24), so (ax, ay) = (1, 4)

and Gh
∼= Z4. Label the monomials by P1 = y5, P2 = x2y5,

P3 = x3y, P4 = x4y, and Q1 = x, Q2 = xy5, Q3 = x2y2,
Q4 = x3y3. The mixed-block base 4-cycles are

∆P (1, 4) = ∆Q(4, 2), ∆P (2, 3) = ∆Q(1, 3),

∆P (3, 2) = ∆Q(3, 1), ∆P (4, 1) = ∆Q(2, 4).

Under the D′
2 shifts, their voltages are 1, 2, 2, 3 in Z4. None

are zero, 1 and 3 have order four, and 2 has order two. Hence
these selected short base cycles do not close in one fiber, which
explains why the pure y-cover is structurally strong and why it
attains the best score in the table.

Figure 1 compares the D2 = [[288, 16, 18]] code, which has
voltage prefilter d̂D = 4, with the D′

2 = [[288, 20, 18]] code,
which has d̂D = 8. A larger prefilter value can indicate a struc-
turally better shifted cover before exact distance verification.
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Fig. 1. Block error rate for the constructed [[288, 20, 18]] and [[288, 16, 18]]
codes. QBP and BP-OSD decoders were allowed T iterations.

V. CONCLUSION

The cover split h = axay first defines the lifted BB ge-
ometry, and the voltage shifts then determine how small base
Tanner-graph cycles behave in that geometry. Nonzero high-
order net voltage of the corresponding base cycle gives an
interpretable screen for promising finite-length covers before
exact distance computation. The examples show that the cover
direction matters at fixed h: for h = 4, D′

2 reaches the same
verified distance as the pure x-cover D2 while preserving four
additional logical qubits. Future work will combine this voltage
filter with automated exact-distance verification for larger BB
searches.
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