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1. INTRODUCTION

Satellites in geostationary earth orbit (GEO) must main-
tain their position within an allotted station-keeping win-
dow. Despite the recent adoption of low-thrust electric
propulsion, most active GEO satellites are equipped with
high-thrust chemical propulsion systems. Since mission
operations must generally be suspended during orbital
maintenance, maximizing the time between such station-
keeping maneuvers is often a key requirement.

Recent advances in trajectory optimization have enabled
its use for high-thrust GEO station keeping (Pavlasek
et al. (2025); de Bruijn et al. (2016)). Despite these ad-
vances (Elango et al. (2025); Lin et al. (2014); Malyuta
et al. (2019); Kamath et al. (2023); Szmuk et al. (2020);
Gazzino et al. (2017)), convex-optimization-based trajec-
tory generation methods such as SCP rely on linearized
models and yield locally optimal solutions. For systems
with highly nonconvex dynamics such as satellites in or-
bit subject to disturbances, this assumption makes their
solutions highly sensitive to local minima.

Satellites in orbit exhibit both short-period and long-
period modes. Mean orbital elements have been used
to model average long-term orbital motion by remov-
ing short-period variations (Gurfil (2004); Schaub et al.
(2000)), but generally impose limitations on the pertur-
bations that can be captured. A related concept of av-

eraged dynamics (Sanders et al. (2007); Khalil (2002))
has been used more generally in the context of trajec-
tory optimization (Harzer et al. (2025)) and dynamics
integration (Calvo et al. (2011); Petzold et al. (1997))
for highly-oscillatory systems. These methods generally
require sampling the dynamics at points at which the
states of the average and true systems coincide.

Considering the average long-term orbital motion of a
satellite reduces the nonconvexity of the trajectory op-
timization problem, but lacks the accuracy of the true
system. We seek to combine the smoothness of the average
system with the accuracy of the true system. Operator
splitting has been proposed to form a consensus among
agents solving slightly different trajectory optimization
problems in Ganiban et al. (2025); Sindhwani et al. (2017).
The use of operator splitting within SCP was shown to
promote exploration within the sequential convex pro-
gramming framework and to find solutions outside of the
neighborhoods of any of the individual agents.

In this work, we propose an operator splitting framework
that uses averaged dynamics to form a proxy system with
fewer nonconvexities than the true system for maximizing
time between station keeping maneuvers for GEO satel-
lites. Preliminary work in Pavlasek et al. (2025) considered
the use of a nonlinear model predictive control (NMPC)
policy for station keeping under high-thrust impulsive
control. We extend this work by proposing a numerical



averaging method to capture the slow-changing mode of
the highly oscillatory system over periods of several weeks
without sacrificing model fidelity. Considering averaged
dynamics enables larger variation of the maneuver applica-
tion time from the initialization by mitigating the impact
of local minima. We additionally consider the true system
to capture local behavior, which is influenced by both the
high-frequency oscillations and the slow-changing mode.
We treat the solutions to the average problem and the true
problem as agents, driven to a consensus on maneuver-
application time using an operator-splitting framework.
We compare the proposed method to a standard SCP
algorithm and show that averaging leads to longer time
between maneuvers.

The remainder of this paper is organized as follows. Sec-
tion 2 introduces the problem and the concepts used in the
proposed formulation. The proposed method is presented
in Section 3, and results are provided in Section 4. Finally,
concluding remarks are given in Section 5.

2. PROBLEM MODELING AND PRELIMINARIES

The following notation is used throughout this work.
The vector r−→ resolved in frame FA, defined by three

orthonormal basis vectors {A−→1
, A−→2

, A−→3
}, is denoted by

rA. The vector describing the position of point c relative
to point d is denoted by r−→

cd. The time derivative of r−→
cd

with respect to frame A is denoted v−→
cd/A. We use e2 to

denote a row vector with ones in the entries corresponding
to the 2 indices of a vector, and zeros everywhere else. We
denote the number of elements in vector z by nz. Finally,
we use the shorthand [K] to denote the set {0, . . . ,K}.

2.1 Satellite model

Consider a satellite in GEO. Its position vector relative
to reference point ℓ that moves along a nominal Keplerian
GEO is expressed as

r−→
sℓ = δxH1−→+ δyH2−→+ δzH3−→, (1)

where s is a point at the center of mass of the satellite,
δx, δy and δz are the components of the position vector
of the satellite relative to the reference point ℓ, and FH

is Hill’s frame. The position vector of the satellite with
respect to an unforced particle located at the center of the
Earth denoted by w is

r−→
sw = r−→

ℓw + r−→
sℓ. (2)

We assume the existence of an inertial frame, denoted FG.
The nonlinear equation of motion for the satellite relative
to w with respect to FG is

r̈−→
sw(t) = −µe

r−→
sw(t)∥∥∥ r−→
sw(t)

∥∥∥3
2

+ a−→
sw/G

pert
(t) + a−→

sw/G

ctrl
(t), (3)

where µe ∈ R is the standard gravitational parameter
of the Earth, a−→

sw/G

pert
: R+ → R3 is the acceleration

induced by perturbing forces, and a−→
sw/G

ctrl
: R+ → R3 is

the input applied to the satellite. We consider perturbing
accelerations from four sources: Sun and Moon third-body
effects, solar radiation pressure, and Earth’s non-Keplerian

gravitational potential. See Pavlasek et al. (2025) for
analytic expressions for the perturbing accelerations.

We consider satellites actuated by chemical thrusters,
which operate every few weeks on the order of seconds
and can effectively be modeled as impulsive accelerations,
resulting in instantaneous velocity changes ∆v. The accel-
eration input applied to the satellite is thus

a−→
sw/G

ctrl
(t) = δ(t) u−→(t), (4)

where u−→ : R+ → R3 is the control input, and δ(t) is

the Dirac delta function. We further assume that the
satellite is equipped with thrusters pointed in the velocity,
or east-west (EW), direction and in the out-of-plane, or
north-south (NS), direction. We assume that the satellite
attitude control system is capable of orienting the satellite
such that when a maneuver is applied, EW thrust is
applied along H2−→ and NS thrust is applied along H3−→.

We take the state to be the position and the velocity of
the satellite relative to the reference point ℓ with respect
to FH resolved in the spherical reference frame FP , where
P1−→ is the radial direction, P2−→ is the azimuth angle, and P3−→
is the zenith angle. The satellite’s state is thus

x =
[
rsℓP1

rsℓP2
rsℓP3

v
sℓ/H
P1

v
sℓ/H
P2

v
sℓ/H
P3

]T
, (5)

where rsℓPi
(t) is the component of rsℓP (t) along the Pi

direction. The dynamics

ẋ(t) = f(t,x,u), (6)

expressed in spherical coordinates are given in Willis et al.
(2019) and follow from a rearrangement of (2) where r−→

ℓw

follows (3) with accelerations set to zero.

2.2 Station keeping

To maintain the satellites in their allotted GEO win-
dow, we impose a station-keeping constraint. The station-
keeping constraint is expressed as bounds on components
of the satellite state, x(t). Given the maximum deviation
from the nominal longitude, θ̄ ∈ R, and the maximum
deviation from the nominal latitude, ϕ̄ ∈ R, the station-
keeping constraint is expressed as∣∣rsℓP2

(t)
∣∣ ≤ θ̄,

∣∣rsℓP3
(t)

∣∣ ≤ ϕ̄. (7)

While radial distance is not required to be constrained
to satisfy typical GEO station-keeping requirements, it is
implicitly constrained through coupling in the dynamics.

2.3 Sequential convex programming

We employ the prox-linear method (Drusvyatskiy and
Lewis (2018); Szmuk et al. (2020); Elango et al. (2025)), to
solve the nonconvex problem of finding a fuel-minimizing
trajectory under the nonconvex dynamics given in (6).

Consider the nonconvex optimization problem

min
z∈Z

J(z) (8a)

s.t. g(z) ≤ 0, (8b)

h(z) = 0, (8c)

where J : Rnz → R is the objective function, Z ⊂ Rnz is
a convex set, and

g =
[
g1(z) · · · gng(z)

]T
, h = [h1(z) · · · hnh

(z)]
T
, (9)



where gi : Rnz → R, for i ∈ {0, . . . , ng} are nonconvex
inequality constraints, hi : Rnz → R, for i ∈ {0, . . . , nh}
are nonconvex equality constraints.

Given a function □ : Rnx → Rn□ , we denote the function
linearized about z2 as

□̃(z1, z2) := □(z2) +∇□(z2)T(z1 − z2). (10)

We define the cost for the penalty formulation of (8),
linearized about z(j) as

Θ(z, z(j)) := J(z) +
[
g̃(z, z(j))

]
+
+
∥∥∥h̃(z, z(j))∥∥∥

1
(11)

where z(j) ∈ Rnz is the state about which the problem is
linearized, and [·]+ = max{0, ·}.
We solve (8) using the iterative approach

z(j+1) ← argmin
z∈Z

Γ(z, z(j)) := Θ(z, z(j)) +
∥∥∥z− z(j)

∥∥∥2
2
,

(12)

where z(0) is the initial trajectory. The sequential mini-
mization process is repeated until convergence of z(j+1) −
z(j) within tolerance ϵtr, and satisfaction of the linearized
constraints satisfied within tolerance ϵc.

2.4 Trajectory optimization

In this section, we outline key elements required in our
trajectory optimization formulation.

Continuous-time constraint satisfaction We use the
isoperimetric constraint reformulation outlined in (Elango
et al. (2025); Lin et al. (2014)) to impose continuous-time
constraints as path constraints.

We introduce y : R+ → R with dynamics and boundary
value

ẏ(t) = Λ (t,x(t),u(t)) , (13a)

y(0) = y(tf ), (13b)

where Λ : R+ × Rnx × Rnx → R+ is defined as

Λ(t,x,u) =

ng∑
i=1

qi(gi(t,x,u)) +

nh∑
j=1

pj(hj(t,x,u)), (14)

and qi : R → R+, i = {1, . . . , ng}, and pi : R → R+, i =
{1, . . . , nh} are exterior penalty functions. The variable y
accumulates constraint violation.

Time dilation In the time-discretized OCP, impulsive
control is achieved by applying control at the discrete
time samples of the state trajectory. In order to allow
maneuver-execution time to vary, we adopt a time dilated
formulation of the dynamics Szmuk et al. (2020); Gazzino
et al. (2017); Elango et al. (2025); Lin et al. (2014). Let t be
a strictly increasing, continuously-differentiable mapping
t : [0, 1] → R+, with boundary conditions t(0) = ti,
t(1) = tf . The derivative of the map is

s(τ) =
dt(τ)

dτ
, (15)

where τ ∈ [0, 1]. We refer to s as the dilation factor.

Augmented Dynamics We define an augmented control
input

ũ(τ) =
[
(u(τ))T s(τ)

]T
. (16)

We augment the state with the constraint-violation-
accumulation variable and time, and define an augmented
state as

x̃(τ) =
[
(x(τ))T y(τ) t(τ)

]T
. (17)

We denote a derivative with respect to τ as
◦
2. The

dynamics in (6) are expressed with respect to τ , as

◦
x̃ =

dx̃

dt

dt(τ)

dτ
=

[
f (t(τ),x(τ),u(τ)) ,
Λ (t,x(t),u(t)) ,

1

]
s(τ), (18a)

= f̃ (x̃(τ), ũ(τ)) , (18b)

where f̃ : Rnx × R+ × Rnu × R→ Rnx+1.

The dynamics in (18b) are linearized and time discretized,
resulting in

x̃k+1 − ¯̃xk+1 = Ak

(
x̃k − ¯̃xk

)
+Bk

(
ũk − ũ

(j)
k

)
, (19)

where ¯̃xk = ¯̃x0 +
∫ τk
0

f̃
(
x̃(0), ũ(j)(τ)

)
dτ .

2.5 Consensus optimization

We employ consensus optimization in the proposed frame-
work to combine the average system and the true system.
Consider the optimization problem

min
x

f(x) =

nf∑
i=1

fi(x), (20)

where x ∈ Rnx , f : Rnx → R, and fi : Rnx → R for
i = 1, . . . , nf . Problem (20) can be expressed as

min
{x}

nf
i=1

nf∑
i=1

fi(xi) (21a)

s.t. xi − xj = 0, i, j ∈ [nf ], i ̸= j, (21b)

where xi for i ∈ [nf ], are introduced to enable splitting
the additive objective f(x). In this form, the problem is
separable across the objectives f1(x1), . . . , fnf

(xnf
). It

can then be solved using the iterative approach (Boyd et al.
(2011); Ganiban et al. (2025))

x
(j+1)
i = argmin

x
fi(x) +

ρ

2

∥∥∥x− x̄(j) + ξ(j)
∥∥∥2
2
, i ∈ [nf ]

x̄(j+1) =
1

nf

nf∑
i=1

(
xi + ξ

(j)
i

)
ξ
(j+1)
i = ξ

(j)
i +

(
x
(j)
i − x̄(j)

)
, i ∈ [nf ],

where ξi ∈ Rnx are the dual variables of Problem (21),
and ρ ∈ R+ is the consensus penalty parameter. The
dual variables update drives the primal variables into con-
sensus. The quadratic regularization drives the variables
towards the average of the primal variables, while the
primal variables also minimize each function fi(xi).

Within SCP, operator splitting can be used to coalesce
trajectories found by solving slightly different optimization
problems into a single trajectory (Ganiban et al. (2025);
Sindhwani et al. (2017)).

We define the decision variable, z as

z =
[
zT1 · · · zTK

]T
, zk =

[
xk

T uk
T
]T

, k ∈ [K], (23)

where for notational simplicity, we define uK as a vector of
zeros. The decision variable is partitioned into consensus
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Fig. 1. Illustration of longitude over time for a typical GEO
satellite.

components, zc, and free components, zf . The consensus
components correspond to portions of the state for which
all agents are driven to a common value, whereas the free
components may vary across agents. We use ⊞ to denote
the concatenation of the consensus and free components
of the state, such that z = zf ⊞ zc.

Within SCP, each agent’s trajectory is computed by solv-
ing a modified form of (12), namely

z(j+1) ← argmin
z∈Z

Γc(z, z(j), z̄(j), ξ(j)) := Θ(z, z(j))

+
∥∥∥zf − zf

(j)
∥∥∥2
2
+

ρ

2

∥∥∥zc − z̄(j) + ξ(j)
∥∥∥2
2
. (24)

3. STATION KEEPING USING AVERAGED
DYNAMICS

SCP solutions are highly sensitive to the initial trajectory.
In GEO station-keeping problems, this sensitivity may
generate challenges due to the oscillatory nature of the
dynamics, which introduces many local minima into the
optimization landscape. SCP has been shown to effectively
solve for maneuver application times and magnitudes that
result in station-keeping window satisfaction (Pavlasek
et al. (2025)). However, when optimizing for maneuver
timing, the solution typically remains within one day of
its initialization.

The longitude evolution of a satellite in GEO controlled
with chemical thrust is illustrated in Fig. 1. The dynamics
have two modes, with a high-frequency, small-amplitude
mode induced by the orbital nature of the system, and a
low-frequency mode caused by drift resulting from Earth’s
non-spherical shape (Larson and Wertz (1999)).

For satellites that must be taken offline during control
application, it is advantageous to maximize time between
maneuvers. The oscillatory behavior of the system makes
optimizing for maneuver time challenging. To address this
issue, we reduce the number of local minima by considering
the averaged dynamics, which filter out high-frequency
oscillations. For the purposes of this work, we focus on
extending the time between EW maneuvers since NS
maneuvers are typically performed with lower frequency.

In this section, we outline the proposed averaged dynamics
SCP algorithm.

3.1 Averaged dynamics

Consider an agent with dynamics
◦
x̃ = f̃(x̃(τ), ũ(τ)). (25)

We define an average agent as the system with dynamics

◦
x̃
a

(τ) = f̃a(x̃(τ), ũ(τ)) =
1

T

∫ τ+T/2

τ−T/2

f̃(x̃(τ ′), ũ(τ ′))dτ ′,

(26)

where T ∈ R+ is the period of the oscillations in the
uniform-time space. The relationship between the period
of oscillations in true time space, T t ∈ R+, and T is

T =
T t

s
, (27)

where s is the dilation factor. In this work, the averaged
dynamics cannot be expressed analytically due to the
perturbations included in the dynamics model. Simplified
perturbation models that can be averaged analytically do
not capture the dynamics with sufficient accuracy for use
over the time period we consider.

Time-discretizing dynamics typically entails numerically
integrating the dynamics between subsequent sample
times. Integrating (26) over [τk, τk+1] necessitates solving
nested integrals. We exploit the identity

f̃a(x̃(τ), ũ(τ)) =
1

T

∫ τ+T/2

τ−T/2

f̃(x̃(τ ′), ũ(τ ′))dτ ′ (28a)

=
1

T

(
x̃

(
τ +

T

2

)
− x̃

(
τ − T

2

))
, (28b)

to avoid nested integration, which yields an exact and
efficient implementation. This framework is illustrated in
Fig. 2. The integrated state is the concatenation of the
average state at the current time with the true state half
a period ahead and the true state half a period behind the
current time.

To solve a trajectory optimization problem using SCP, a
discrete-time linear form of the dynamics is required. The
state transition matrices of the average system are given
by

Aa(τ) =
1

T

(
A

(
τ +

T

2

)
−A

(
τ − T

2

))
, (29a)

Ba(τ) =
1

T

(
B

(
τ +

T

2

)
−B

(
τ − T

2

))
. (29b)

To account for the fact that the average system has smaller
magnitude than the true system since it neglects the
high-frequency oscillations, the station-keeping constraint,
enforced as a path constraint by integrating (13a), is
tightened. The tightened constraint is computed using the
mean magnitude of the oscillations, found by propagating
the true oscillatory system.

3.2 Operator Splitting

The average system informs maneuver timing. Since the
average system does not have knowledge of the local
behavior of the system, we additionally use the true
system to determine the precise maneuver-application
time. Intuitively, the average system dictates the day
on which to apply the maneuver, and the true system
determines the time of day.

We treat the optimization problem as a consensus problem
with two agents, which solve the true problem and the
averaged problem, respectively.



x
(
t + T

2

)
= x

(
t0 + T

2

)
+
∫ t+T

2

0
f(x, u, t′) dt′

x
(
t − T

2

)
= x

(
t0 − T

2

)
+
∫ t−T

2

0
f(x, u, t′) dt′

xa(t) = xa(t0) +
∫ t

0

x

(
t′+T

2

)
−x

(
t′−T

2

)
T

dt′

t

x
(t
)

Fig. 2. Illustration of average integration. The state is
integrated with a half-period lead (green) and a half-
period lag (blue). The mean of the resulting states is
integrated to compute the average state (red).

We define the average and true variables as

zak =
[
(x̃a

k)
T
(ũa

k)
T
]T

, ztk =
[
(x̃t

k)
T
(ũt

k)
T
]T

, (30)

where x̃a
k and ũa

k are the average augmented state and
control at time tk, and x̃t

k and ũt
k are the augmented true

state and control at time tk.

A consensus is only formed over the time component of
the variable. We have

zc = etz, zf = e¬tz, (31)

where e¬t = ¬et extracts all states except those corre-
sponding to t.

3.3 Averaged Dynamics SCP

At each SCP iteration, the true agent convex subproblem
is solved. Forming a consensus between the average system
and the true system perturbs the true system. The true
system is very sensitive to the times at which maneuvers
are applied. After the system is perturbed, a few SCP
iterations are required to recover a good solution.

If an analytical model of the averaged dynamics were
available, the true system would not need to be propagated
to obtain the average system, and the sensitivity of the
true system would not affect the average system.

The goal of the average agent is to maximize the time
between maneuvers, and the goal of the true system is
to find the local time at which to apply the maneuver.
We therefore define a time-extension cost for the average
problem. The costs J(z) in (11) are

J(za) = −etzak, J(zt) = 0, (32)

for the average and true system, respectively.

The proposed SCP algorithm is outlined in Algorithm 1.
We use MPC to determine optimal control inputs over a
receding horizon, and to provide feedback to the system.
For each MPC period, Algorithm 1 is used to solve for a
trajectory over the planning period, T pp. The dynamics
are propagated using NASA’s General Mission Analysis
Tool (GMAT) for time [ti, t

app], where tapp < tf with
the control inputs found by solving the optimal control
problem. The state of the system at the end of the
propagation becomes the initial trajectory z0 for the next
MPC period.

Remark 1. Since the average system is computed by in-
tegrating the true system, the average system is afflicted

Algorithm 1: SCP with averaged dynamics.

while j ≤ jmax and
∥∥z(j+1) − z(j)

∥∥ > ϵ do

zt
(j+1) ← argminzt∈Zt Γc(zt, zt

(j)
, z̄(j), ξt

(j)
)

if
∥∥∥zt(j) − zt

(j−1)
∥∥∥ < ϵtr

′
then

za(j+1) ← argminza∈Za Γc(za, za(j), z̄(j), ξa
(j)

)
end

z̄(j+1) ← 1
2

∑
i∈{a,t}

(
zc,i

(j+1)
+ ξi

(j)
)

ξi
(j+1) ← ξi

(j)
+

(
zc,i

(j+1) − z̄(j+1)
)
, i ∈ {a, t}

j ← j + 1
end

Table 1. Parameter values used in simulation.

Parameter Symbol Value

Relectivity constant crefl 1.09
Sun-facing area sfacing 50 m2

Satellite mass msi 2500 kg
Max. deviation in longitude, tightened θ̄ 0.080◦

Max. deviation in latitude, tightened ϕ̄ 0.095◦

Isoperimetric constraint relaxation ϵy 1× 10−4

Consensus penalty parameter ρ 1× 101

Period of the oscillations in true time T t 1 sidereal day
Initial time between maneuvers T init Varies
Planning period Tpp 4× T init

by the sensitivity of the true system. To mitigate this,
the convex subproblem for the average system is only
computed once the true system has converged below a
specified tolerance.

4. GEO MANEUVER SPACING MAXIMIZATION

In this section, we demonstrate the performance of the
proposed method, and compare our method to the SCP
implementation from Pavlasek et al. (2025). We initialize
the standard SCP method with 21, 23, and 25 days be-
tween EW maneuvers, and the average SCP method with
26 days between EW maneuvers. The maximum allowed
deviation from the nominal latitude is 0.1◦ and from the
nominal longitude is 0.0875◦. To account for numerical
errors and mismatch between our dynamic model and that
of GMAT, we enforce tightened station-keeping window
constraints within the SCP problem. This is in addition
to the tightening discussed in Section 3.1 for the average
agent. The parameters used within the simulation are
given in Table 1.

Fig. 3 shows the longitude of the satellite over time for
standard SCP initialized with maneuvers occurring 21 and
23 days apart, and for our proposed method. The hori-
zontal lines correspond to the tightened EW boundaries
of the station-keeping window. The vertical lines indicate
the times at which EW control is applied. The mean time
between maneuvers is given in Table 2. The average SCP
solution occupies more of the station-keeping window than
the standard SCP solutions. The mean times between
maneuvers for standard SCP initialized with 21 and 23
days between maneuvers are 21.2 days and 23.2 days,
respectively, indicating minor deviation from the initializa-
tion. In both cases, the solution is a local minimum in the
neighborhood of the initial guess. When initialized with 25
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Fig. 3. Satellite longitude over time.

Table 2. Mean time between EW maneuvers.

Method Init. time Mean final time

Standard SCP 21 day 21.2226
Standard SCP 23 day 23.2164
Standard SCP 25 day failed
Average SCP 26 day 24.5727

days between maneuvers, the standard SCP algorithm fails
to converge. The average time between maneuvers using
our proposed method is 24.6 days. This demonstrates that
our method can attain longer uncontrolled time between
maneuvers, and also shows that the solution is less con-
strained to the neighborhood of the initialization. Note
that the constraints shown in Fig. 3 are tightened from
the true constraint, making some violation acceptable.

5. CONCLUSION

A control strategy for incorporating averaged dynamics
in SCP was presented. To mitigate the impact of local
minima on the SCP solution to a highly nonconvex trajec-
tory optimization problem, averaged dynamics were used
compute a proxy problem with fewer local minima. The
average and true system were treated as agents, driven to
form a consensus on maneuver application time using an
operator-splitting framework.
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