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Output-Feedback Learning-based Adaptive Optimal
Control of Nonlinear Systems

Weinan Gao, Yebin Wang, and Kyriakos G. Vamvoudakis

Abstract—In this paper, we develop a novel solution to the
output-feedback adaptive optimal control problem of general
nonlinear nonaffine systems based on reinforcement learning
(RL). This bridges a gap between RL and nonlinear output-
feedback control theory by designing high-fidelity data-driven
controllers to achieve disturbance rejection in an optimal sense.
Based on the condition of uniform observability, the state is
reconstructed by the retrospective input and output information,
which can be seen as equivalent to a deadbeat observer. Both
policy and value iteration algorithms are proposed to learn
the optimal output-feedback control policy and value function.
The convergence of the proposed algorithms and the practical
stability of the closed-loop system with learned control policy are
rigorously ensured even when the optimal value function is not
positive definite.

Index Terms—Reinforcement learning; Output-Feedback con-
trol; Adaptive optimal control

I. INTRODUCTION

Reinforcement learning (RL) is a biologically inspired ap-
proach that optimizes a cumulative reward based on agent-
environment interactions. From a control theory viewpoint,
RL is essentially a direct adaptive optimal control approach
(Sutton et al., 1992). By using RL, one can numerically
approximate the optimal controller of a dynamical system,
without relying on accurate knowledge of the physics, see
Vrabie et al. (2009); Wang et al. (2009); Jiang and Jiang
(2012); Wang et al. (2015); Kamalapurkar et al. (2015); Gao
and Jiang (2016); Bertsekas (2017); Zhu and Zhao (2017);
Gao and Jiang (2018); Mukherjee et al. (2019); Yang et al.
(2020); Bian and Jiang (2022); Gao and Jiang (2022); Qasem
et al. (2023); Jiang et al. (2024); Yang et al. (2024); Xie et al.
(2024); Jiang et al. (2025) and references therein. RL has
found a variety of applications for autonomy (Vamvoudakis
and Lewis, 2011; Odekunle et al., 2020; Wang et al., 2017;
Kontoudis and Vamvoudakis, 2019; Gao et al., 2018), smart
grids (Tang et al., 2015; Ni and Paul, 2019), connected vehicles
(Gao et al., 2017), industrial processes (Jiang et al., 2018) and
smart buildings (Wei et al., 2015).

Policy iteration (PI) (Kleinman, 1968; Sandell, 1974; Saridis
and Lee, 1979; Jiang and Jiang, 2012; Vrabie et al., 2009) and
value iteration (VI) (Bian and Jiang, 2016; Bertsekas, 2017;
Al-Tamimi et al., 2008; Wei et al., 2018) are two successive
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approximation approaches that can learn the optimal value
function and the corresponding optimal control policy through
iterations. Contingent on the availability of an initial admis-
sible control policy (finite cost and stabilizing), Saridis and
Lee (1979) showed that the control policy learned by PI at
any iteration preserves such admissibility. Different from PI,
the assumption of admissible initial policy has been removed
in VI. However, VI usually converges much slower than PI
(Powell, 2007).

Most of the existing RL algorithms are based on full state-
feedback information (Bertsekas, 2017; Bian and Jiang, 2022;
Jiang et al., 2024; Yang et al., 2024). In other words, the
realization of these algorithms requires complete accessibility
to the full state information, which is hard or expensive
to achieve for engineering and high-order systems. Output-
feedback adaptive optimal controllers have been designed
using RL for both discrete-time linear systems (Lewis and
Vamvoudakis, 2011; Rizvi and Lin, 2019; Valadbeigi et al.,
2020) and continuous-time linear systems (Modares et al.,
2016; Xie et al., 2024). In terms of robust adaptive dynamic
programming (Jiang and Jiang, 2014), Gao et al. (2016)
developed a robust optimal controller with output-feedback
for partially linear systems. Based on RL and neural network
approximations, output-feedback controllers have been devel-
oped for nonlinear strict feedback systems (Xu et al., 2014;
He and Jagannathan, 2005; Yang and Jagannathan, 2012; Jiang
et al., 2025). However, to the best of our knowledge, there
are not any output-feedback adaptive optimal algorithms for
general nonlinear nonaffine systems.

This paper has established a theoretical framework for
output-feedback adaptive optimal controller design of non-
linear nonaffine disturbed systems. Similar to the output
regulation problems (Huang, 2004), the disturbance in this
paper is generated by an external dynamic system, called
exosystem. This formulation includes a class of nonlinear
time-varying systems as a special case.

Contributions: The contributions of this paper are five-
fold. First, the optimal output-feedback controller is developed
for a class of nonlinear systems through nonlinear optimal
control theory and state reconstruction. Specifically, based on
the condition of uniform observability (Moraal and Grizzle,
1995), the state of nonlinear system is reconstructed through
retrospective input and output signals, which is equivalent to
a deadbeat observer. This renders the optimal control policy
to be a composite function of optimal state-feedback control
law and state reconstruction law (deadbeat observer). Second,
in order to approximate the optimal control policy and value
function, novel PI and VI approaches are proposed via output-
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feedback and Q-learning (Watkins and Dayan, 1992). Up
to now, the convergence of PI algorithms (Kleinman, 1968;
Sandell, 1974; Saridis and Lee, 1979; Jiang and Jiang, 2012;
Vrabie et al., 2009; Al-Tamimi et al., 2008; Jiang et al., 2024)
has usually relied on one or more of the following assump-
tions: 1) the optimal value function, which is the solution to the
Hamilton-Jacobi-Bellman (HJB) equation, is positive definite;
2) the stage cost incorporates a positive definite function of the
states; 3) the system is free from disturbances and stabilizable.
However, for output-feedback control of nonlinear systems
subject to disturbances, the scenario is fundamentally different.
This is because the value function may not be positive definite,
and the stage cost often lacks a positive definite function of
the states. Furthermore, the overall disturbed system may not
be inherently stabilizable, as the exosystem generating external
disturbances could be non-stabilizable. Consequently, ensuring
convergence through a straightforward extension of existing
successive approximation methods is not feasible. As our
third contribution, we rigorously establish the convergence of
output-feedback PI and VI algorithms for nonlinear nonaffine
disturbed systems. Additionally, analyzing the stability of the
nonlinear disturbed system under the learned approximate op-
timal control policy presents a grand challenge. The practical
stability of some RL-based control systems has been demon-
strated by using the optimal value function and a positive
definite function of states to establish a specific inequality.
However, due to the stage cost not being positive definite
with respect to states, finding a suitable function to satisfy
this inequality poses a significant hurdle. To overcome this
obstacle, we employ LaSalle’s invariance principle, converse
Lyapunov theorem, and the concept of zero-state observability
to guarantee the practical stability of the closed-loop system.
Finally, considering the unknown system dynamics, we have
provided online PI and VI algorithms based on approximation
techniques. The input and output data are collected and used
for learning. For each algorithm, we construct approximators
to learn the value function and the control policy. Notably,
the learned control policy is output-feedback that implicitly
includes the deadbeat observer.

Structure: The remainder of the paper is structured as fol-
lows. In Section II, we formulate the output-feedback optimal
control problem and provide a background on nonlinear opti-
mal control. The state reconstruction of the nonlinear discrete-
time system is also included in Section II. The stability of
the equilibrium point of the closed-loop system given an
optimal output-feedback control is analyzed in Section III.
Model-based PI and VI algorithms are proposed in Section
IV, while their data-driven version is presented in Section V.
Both convergence of the proposed data-driven algorithms and
the stability of the system in closed-loop with the learned
controllers are rigorously analyzed in Section V as well.
To demonstrate the effectiveness of the proposed data-driven
algorithms, simulation results of two nonlinear systems are
shown in Section VI. Finally, Section VII concludes and talks
about future work.

II. PROBLEM FORMULATION AND PRELIMINARIES

A. Problem Formulation

Consider a class of nonlinear nonaffine discrete-time sys-
tems ∀k ∈ N+,

wk+1 =a(wk), (1)
xk+1 =f(wk, xk, uk),

yk =h(wk, xk),
(2)

where N+ represents the set of nonnegative integers, xk ∈ Rn

is the state, uk ∈ R is the control input, yk ∈ R is the output
that is available for measurement. The external input wk ∈ Rp

is generated by the exosystem (1). The function a : Rp → Rp

is locally Lipschitz vanishing at the origin.
Our control objective is to design an adaptive optimal

controller given (1)-(2) via output-feedback to minimize the
following cost functional

J =

∞∑
k=0

M(yk, uk), (3)

where the function M : R × R → R is continuous, positive
definite and proper. Moreover, for any fixed y, λ ∈ R, the set
{u ∈ R|M(y, u) ≤ λ} is compact.

Throughout this paper, the following standard assumptions
are needed.

Assumption 1: There exists a positively invariant and com-
pact set (Khalil, 2002, Section 4.2), W ⊂ Rp, with respect to
the exosystem (1). □

Assumption 2: The functions f : Rp × Rn × R→ Rn and
h : Rp×Rn → R are locally Lipschitz satisfying the condition
that f(w, 0, 0) = 0, h(w, 0) = 0 for any w ∈W. □

Assumption 3: For any (w0, x0) ∈ W × Rn, there exists
uniquely a sequence of control inputs u = {uk}∞k=0 mini-
mizing the cost (3) with respect to the system (1)-(2), i.e.,
min
u

∑∞
k=0M(h(wk, xk), uk) := V ⋆(w0, x0), where V ⋆ is the

optimal value function. □
Assumption 4: The system (2), which takes (uk, wk) as

the input, yk as the outputs, and xk as the state, is uniformly
observable. □

Remark 1: Assumption 1 implies that if a solution to
the exosystem (1) belongs to the set W at step k =
0, then it belongs to W at all future steps. Assump-
tion 2 enables the formulated system model (2) to in-
clude time-varying multiplicative disturbances. For instance,
given f = x1,k sin(k) + x2,k cos(k) + uk, k ∈ N+, one can
denote the time-varying multiplicative disturbance as wk =[
sin(k) cos(k)

]T
which can be generated by a linear ex-

osystem (1) with

a(w) =

[
cos(1) sin(1)
− sin(1) cos(1)

]
w

and an initial condition w0 =
[
0 1

]T
. □

Remark 2: The condition f(w, 0, 0) = 0, h(w, 0) = 0
for any w ∈ W in Assumption 2 can be relaxed by
f(0, 0, 0) = 0, h(0, 0) = 0 if the exosystem (1) is exponen-
tially stable. Under the relaxed condition, a vanishing additive
disturbance can be included in the system model (2). In this
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setting, one needs to combine wk and xk as a new state,
and then solve an output-feedback stabilization problem of
the system (1)-(2) in an optimal sense. Similar to Granzotto
et al. (2021), the Assumption 3 is made such that there exists
a sequence of control inputs to minimize the cost (3). The
Assumption 4 is made due to the output feedback nature of
the controller. □

Remark 3: The control objective in this paper is essentially
to address an asymptotic regulation problem in an adaptive
optimal sense. As a special case of nonlinear output regulation
problems (Huang, 2004), the asymptotic regulation problem
concerns with designing controllers to achieve disturbance
rejection. □

Remark 4: The equation (1) is a nonlinear autonomous
system, which can generate rich forms of disturbances wk such
as constants, exponential, and sinusoidal signals with arbitrary
fixed or time-varying frequencies and initial phases, and
their combinations. Equations (1)-(2) are a class of nonlinear
systems which are common to model engineering systems in
practice, such as the suspension systems of vehicles, multi-
machine power systems affected by sinusoidal disturbances,
and Van del Pol oscillators. □

Based on Assumptions 1-3, one can find the optimal value
function V ⋆(wk, xk) and the optimal control policy u⋆k :=
u⋆(wk, xk) such that the cost (3), given (1)-(2) is minimized

V ⋆(wk, xk) =min
uk

(M(yk, uk) + V ⋆(wk+1, xk+1)) , (4)

u⋆(wk, xk) =argmin
uk

(M(yk, uk) + V ⋆(wk+1, xk+1)) (5)

where (4) is the discrete-time Hamilton-Jacobi-Bellman (HJB)
equation.

B. State Reconstruction of Nonlinear Systems
Let U[k−n,k−1], W[k−n,k−1] and Y[k−n,k−1] denote vectors

of n consecutive measurements, respectively, i.e.,

U[k−n,k−1] =
[
uk−n, uk−n+1, · · · , uk−1

]T
,

W[k−n,k−1] =
[
wT

k−n, w
T
k−n+1, · · · , wT

k−1

]T
,

Y[k−n,k−1] =
[
yk−n, yk−n+1, · · · , yk−1

]T
. (6)

For the purpose of simplicity, denote

fw,u(x) :=f(w, x, u),

hw(x) :=h(w, x).

In this way, the state can be reconstructed by sequences of
measurements

xk =Φ(xk−n,W[k−n,k−1], U[k−n,k−1]), (7)
Y[k−n,k−1] =H(xk−n,W[k−n,k−1], U[k−n,k−1]), (8)

where

Φ(xk−n,W[k−n,k−1], U[k−n,k−1]) :=

fwk−1,uk−1 ◦ fwk−2,uk−2 ◦ · · · ◦ fwk−n,uk−n(xk−n),

H(xk−n,W[k−n,k−1], U[k−n,k−1]) := hwk−n(xk−n)
...

hwk−1 ◦ fwk−2,uk−2 ◦ · · · ◦ fwk−n,uk−n(xk−n)



with “ ◦ ” denoting the composition.
Definition 1: The system (2) is said to be locally uniformly

observable (Moraal and Grizzle, 1995) with respect to four
sets W̄ ⊂ Rnp, X ⊂ Rn, Y ⊂ Rn, and U ⊂ Rn,
if the mapping H⋆ : X × W̄ × U → Y × W̄ × U by
(x,W,U) → (H(x,W,U),W,U) is injective. It is uniformly
observable if W̄,X,U, and Y are sets of real numbers with
proper dimensions. □

Remark 5: Note that all observable linear systems are
uniformly observable. Moreover, we will show in Proposition
1 the uniform observability of a class of nonlinear strict
feedback systems. □

Proposition 1: Based on Definition 1, a class of nonlinear
strict feedback systems ∀k ∈ N+ in the form of

x1,k+1 =f1(x1,k) + g1x2,k,

...
xi,k+1 =fi(x1,k, x2,k, · · · , xi,k) + gixi+1,k,

...
xn,k+1 =fn(x1,k, x2,k, · · · , xn,k) + gnuk,

yk =x1,k, (9)

are uniformly observable, where for i = 1, 2, · · · , n, gi ̸= 0.
Proof. To show this fact, we first write

x1,k−n =yk−n,

x2,k−n =
1

g1
(x1,k−n+1 − f1(x1,k−n))

:=Γ2(Y[k−n,k−n+1]),

...

xi+1,k−n =
1

gi
(xi,k−n+1 − fi) := Γi+1(Y[k−n,k−n+i]),

...

xn,k−n =
1

gn−1
(xn−1,k−n+1 − fn−1) := Γn(Y[k−n,k−1]).

(10)

For any two sequences of outputs Y a
[k−n,k−1], Y

b
[k−n,k−1], we

can obtain their corresponding states at the time k − n, i.e.,
xak−n and xbk−n based on (10). Moreover, it can be checked
from (10) that any Y a

[k−n,k−1] = Y b
[k−n,k−1] implies that

xak−n = xbk−n. This proves the uniform observability of (9).
□

Given the Definition 1 and Assumption 4, one can further
obtain the following Lemma to reconstruct the system state
using retrospective input and output data.

Lemma 2.1: Under Assumption 4, there exists a function
Θ : Rn(p+2) → Rn such that, for any applied U[k−n,k−1] ∈
Rn, W[k−n,k−1] ∈ Rnp and Y[k−n,k−1] ∈ Rn, the following
equation holds

xk =Θ(zk), (11)

where zk =
[
Y T
[k−n,k−1] WT

[k−n,k−1] UT
[k−n,k−1]

]T
.

Proof. See the appendix. □
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Remark 6: The state reconstruction (11) is essentially a
deadbeat observer (Moraal and Grizzle, 1995). It is true that,
the implementation of the data-driven Algorithms 3-4 does not
rely on the knowledge of functions Θ which is related to the
system dynamics f and h. □

The uniform observability also implies the system (2) with
state xk is zero-state observable, which will be discussed in
Lemma 2.2.

Lemma 2.2: Under Assumptions 1, 2 and 4, for any w0 ∈
W, the only solution to xk+1 = f(wk, xk, 0), k ∈ N+ that
can stay identically in the set {h(w, x) = 0} is the trivial
solution xk ≡ 0.

Proof. See the appendix. □
In the following lemma, we will show that the value function

V ⋆ is not always positive definite.
Lemma 2.3: Under Assumptions 1-3, given that the set W

contains a nonzero element, then the function V ⋆(w, x) is not
positive definite with respect to its arguments (w, x).
Proof. The function V ⋆(w, x) is said to be positive definite
if V ⋆(0, 0) = 0 and V ⋆(w, x) > 0 for any (w, x) ̸= (0, 0).
Choose a nonzero w0 ∈W and a x0 = 0. Let uk = 0 for any
k ∈ N+. Then we have xk = 0 and h(wk, xk) = 0 for any
k ∈ N+, which implies that V ⋆(w0, 0) = 0 and thus V ⋆(w, x)
is not positive definite. The proof is completed. □

III. OUTPUT-FEEDBACK DESIGN AND STABILITY

Based on the solution of the HJB equation (4) and the result
of the state reconstruction (11), we can design the following
output-feedback optimal control policy,

ū⋆k := ū⋆(wk, zk) = u⋆(wk,Θ(zk)) (12)

which is equivalent to (5). Let P̄ denote the set of all
continuous functions from W × Rn to R. Each function
V (w, x) ∈ P̄ has the property that, for any fixed w̄ ∈ W,
and V (w̄, x) is a positive definite function with respect to the
argument x.

In the following theorem, we provide a sufficient condition
to ensure that a control policy stabilizes the equilibrium point
of the system (2).

Theorem 3.1: Suppose that Assumptions 1-3 hold. For any
V ∈ P̄ and any u(w, x) such that

V (w, x) ≥M(h(w, x), u) + V (a(w), f(w, x, u)),

∀(w, x) ∈W× Rn, (13)

the equilibrium point x = 0 of the system (2) with input u is
asymptotically stable for any sequence {wk}∞k=0 starting from
w0 ∈W.
Proof. See the appendix. □

Remark 7: Based on the definition of V ⋆ and Lemma 2.2,
one can observe that V ⋆ ∈ P̄ . It is thus verifiable that the
control (12) is a stabilizing control policy due to the fact that
(12) is equivalent to (5) and the pair (V ⋆, u⋆) satisfies (13). By
the definition of P̄ , it is verifiable that V ⋆ is not necessarily a
positive definite function considering the fact that V ⋆(w, 0) =
0 for any w ∈ W. For instance, a function V (w, x) = (1 +
w2)x2 ∈ P̄ is not positive definite as V (w, 0) = 0 for any w.
□

IV. POLICY AND VALUE ITERATIONS

The optimal output-feedback control policy (12) developed
in Section III is based on the solution of the HJB equation
(4), which is computationally expensive to solve directly since
there is no closed-form solution. In this section, we are going
to present two successive approximation techniques, namely
a PI and a VI, to approximate the optimal control policy and
the corresponding value function.

Define the following two functions, termed here as Q-
functions, with respect to the system (1)-(2),

Qi(wk, xk, uk) :=M(yk, uk) + Vi(wk+1, xk+1),

Q̄i(wk, zk, uk) :=M(yk, uk) + Vi(wk+1,Θ(zk+1)), (14)

where i stands for the iteration instant. From Lemma 2.1, we
observe that Qi(wk, xk, uk) = Q̄i(wk, zk, uk).

Based on the aforementioned Q-functions, we present Al-
gorithm 1 which is a Q-learning algorithm. We prove the
convergence of Algorithm 1 in Theorem 4.1.

Algorithm 1 Output-Feedback PI Algorithm

1: Choose an initial admissible control policy ū1(wk, zk).
i← 1.

2: Repeat Steps 3− 5.
3: Policy Evaluation: Solve Q-function Q̄i with
Q̄i(w, 0, 0) = 0,∀w ∈W from

Q̄i(wk, zk, uk) =

Q̄i(wk+1, zk+1, ūi(wk+1, zk+1)) +M(yk, uk). (15)

4: Policy Improvement: Improve the control policy by

ūi+1(wk, zk) = argmin
u
Q̄i(wk, zk, u). (16)

5: i← i+ 1

Theorem 4.1: Suppose that Assumptions 1-4 hold. Given an
admissible control policy ū1, consider Q̄i and ūi+1 defined by
(15)-(16). Then for any i = 1, 2, · · · , the following statements
hold:

1) Q̄⋆(w, z, u) ≤ Q̄i+1(w, z, u) ≤ Q̄i(w, z, u).
2) ūi+1 is admissible.
3) For each fixed (w, z, u), {Q̄i(w, z, u)}∞i=0 and
{ūi(w, z)}∞i=0 converge to Q̄⋆(w, z, u) and ū⋆(w, z),
respectively.

Proof. See the appendix. □
The PI algorithm requires an admissible control policy to

initialize. If this control policy is not available, one can follow
the VI algorithm given in Algorithm 2 to approximate the
optimal control policy and value function.

The following Theorem 4.2 shows the convergence of the
output-feedback VI Algorithm 2.

Theorem 4.2: Suppose that Assumptions 1-4 hold. Consider
Q̄i and ūi defined by (17)-(18). For any i = 1, 2, · · · , the
following statements hold:

1) Q̄i+1(w, z, u) ≥ Q̄i(w, z, u).
2) For each fixed (w, z, u), {Q̄i(w, z, u)}∞i=0 and
{ūi(w, z)}∞i=0 converge to Q̄⋆(w, z, u) and ū⋆(w, z),
respectively.
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Algorithm 2 Output-Feedback VI Algorithm

1: Choose an initial Q-function as Q̄0 = M(yk, uk), an
initial control policy as ū0 ≡ 0, and i← 0.

2: Repeat Steps 3− 5.
3: Update the Q-function Q̄i+1 from

Q̄i+1(wk, zk, uk) =

Q̄i(wk+1, zk+1, ūi(zk+1)) +M(yk, uk). (17)

4: Update the control policy by

ūi+1(wk, zk) = argmin
u
Q̄i+1(wk, zk, u). (18)

5: i← i+ 1.

Proof. See the appendix. □
Remark 8: To implement Algorithms 1-2, we need denote

yk and zk+1 in terms of h,Θ, zk and uk. Note that, besides
h, function Θ depends on the knowledge of system dynamics
f . Therefore, Algorithms 1-2 are model-based algorithms. □

V. DATA-DRIVEN REALIZATION

In this section, we will develop two data-driven algo-
rithms to implement the PI and VI Algorithms 1-2 with ap-
proximation techniques. The proposed algorithms are model-
free and they learn both the optimal control policy and Q-
functions without the knowledge of the system dynamics
f(·, ·, ·), h(·, ·), and a(·).

The uniform observability of the system (1)-(2) implies the
unique reconstruction from the retrospective input and output
to the state. Hence, the optimal state-feedback and output-
feedback control policies, i.e., u⋆(wk, xk) and ū⋆(wk, zk), and
their corresponding Q-functions are equivalent.

The Q-function Q̄i(w, z, u) can represented by Q̄i(w, z, u)
=

∑∞
j=0 s̄i,jψj(w, z, u), where {ψj(w, z, u)}∞j=0 is a se-

quence of linearly independent smooth basis functions, and
for any j = 0, 1, 2, · · · , s̄i,j ∈ R. For the purpose of
implementing Algorithms 1-2 using online input and output
data, we approximate the Q-function Q̄i(w, z, u) by

Q̂i(w, z, u) =

N1∑
j=0

ŝi,jψj(w, z, u), (19)

where the approximation error is

Q̄i(w, z, u)− Q̂i(w, z, u)

=

N1∑
j=0

(s̄i,j − ŝi,j)ψj(w, z, u) +

∞∑
j=N1+1

s̄i,jψj(w, z, u),

and N1 is a sufficiently large integer.
One can then replace the Q-function and control policy

using their approximations, Q̂i and ˆ̄ui, in the step of policy
evaluation (15) in PI Algorithm, which induces the following
approximation error

ei,k =Q̂i(wk+1, zk+1, ˆ̄ui(wk+1, zk+1))

+M(yk, uk)− Q̂i(wk, zk, uk)

=

N1∑
j=0

ŝi,jψj

(
wk+1, zk+1, ˆ̄ui(wk+1, zk+1)

)
+M(yk, uk)−

N1∑
j=0

ŝi,jψj(wk, zk, uk). (20)

The weights ŝi,j can be obtained in terms of least squares
solutions (minimizing

∑l
k=0 e

2
i,k) under the following assump-

tion.
Assumption 5: There exist l1 > 0 and δ1 > 0, such that for

any l ≥ l1, we have

1

l + 1

l∑
k=0

κTi,kκi,k ≥ δ1IN1+1, (21)

where

κTi,k =
ψ0(wk, zk, uk)− ψ0

(
wk+1, zk+1, ˆ̄ui(wk+1, zk+1)

)
ψ1(wk, zk, uk)− ψ1

(
wk+1, zk+1, ˆ̄ui(wk+1, zk+1)

)
...

ψN1
(wk, zk, uk)− ψN1

(
wk+1, zk+1, ˆ̄ui(wk+1, zk+1)

)
 .
□

Now, we are ready to present the data-driven PI algorithm,
Algorithm 3, to approximate the optimal control policy and
Q-function.

Algorithm 3 Data-Driven Output-Feedback PI Algorithm

1: Choose a sufficiently small threshold ϵ > 0. Employ an
admissible control input ū1(wk, zk) to collect input and
output data online. i← 1.

2: repeat
3: Solve ŝi,j from (20).
4: Update the control policy by

ˆ̄ui+1(wk, zk) = argmin
u
Q̂i(wk, zk, u). (22)

5: i← i+ 1
6: until

∑N1

j=0 |ŝi,j − ŝi−1,j |2 < ϵ.

In order to realize the VI algorithm 2, one can also replace
the Q-function and control policy in (17) by their approxima-
tions.

ei,k =Q̂i(wk+1, zk+1, ˆ̄ui(wk+1, zk+1))

+M(yk, uk)− Q̂i+1(wk, zk, uk)

=Q̂i(wk+1, zk+1, ˆ̄ui(wk+1, zk+1))

+M(yk, uk)−
N1∑
j=0

ŝi+1,jψj(wk, zk, uk). (23)

The weights ŝi,j can be obtained in terms of least squares
solutions under the following assumption.

Assumption 6: There exist l2 > 0 and δ2 > 0, such that, for
any l ≥ l2, we have

1

l + 1

l∑
k=0

ΨT
kΨk ≥ δ2IN1+1, (24)
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where

ΨT
k =


ψ0(wk, zk, uk)
ψ1(wk, zk, uk)

...
ψN1

(wk, zk, uk)

 .
□

The data-driven VI Algorithm 4 is given as follows.

Algorithm 4 Data-Driven Output-Feedback VI Algorithm

1: Choose a sufficiently small threshold ϵ > 0. Employ a
control input to collect data online. Q̄0 = M(yk, uk),
ū0 = ˆ̄u0 ≡ 0, i← 0.

2: repeat
3: Solve ŝi+1,j from (23).
4: Update the control policy by

ˆ̄ui+1(zk) = argmin
u
Q̂i+1(wk, zk, u). (25)

5: i← i+ 1
6: until

∑N1

j=0 |ŝi,j − ŝi−1,j |2 < ϵ.

The following Lemma is useful to show the convergence of
data-driven PI Algorithm 3.

Lemma 5.1: Suppose that Assumptions 1-5 hold for
each iteration i. There exists a compact set Dw × Dz ×
Du ⊂ W × Rn(p+2) × R such that lim

N1→∞
Q̂i(w, z, u) =

Q̃i(w, z, u), lim
N1→∞

ˆ̄ui+1(w, z) = ũi+1(w, z), ∀(w, z, u) ∈

Dw×Dz×Du, where Q̃i and ũi+1 are respectively the accurate
Q-function and the control policy updated by policy iteration
given the control policy ˆ̄ui, which are defined as follows

ũi+1(wk, zk) =argmin
u
Q̃i(wk, zk, u),

M(yk, uk) =Q̃i(wk, zk, uk)

− Q̃i(wk+1, zk+1, ˆ̄ui(wk+1, zk+1)). (26)

Proof. See the appendix. □
Now we are ready to show the convergence of the Algorithm

3 in Theorem 5.1.
Theorem 5.1: Suppose that Assumptions 1-5 hold. Given

any ϵ1 > 0, there exist positive integers i⋆ and N⋆
1 , and a

compact set Dw × Dz × Du ⊂W× Rn(p+2) × R such that∣∣∣∣∣∣
N1∑
j=0

ŝi,jψj(w, z, u)− Q̄⋆(w, z, u)

∣∣∣∣∣∣ ≤ ϵ1,∣∣ˆ̄ui+1(w, z)− ū⋆(w, z)
∣∣ ≤ ϵ1 (27)

for any i ≥ i⋆ and any (w, z, u) ∈ Dw × Dz × Du, if
N1 > N⋆

1 .
Proof. We will prove by induction that, for each i ≥ 1 and

given ϵ > 0, there exists a large enough integer N⋆
1 such that

|Q̂i(w, z, u)− Q̄i(w, z, u)| ≤ϵ,
|ˆ̄ui+1(w, z)− ūi+1(w, z)| ≤ϵ, (28)

if N1 > N⋆
1 .

1) For i = 1, one has Q̃i(w, z, u) = Q̄i(w, z, u) and
ũi+1(w, z) = ūi+1(w, z). The convergence is provable
by Lemma 5.1.

2) Assume for some i = j > 1 that

lim
N1→∞

Q̂j(w, z, u) =Q̄j(w, z, u),

lim
N1→∞

ˆ̄uj+1(w, z) =ūj+1(w, z).

Define

Rj+1,k =Q̃j+1(wk+1, zk+1, ˆ̄uj+1(wk+1, zk+1))

− Q̃j+1(wk+1, zk+1, ūj+1(wk+1, zk+1)).

By policy evaluation (15) and (26), we have

Rj+1,k =Q̃j+1(wk, zk, uk)−M(yk, uk)

− Q̃j+1(wk+1, zk+1, ūj+1(wk+1, zk+1))

=Q̃j+1(wk, zk, uk)− Q̄j+1(wk, zk, uk)

+ Q̄j+1(wk+1, zk+1, ūj+1(wk+1, zk+1))

− Q̃j+1(wk+1, zk+1, ūj+1(wk+1, zk+1))

=[Q̃j+1(wk, zk, uk)− Q̄j+1(wk, zk, uk)]

− [Q̃j+1(wk+1, zk+1, ūj+1(wk+1, zk+1))

− Q̄j+1(wk+1, zk+1, ūj+1(wk+1, zk+1))].

By definition, we can check that the error Rj+1,k → 0
as N1 →∞. By Assumption 5, we observe that,

0 = lim
N1→∞

|Q̃j+1(w, z, u)− Q̄j+1(w, z, u)|,

0 = lim
N1→∞

|ũj+2(w, z)− ūj+2(w, z)|.

Based on Lemma 5.1, we can show (28) for i := j +1.
By Theorem 4.1, there always exists a i⋆ > 0, such that

|Q̄i(w, z, u)− Q̄⋆(w, z, u)| ≤ϵ,
|ūi+1(w, z)− ū⋆(w, z)| ≤ϵ, ∀i ≥ i⋆.

The proof is thus completed using the triangle inequality and
setting ϵ1 = 2ϵ. □

Let ˆ̄u†(wk, zk) be the approximated optimal control policy
learned by Algorithms 3 or 4. Based on Lemma 2.1, one
can find a state-feedback control policy û†(wk, xk) such that
û†(wk, xk) = û†(wk,Θ(zk)) := ˆ̄u†(wk, zk). For any w0,
the system (2) in closed-loop with the controller ˆ̄u†(wk, zk)
learned by Algorithms 3 or 4 can be represented by

xk+1 =f(wk, xk, ˆ̄u
†(wk, zk))

=f(wk, xk, û
†(wk, xk))

=f(ak(w0), xk, û
†(ak(w0), xk))

:=F †
w0

(k, xk) (29)

where ak(w) = a ◦ a ◦ · · · ◦ a︸ ︷︷ ︸
k

(w).

We will show that the learned near-optimal control policy
ˆ̄u†(wk, zk) solves the problem of practical stabilization for
system (2).

Theorem 5.2: Under the conditions in Theorem 5.1, for any
w0 ∈ W and any ϵ2 > 0 satisfying that B(ϵ2) ⊂ Dx, there
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exists a continuous function Vc such that, along the trajectory
of the closed-loop system (29), we have

β1(|x|) ≤ Vc(k, x) ≤ β2(|x|), ∀x ∈ Dx

Vc(k + 1, F †
w0

(k, x))− Vc(k, x) < 0, ∀x ∈ Dx\B(ϵ2)
(30)

where β1, β2 are two functions of class K, B(ϵ2) = {x ∈ Rn :
|x| < ϵ2}, Dx = {x ∈ Rn : x = Θ(z), z ∈ Dz}.
Proof. See the appendix. □

Remark 9: The convergence of data-driven VI Algorithm 4
can be ensured by following the similar logic when proving
the convergence of data-driven PI Algorithm 3. One can firstly
show the fact in the Lemma 5.1 by slightly changing ũi by
ũi+1(wk, zk) = argmin

u
Q̃i+1(wk, zk, u). After that, one can

show that there exists large enough positive integer i⋆ and
N⋆

1 such that the learned Q-function and control policy from
Algorithm 4 is close enough to the optimal ones. □

Remark 10: Algorithms 3-4 are implemented based on the
online measurement of wk. If wk is not measurable while the
exosystem (1) is uniformly observable, one can use the output
of the exosystem (1) to reconstruct wk. Alternatively, if the
exosystem is linear, one can use the minimal polynomial of
the exosystem dynamics to reconstruct wk; see Gao and Jiang
(2016) and the simulation example 2 in this paper.

Remark 11: The Assumptions 5-6 are similar to conditions
of persistency of excitation in adaptive control; see Jiang and
Jiang (2014); Vamvoudakis and Lewis (2010). Practically, one
can add some exploration noise into the employed control in-
put in order to excite the system during the data collection such
that these assumptions are satisfied. Note that Algorithms 3-4
are essentially off-policy RL algorithms. Their convergence is
not affected by the existence of exploration noises. □

VI. SIMULATIONS

A. Example 1

Consider the following discrete-time system ∀k ∈ N+ with
external disturbance wk,

wk+1 =ewk,

xk+1 =axµ1

k + dwµ2

k + bu3k,

yk =xk, (31)

where a, b, d ̸= 0, |e| < 1 are unknown real numbers and
µ1, µ2 are unknown positive odd integers. This satisfies the
relaxed condition in Remark 2 where f(0, 0, 0) = 0. Note that,
if one treats both wk ∈ R and xk ∈ R as states, the system
(31) can be converted as follows

xk+1 =

(
ex1,k

dxµ1

1,k + axµ2

2,k + bu3k

)
,

yk =x2,k. (32)

By Definition 1, the system (32) is uniformly observable.
The state of (32) can be represented in terms of retrospective
inputs and outputs ∀k ∈ N+, i.e.,

x1,k =
e2

d
(yk−1 − ayµ2

k−2 − bu
3
k−2)

1/µ1 ,

x2,k =ayµ2

k−1 + bu3k−1 + eµ1(yk−1 − ayµ2

k−2 − bu
3
k−2).

The cost to be minimized is defined as J =
∑∞

k=0(y
2
k+u

6
k).

For the purpose of simulation, we set a = 0.9, b = 1, d =
1, e = 0.9, µ1 = 3, µ2 = 1. The initial value of state is
chosen by x0 =

[
−5 2

]T
. The initial control policy is

ū1 = 0, which is also a stabilizing control policy can be
used by PI algorithms. The exploration noise is selected as
nk = 3

√
0.4[sin(k)+sin(3k)+sin(5k)+sin(10k)+sin(20k)+

sin(30k)]1/3.
The following basis functions are chosen for the Q-function

[y2k−1, yk−1yk−2, yk−1u
3
k−1, yk−1u

3
k−2, yk−1u

3
k,

y2k−2, yk−2u
3
k−1, yk−2u

3
k−2, yk−2u

3
k, u

6
k−1,

u3k−1u
3
k−2, u

3
k−1u

3
k, u

6
k−2, u

3
k−2u

3
k, u

6
k,

y4k−1, y
2
k−1y

2
k−2, y

2
k−1u

6
k−1, y

2
k−1u

6
k−2, y

3
k−1u

3
k,

y4k−2, y
2
k−2u

6
k−1, y

2
k−2u

6
k−2, y

3
k−2u

3
k−2, u

1
k−12,

u6k−1u
6
k−2, u

9
k−1u

3
k, u

1
k−22, u

9
k−2u

3
k].

We use the initial control policy with exploration noise
as the control input to collect online input and output data
for the time step k from 0 to 60. Both data-driven PI and
VI Algorithms 3-4 are applied to learn the optimal control
policy and the Q-function, and convergence is attained once∑28

j=0 |ŝi,j − ŝi−1,j |2 < 0.005.
The approximated optimal output-feedback control policy

learned by PI Algorithm 3 is

u3k =1.748yk−1 − 0.9532yk−2 + 0.7654u3k−1 − 1.059u3k−2

− 7.158× 10−11y3k−1 + 5.196× 10−11y3k−2

− 3.441× 10−9u9k−1 + 3.576× 10−9u9k−2, (33)

while the control policy learned by VI Algorithm 4 is

u3k = 1.748yk−1 − 0.9532yk−2 + 0.7654u3k−1 − 1.059u3k−2

− 7.487× 10−14y3k−1 + 7.487× 10−11y3k−2

− 1.25× 10−13u9k−1 + 9.433× 10−14u9k−2. (34)

Under the PI Algorithm 3, Figure 1 depicts the norm of
weights for the Q-function at each iteration, and Figure 2
shows respectively the trajectories of the input and the output
of the closed-loop system. Figure 3 shows the comparison
of Q-functions at the first and last iteration under the PI
Algorithm 3. The Q-function in this example is a function
of 5 arguments, yk−1, yk−2, uk−1, uk−2, uk. In order to plot
this function, we vary the value of yk−2 and uk, and set the
value of other arguments as 0. One can see from the Figure
3 that the Q-function has decreased after 5 iterations. For
the sake of comparison, Figure 4 has been depicted using VI
Algorithm 4. We see that the stopping criterion is achieved in
only 5 iterations using PI, while it needs 11 iterations for VI.
Figure 5 shows the comparison of Q-functions at the first and
last iteration under the VI Algorithm 4. Different from the PI
Algorithm 3, the Q-function has increased after 11 iterations.
Moreover, we find that the function Q̂11 in the Figure 5 is very
close to Q̂5 in the Figure 3, which implies that the Q-function
learned by the PI Algorithm 3 is consistent with that learned
by the VI Algorithm 4.
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Fig. 1: Evolution of the weights of the Q-function under
Algorithm 3.
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Fig. 2: Evolution of the system output and input trajectories
under Algorithm 3.

We modify the cost as J =
∑∞

k=0(y
2
k + 0.005y4k + u6k). By

implementing the PI Algorithm 3, we obtain an approximated
optimal control policy after 21 iterations

u3k =1.689yk−1 − 0.9148yk−2 + 0.8162u3k−1 − 0.9538u3k−2

+ 1.924× 10−4y3k−1 + 3.662× 10−4y3k−2

+ 7.911× 10−4u9k−1 − 1.958× 10−4u9k−2, (35)

One can observe that the high-order basis functions in (35)
affect more significantly than in (33)-(34). The corresponding
evolution of weights of the Q function is shown in the Figure
6.

B. Example 2

In this example, we consider a Van der Pol oscillator
(Byrnes et al., 1997; Gao and Jiang, 2018)

ξ̇1(t) =ξ2(t),

ξ̇2(t) =− ξ1(t)− 0.5ξ2(t)− ξ32(t) + ν(t)

with the exosystem being a harmonic oscillator

ẇ1(t) =w2(t),

ẇ2(t) =− w1(t). (36)

Fig. 3: Comparison of Q-functions at different iterations under
Algorithm 3.
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Fig. 4: Evolution of the weights of the Q-function under
Algorithm 4.

Letting the states, input and output being x1 = ξ1−w1, x2 =
ξ2 − w2, u = ν − 0.5w2 − w3

2 and y = x1, we have

ẋ1(t) =x2(t),

ẋ2(t) =− x1(t)− 0.5x2(t)− 3w2
2(t)x2(t)− 3w2(t)x

3
2(t)

− x32(t) + u(t),

y(t) =x1(t). (37)

We discretize the exosystem (36) using zero-order holder
method, and discretize the plant (37) via first-order Tay-
lor method with the sampling period Ts = 0.005s. It is
checkable that the discretized plant is uniformly observable.
When deploying the learning Algorithm 3, it is important to
recognize that the system dynamics are considered unknown.
Both the state x and the external input w remain unmeasurable.
The available data for online processing is limited to input
and output measurements, as well as the frequency of the
harmonic oscillator. In this setting, one can generate a vector
ŵk = [cos(kTs), sin(kTs)]

T to ensure that there always exist a
matrix G such that wk = Gŵk for any k ∈ N+. This will allow
us to use the generated ŵk (instead of wk) along with online
input and output measurement, uk and yk, for learning. For
the purpose of simulation, the initial values of the state are
[x1,0, x2,0, w1,0, w2,0, ŵ1,0, ŵ2,0] = [2,−2, 0.5,−0.5, 1, 0].
The cost function is J =

∑∞
k=0 10

−4(y2k + u2k). Similar to
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Fig. 5: Comparison of Q-functions at different iterations under
Algorithm 4.
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Fig. 6: Evolution of the weights of the Q-function under
Algorithm 3 and the cost J =

∑∞
k=0(y

2
k + 0.005y4k + u6k).

Example 1, the exploration noise is chosen by a summation
of sinusoidal signals with 10 different frequencies. The initial
control policy is ū1 = 0. We have chosen 41 polynomial
functions as the basis for the Q-function. The input and output
data are collected from t = 0s to t = 1.5s for learning
the optimal output-feedback control policy. By using the PI
Algorithm 3, the convergence is achieved after 8 iterations;
see Figure 7. We have applied the learned control policy after
t = 1.5s. The system input and output are depicted in Figure
8, where it can be seen that the learned control policy can
regulate the output to the origin.

VII. CONCLUSION

This paper proposed fundamentally novel way to inte-
grate reinforcement learning, output regulation, and nonlinear
output-feedback theories to solve a longstanding open problem
of output-feedback adaptive optimal control with disturbance
rejection for nonlinear systems evolving in discrete-time. To
overcome the challenge that the optimal value function is not
positive definite, we have proposed novel online PI and VI
algorithms with assured convergence. The whole process for
implementation of the proposed algorithms does not rely on
the knowledge of system dynamics and the state measurement.
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Fig. 7: Evolution of the weights of the Q-function of Example
2 under Algorithm 3.
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Fig. 8: System output and input trajectories of Example 2
under Algorithm 3.

Simulation results show that both proposed online algorithms
can approximate the optimal control policy and the value
function based on only input and output data.

APPENDIX

APPENDIX. PROOFS

Before proving the Lemma 2.1, we first show and prove the
following Lemma.

Lemma A.1: Under Assumption 4, given retrospective
measurements of the system (2), (U[k−n,k−1], W[k−n,k−1],
Y[k−n,k−1]), the state xk is uniquely determined for any step
k ≥ n.
Proof Based on equations (7)-(8), if xk and xk−n are states of
the system (2) at steps k and k−n, respectively, then the pair
(x, x) := (xk, xk−n) always solves the following equations

x =Φ(x,W[k−n,k−1], U[k−n,k−1]), (38)
Y[k−n,k−1] =H(x,W[k−n,k−1], U[k−n,k−1]), ∀k ≥ n. (39)

Based on Assumption 4 and Definition 1, H⋆ is an injective
mapping, which implies that there exists at most one x satisfy-
ing the equation (39). One can further observe that there exists
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at most one pair (x, x) solving equations (38)-(39). Therefore,
the solution of (38)-(39) is uniquely determined, which is
equivalent to say that the state xk is uniquely determined
by (U[k−n,k−1],W[k−n,k−1], Y[k−n,k−1]). The proof is thus
completed. □

Lemma A.1 implies that the states can be determined
uniquely based on retrospective inputs and outputs. We will
find their relations explicitly. Definition 1 implies that, for any
applied inputs U[k−n,k−1],W[k−n,k−1] and outputs Y[k−n,k−1],
the state xk−n can be uniquely solved by (8). In other words,
there exist a function Θ1 : Rn(p+2) → Rn such that

xk−n =Θ1(zk), ∀k ≥ n. (40)

From (7), one has,

Θ(zk) = Φ(Θ1(zk),W[k−n,k−1], U[k−n,k−1]). (41)

The proof is thus completed. □
It can be seen from (7)-(8) that

Φ(0,W, 0) =0,

H(0,W, 0) =0,

for any W ∈W× · · · ×W︸ ︷︷ ︸
n

.

From Definition 1 and (41), one can see that

Θ([0Tn ,W, 0
T
n ]

T) = 0

where 0n is a zero column vector with n elements. It is
true that any solution to xk+1 = f(wk, xk, 0) that can stay
identically in the set {h(w, x) = 0} implies that zk =
[0Tn ,W[k−n,k−1], 0

T
n ]

T for all k, which immediately shows that
xk ≡ 0. The proof is thus completed. □

By definition, for any fixed w̄ ∈ W, there exist functions
αw̄, ᾱw̄ of class K such that αw̄(|x|) ≤ V (w̄, x) ≤ ᾱw̄(|x|).
Then, for any (w, x), there exist functions α1, α2 of class K
such that

V (w, x) ≤max{ᾱw̄(|x|), w̄ ∈W} := α2(|x|),
V (w, x) ≥min{αw̄(|x|), w̄ ∈W} := α1(|x|). (42)

The difference of the function V along the solutions of the
system (1)-(2) with u yields,

∆V (wk, xk) =V (wk+1, xk+1)− V (wk, xk)

≤−M(h(wk, xk), uk) ≤ 0. (43)

Choose constants γ > 0 and c > 0 such that the {|x| ≤
α−1
1 (c)} is in the interior of a ball Bγ(0) := {x ∈ Rn| |x| ≤
γ}. Define a w-dependent set Ωw,c by

Ωw,c = {x ∈ Bγ(0)|V (w, x) ≤ c}.

Thus, for all w ∈W, we have

{|x| ≤ α−1
2 (c)} ⊂ Ωw,c ⊂ {|x| ≤ α−1

1 (c)} ⊂ Bγ(0). (44)

Based on (43), it is clear that any solution starting in
(w, x) ∈ {(w, x) ∈W×Rn| |x| ≤ α−1

2 (c)} := Ω stays in Ω.
In other words, Ω is a positively invariant set with respect
to the closed-loop system. Based on LaSalle’s invariance
principle (LaSalle, 1976), we have lim

k→∞
∆V (wk, xk) = 0.

Since M ≻ 0, one has,

∆V ⋆(wk, xk) = 0⇒h(wk, xk) = 0, uk = 0

⇒xk+1 = f(wk, xk, 0), k ∈ N+.

Finally, based on the zero-state observability of Lemma 2.2,
one can conclude that lim

k→∞
xk = 0 for any initial condition

(w0, x0) ∈ Ω.
The proof is thus completed. □
We prove 1) and 2) by induction.
• Let i = 1. Based on Lemma 2.1 and (14), we have
Q̄1(wk, zk, uk) = Q1(wk, xk, uk) and ū1(wk+1, zk+1) =
u1(wk+1, xk+1). Therefore, based on (14), equation (15)
is equivalent to

0 =Q1(wk, xk, uk)−Q1(wk+1, xk+1, u1(wk+1, xk+1))

−M(yk, uk)

=V1(wk+1, xk+1)−Q1(wk+1, xk+1, u1(wk+1, xk+1))

=V1(wk+1, xk+1)− V1(wk+2, xk+2)

−M(yk+1, u1(wk+1, xk+1)) (45)

By shifting the time index k by 1, we immediately have

V1(wk, xk) = V1(wk+1, xk+1) +M(yk, u1(wk, xk))

(46)

where xk+1 = fk(u1), k ∈ N+. For simplicity, we
denote fk(u) = f(wk, xk, u(wk, xk)).
Along the solution of system (1)-(2) with u1, we
have V1(w0, x0) =

∑∞
k=0M(yk, u1(wk, xk)). It can be

checked that V ⋆ ≤ V1. Based on zero-state observability
(see Lemma 2.2) and the fact that u1 is an admissible
control policy, we have V1(w, 0) = 0, for any w ∈ W.
And 0 < V1(w, x) < ∞ for any nonzero and finite
x ∈ Rn, which implies that V1 ∈ P̄ .
Based on (16), we have

u2(wk, xk) =ū2(wk, zk)

=argmin
u
Q̄1(wk, zk, u)

=argmin
u
Q1(wk, xk, u). (47)

Through the definition of the value function V1 and the
Q-function Q1, for any (wk, xk) ∈W×Rn, one has the
following inequality

0 ≤Q1(wk, xk, u1)−Q1(wk, xk, u2)

=M(yk, u1) + V1(a(wk), fk(u1))

−M(yk, u2)− V1(a(wk), fk(u2))

=V1(wk, xk)−M(yk, u2)− V1(a(wk), fk(u2)) (48)

which implies that the condition (13) holds.
From Theorem 3.1, the system (2) with u2, i.e.,

xk+1 =fk(wk, xk, u2(wk, xk)),

yk =h(wk, xk) (49)

is asymptotically stable at the origin for any sequences
{wk}∞k=0 starting at w0 ∈ W. It implies that , for any
(w0, x0) ∈ W × Rn, the solution of (49) satisfies
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lim
k→∞

xk = 0, and thus lim
k→∞

V1(wk, xk) = 0. Further-
more, based on the step of the policy evaluation (15) and
its equivalency (46), at the second iteration, we have

V2(wk, xk)− V2(a(wk), fk(u2)) =M(yk, u2). (50)

Along the solution of systems (1) and (49), we have

V1(w0, x0)− V2(w0, x0)

=

[
V1(w0, x0)− lim

k→∞
V1(wk, xk)

]
−
[
V2(w0, x0)− lim

k→∞
V2(wk, xk)

]
=

∞∑
k=0

[V1(wk, xk)− V1(a(wk), fk(u2))]

−
∞∑
k=0

[V2(wk, xk)− V2(a(wk), fk(u2))]

=

∞∑
k=0

[V1(wk, xk)− V1(a(wk), fk(u2))

−M(yk, u2)]

≥0. (51)

We immediately obtain V ⋆(w, x) ≤ V2(w, x) ≤
V1(w, x), V2 ∈ P̄ and u2(w, x) = ū2(w, z) is admis-
sible. This indicates that Q⋆(w, x, u) ≤ Q2(w, x, u) ≤
Q1(w, x, u) and Q̄⋆(w, z, u) ≤ Q̄2(w, z, u) ≤
Q̄1(w, z, u).

• Suppose that 1) and 2) hold for i = j ≥ 1, and Vj+1 ∈ P̄ .
Similar to (47)-(48), we see that the condition (13) holds
for uj+2:

Vj+1(wk, xk)−M(yk, uj+2)− Vj+1(a(wk), fk(uj+2))

≥ 0.

From Theorem 3.1, the system (2) with uj+2 is asymp-
totically stable at the origin for any sequences {wk}∞k=0

starting at w0 ∈ W. Along the trajectory of this system,
it is able to obtain

Vj+1(w0, x0)− Vj+2(w0, x0) ≥ 0.

which implies that V ⋆(w, x) ≤ Vj+2(w, x) ≤
Vj+1(w, x), Vj+2 ∈ P̄ , uj+2(w, x) = ūj+2(w, z) is ad-
missible, Q⋆(w, x, u) ≤ Qj+2(w, x, u) ≤ Qj+1(w, x, u)
and Q̄⋆(w, z, u) ≤ Q̄j+2(w, z, u) ≤ Q̄j+1(w, z, u).
Hence, 1) and 2) hold for i = j + 1.

In order to prove 3), by choosing sequentially the control
input by (16), we see that the corresponding value functions
form a uniformly converging monotonic sequence bounded by
V ⋆:

V0 ≥ V1 ≥ V2 · · · ≥ V ⋆.

Define the limit of the convergent sequence {Vi} by Ve. We
can see that Ve solves (4). Also, since V ⋆ ≤ Ve ≤ V1, Ve ∈ P̄ .

In the following Lemma, we will discuss the uniqueness of
the solution to (4).

Lemma A.2: Under the Assumption 3, V ⋆ is the unique
solution to the HJB equation (4) on P̄.

Proof. The proof will be by contradiction. Suppose that there
exists a function V a ̸= V ⋆ on P̄ solving (4). Then we have

V a(wk, xk) =min
uk

(M(yk, uk) + V a(wk+1, xk+1)) ,

ua(wk, xk) =argmin
uk

(M(yk, uk) + V a(wk+1, xk+1)) .

Along with (1)-(2) that correspond to an arbitrary control
sequence {ubk}∞k=0 in order for the cost (3) to be finite, we
have

Va(w0, x0) ≤
∞∑
k=0

M(yk, u
b
k),

which implies that Va(w0, x0) = min
u

∑∞
k=0M(yk, uk) :=

V ⋆(w0, x0). This contradicts with V a ̸= V ⋆. The proof is
thus completed. □

By Lemma A.2, we have V ⋆ = Ve. By the definition of
Q-function and Lemma 2.1, we can show the statement 3).
The proof is thus completed. □

The system (1)-(2) can be rewritten as a combined
nonlinear systems regarding (wk, xk) as the state and uk
as the input. Based on Lemma 2.1 and (14), we have
Q̄i(wk, zk, uk) = Qi(wk, xk, uk) and ūi(wk+1, zk+1) =
ui(wk+1, xk+1). Therefore, equation (17) is equivalent to

0 =Qi+1(wk, xk, uk)−Qi(wk+1, xk+1, ui(wk+1, xk+1))

−M(yk, uk)

=Vi+1(wk+1, xk+1)−Qi(wk+1, xk+1, ui(wk+1, xk+1))

=Vi+1(wk+1, xk+1)− Vi(wk+2, xk+2)

−M(yk+1, ui(wk+1, xk+1)).

By shifting the time index k by 1, we immediately have

Vi+1(wk, xk) = Vi(wk+1, xk+1) +M(yk, ui)

(52)

where xk+1 = fk(ui), k ∈ N+.
Based on (18), we can write

ui(wk, xk) =ūi(wk, zk)

=argmin
u
Q̄i(wk, zk, u)

=argmin
u
Qi(wk, xk, u)

=argmin
u

(M(yk, u) + Vi(a(wk), fk(u))) (53)

which is consistent with the VI algorithm presented in Bert-
sekas (2017).

Moreover, based on the definition of function M , it can be
observed that, for any (w, x) ∈ W × Rn and λ ∈ R, the set
{u ∈ R|M(h(w, x), u) ≤ λ} is a compact subset of R, which
meets the compactness assumption in Bertsekas (2017). It has
been shown in Bertsekas (2017) that the VI sequence {Vi}∞i=0

converges pointwise to V ⋆. Finally, based on Lemma 2.1 and
(14), the convergence of the Q-function Q̄i and the output-
feedback control policy ūi can also be ensured. The proof is
thus completed. □

For j = 0, 1, · · · , N1, let s̃i,j be constant weights such that

Q̃i(w, z, u) =

∞∑
j=0

s̃i,jψj(w, z, u). (54)
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Then, by combining (20) and (26), we have

ei,k =Q̂i(wk+1, zk+1, ˆ̄ui(wk+1, zk+1))

+M(yk, uk)− Q̂i(wk, zk, uk)

=Q̃i(wk, zk, uk)− Q̂i(wk, zk, uk)

+ Q̂i(wk+1, zk+1, ˆ̄ui(wk+1, zk+1))

− Q̃i(wk+1, zk+1, ˆ̄ui(wk+1, zk+1))

=

∞∑
j=0

s̃i,jψj(wk, zk, uk)−
N1∑
j=0

ŝi,jψj(wk, zk, uk)

+

N1∑
j=0

ŝi,jψj

(
wk+1, zk+1, ˆ̄ui(wk+1, zk+1)

)
−

∞∑
j=0

s̃i,jψj

(
wk+1, zk+1, ˆ̄ui(wk+1, zk+1)

)
.

=κi,kΛi + ζi,k. (55)

where

Λi =[s̃i,0, · · · , s̃i,N1
]T − [ŝi,0, · · · , ŝi,N1

]T,

ζi,k =

∞∑
j=N1+1

s̃i,jψj(wk, zk, uk)

−
∞∑

j=N1+1

s̃i,jψj

(
wk+1, zk+1, ˆ̄ui(wk+1, zk+1)

)
.

By collecting online data from k = 0 to k = l, one can
construct the following equation based on (20)

ei,0
ei,1

...
ei,l

 = −


κi,0
κi,1

...
κi,l


︸ ︷︷ ︸

A


ŝi,0
ŝi,1

...
ŝi,N1


︸ ︷︷ ︸

X

+


M(y0, u0)
M(y1, u1)

...
M(yl, ul)


︸ ︷︷ ︸

B

. (56)

As noted after (20), the weights ŝi,0, · · · , ŝi,N1
can be found

using least-squares, which is equivalent to determine the vector
X such that |AX − B|2 =

∑l
k=0 e

2
i,k is minimized. In this

setting, one can guarantee based on (55) that the resultant
sum of squares of errors satisfy

l∑
k=0

e2i,k = min
ŝi,0,··· ,ŝi,N1

l∑
k=0

(κi,kΛi + ζi,k)
2

≤
l∑

k=0

ζ2i,k. (57)

Then, given the fact that
∑l

k=0 Λ
T
i κ

T
i,kκi,kΛi =∑l

k=0(ei,k − ζi,k)2 ≤ 4(l+1) max
0≤k≤l

ζ2i,k, one can observe that

|Λi|2 ≤
4

δ1
max
0≤k≤l

ζ2i,k.

It can be seen that lim
N1→∞

ζi,k = 0. Therefore, we have

lim
N1→∞

Q̃i(w, z, u)− Q̂i(w, z, u) = 0, for any (w, z, u) ∈
Dw × Dz × Du. Based on the definition of ˆ̄ui+1 and ũi+1,

one can further have lim
N1→∞

ˆ̄ui+1(w, z)− ũi+1(w, z) = 0. The

proof is thus completed. □
First, we rewrite the system (2) in closed-loop with the

optimal control policy u⋆(wk, xk) as

xk+1 =f(wk, xk, u
⋆(wk, xk))

=f(ak(w0), xk, u
⋆(ak(w0), xk))

:=F ⋆
w0

(k, xk). (58)

Based on Theorem 3.1 and Khalil (2002), one can observe
that the system (58) is uniformly asymptotically stable for
any w0 ∈ W. By using the converse Lyapunov theorem for
discrete-time systems (Jiang and Wang, 2002), there exists a
smooth Lyapunov function Vc such that

β1(|x|) ≤ Vc(k, x) ≤ β2(|x|),
Vc(k + 1, F ⋆

w0
(k, x))− Vc(k, x) < −β3(|x|),

for some β1, β2, β3 of class K.
As Vc is smooth and f is locally Lipschitz, there always

exists a L1 > 0 such that |Vc(k + 1, F ⋆
w0

(k, x)) − Vc(k +
1, F †

w0
(k, x))| ≤ L1|û†(x) − u⋆(x)| = L1|ˆ̄u†(z) − ū⋆(z)| ≤

L1ϵ1 for any x ∈ Dx and z ∈ Dz , which implies that

Vc(k + 1, F †
w0

(k, x))− Vc(k, x) < −β3(|x|) + 2L1ϵ1.

For any ϵ2 > 0, we can render a sufficiently small ϵ1 so
that β3(|x|) > 2L1ϵ1 for any x ∈ Dx\B(ϵ2). The proof is
thus completed.
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