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Output-Feedback Learning-based Adaptive Optimal
Control of Nonlinear Systems

Weinan Gao, Yebin Wang, and Kyriakos G. Vamvoudakis

Abstract—In this paper, we develop a novel solution to the
output-feedback adaptive optimal control problem of general
nonlinear nonaffine systems based on reinforcement learning
(RL). This bridges a gap between RL and nonlinear output-
feedback control theory by designing high-fidelity data-driven
controllers to achieve disturbance rejection in an optimal sense.
Based on the condition of uniform observability, the state is
reconstructed by the retrospective input and output information,
which can be seen as equivalent to a deadbeat observer. Both
policy and value iteration algorithms are proposed to learn
the optimal output-feedback control policy and value function.
The convergence of the proposed algorithms and the practical
stability of the closed-loop system with learned control policy are
rigorously ensured even when the optimal value function is not
positive definite.

Index Terms—Reinforcement learning; Output-Feedback con-
trol; Adaptive optimal control

I. INTRODUCTION

Reinforcement learning (RL) is a biologically inspired ap-
proach that optimizes a cumulative reward based on agent-
environment interactions. From a control theory viewpoint,
RL is essentially a direct adaptive optimal control approach
(Sutton et al.,, 1992). By using RL, one can numerically
approximate the optimal controller of a dynamical system,
without relying on accurate knowledge of the physics, see
Vrabie et al. (2009); Wang et al. (2009); Jiang and Jiang
(2012); Wang et al. (2015); Kamalapurkar et al. (2015); Gao
and Jiang (2016); Bertsekas (2017); Zhu and Zhao (2017);
Gao and Jiang (2018); Mukherjee et al. (2019); Yang et al.
(2020); Bian and Jiang (2022); Gao and Jiang (2022); Qasem
et al. (2023); Jiang et al. (2024); Yang et al. (2024); Xie et al.
(2024); Jiang et al. (2025) and references therein. RL has
found a variety of applications for autonomy (Vamvoudakis
and Lewis, 2011; Odekunle et al., 2020; Wang et al., 2017;
Kontoudis and Vamvoudakis, 2019; Gao et al., 2018), smart
grids (Tang et al., 2015; Ni and Paul, 2019), connected vehicles
(Gao et al., 2017), industrial processes (Jiang et al., 2018) and
smart buildings (Wei et al., 2015).

Policy iteration (PI) (Kleinman, 1968; Sandell, 1974; Saridis
and Lee, 1979; Jiang and Jiang, 2012; Vrabie et al., 2009) and
value iteration (VI) (Bian and Jiang, 2016; Bertsekas, 2017;
Al-Tamimi et al., 2008; Wei et al., 2018) are two successive
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approximation approaches that can learn the optimal value
function and the corresponding optimal control policy through
iterations. Contingent on the availability of an initial admis-
sible control policy (finite cost and stabilizing), Saridis and
Lee (1979) showed that the control policy learned by PI at
any iteration preserves such admissibility. Different from PI,
the assumption of admissible initial policy has been removed
in VI. However, VI usually converges much slower than PI
(Powell, 2007).

Most of the existing RL algorithms are based on full state-
feedback information (Bertsekas, 2017; Bian and Jiang, 2022;
Jiang et al., 2024; Yang et al., 2024). In other words, the
realization of these algorithms requires complete accessibility
to the full state information, which is hard or expensive
to achieve for engineering and high-order systems. Output-
feedback adaptive optimal controllers have been designed
using RL for both discrete-time linear systems (Lewis and
Vamvoudakis, 2011; Rizvi and Lin, 2019; Valadbeigi et al.,
2020) and continuous-time linear systems (Modares et al.,
2016; Xie et al., 2024). In terms of robust adaptive dynamic
programming (Jiang and Jiang, 2014), Gao et al. (2016)
developed a robust optimal controller with output-feedback
for partially linear systems. Based on RL and neural network
approximations, output-feedback controllers have been devel-
oped for nonlinear strict feedback systems (Xu et al., 2014;
He and Jagannathan, 2005; Yang and Jagannathan, 2012; Jiang
et al., 2025). However, to the best of our knowledge, there
are not any output-feedback adaptive optimal algorithms for
general nonlinear nonaffine systems.

This paper has established a theoretical framework for
output-feedback adaptive optimal controller design of non-
linear nonaffine disturbed systems. Similar to the output
regulation problems (Huang, 2004), the disturbance in this
paper is generated by an external dynamic system, called
exosystem. This formulation includes a class of nonlinear
time-varying systems as a special case.

Contributions: The contributions of this paper are five-
fold. First, the optimal output-feedback controller is developed
for a class of nonlinear systems through nonlinear optimal
control theory and state reconstruction. Specifically, based on
the condition of uniform observability (Moraal and Grizzle,
1995), the state of nonlinear system is reconstructed through
retrospective input and output signals, which is equivalent to
a deadbeat observer. This renders the optimal control policy
to be a composite function of optimal state-feedback control
law and state reconstruction law (deadbeat observer). Second,
in order to approximate the optimal control policy and value
function, novel PI and VI approaches are proposed via output-



feedback and ()-learning (Watkins and Dayan, 1992). Up
to now, the convergence of PI algorithms (Kleinman, 1968;
Sandell, 1974; Saridis and Lee, 1979; Jiang and Jiang, 2012;
Vrabie et al., 2009; Al-Tamimi et al., 2008; Jiang et al., 2024)
has usually relied on one or more of the following assump-
tions: 1) the optimal value function, which is the solution to the
Hamilton-Jacobi-Bellman (HJB) equation, is positive definite;
2) the stage cost incorporates a positive definite function of the
states; 3) the system is free from disturbances and stabilizable.
However, for output-feedback control of nonlinear systems
subject to disturbances, the scenario is fundamentally different.
This is because the value function may not be positive definite,
and the stage cost often lacks a positive definite function of
the states. Furthermore, the overall disturbed system may not
be inherently stabilizable, as the exosystem generating external
disturbances could be non-stabilizable. Consequently, ensuring
convergence through a straightforward extension of existing
successive approximation methods is not feasible. As our
third contribution, we rigorously establish the convergence of
output-feedback PI and VI algorithms for nonlinear nonaffine
disturbed systems. Additionally, analyzing the stability of the
nonlinear disturbed system under the learned approximate op-
timal control policy presents a grand challenge. The practical
stability of some RL-based control systems has been demon-
strated by using the optimal value function and a positive
definite function of states to establish a specific inequality.
However, due to the stage cost not being positive definite
with respect to states, finding a suitable function to satisfy
this inequality poses a significant hurdle. To overcome this
obstacle, we employ LaSalle’s invariance principle, converse
Lyapunov theorem, and the concept of zero-state observability
to guarantee the practical stability of the closed-loop system.
Finally, considering the unknown system dynamics, we have
provided online PI and VI algorithms based on approximation
techniques. The input and output data are collected and used
for learning. For each algorithm, we construct approximators
to learn the value function and the control policy. Notably,
the learned control policy is output-feedback that implicitly
includes the deadbeat observer.

Structure: The remainder of the paper is structured as fol-
lows. In Section II, we formulate the output-feedback optimal
control problem and provide a background on nonlinear opti-
mal control. The state reconstruction of the nonlinear discrete-
time system is also included in Section II. The stability of
the equilibrium point of the closed-loop system given an
optimal output-feedback control is analyzed in Section III.
Model-based PI and VI algorithms are proposed in Section
IV, while their data-driven version is presented in Section V.
Both convergence of the proposed data-driven algorithms and
the stability of the system in closed-loop with the learned
controllers are rigorously analyzed in Section V as well.
To demonstrate the effectiveness of the proposed data-driven
algorithms, simulation results of two nonlinear systems are
shown in Section VI. Finally, Section VII concludes and talks
about future work.

II. PROBLEM FORMULATION AND PRELIMINARIES
A. Problem Formulation

Consider a class of nonlinear nonaffine discrete-time sys-
tems Vk € N7,

Wit1 =a(wg), (1)
Tk+1 :f(wka zk,Uk),

2

yr =h(wy, Tr), @)

where N7 represents the set of nonnegative integers, x5, € R”
is the state, u; € R is the control input, y; € R is the output
that is available for measurement. The external input wy, € RP
is generated by the exosystem (1). The function a : R? — RP
is locally Lipschitz vanishing at the origin.

Our control objective is to design an adaptive optimal
controller given (1)-(2) via output-feedback to minimize the
following cost functional

J =" M(yx,ux), 3)
k=0
where the function M : R x R — R is continuous, positive
definite and proper. Moreover, for any fixed y, A € R, the set
{u € R|M(y,u) < A} is compact.

Throughout this paper, the following standard assumptions
are needed.

Assumption 1: There exists a positively invariant and com-
pact set (Khalil, 2002, Section 4.2), W C RP, with respect to
the exosystem (1). O

Assumption 2: The functions f : RP x R™ x R — R™ and
h : RP xR™ — R are locally Lipschitz satisfying the condition
that f(w,0,0) =0, h(w,0) =0 for any w € W. ]

Assumption 3: For any (wo,zo) € W x R™, there exists
uniquely a sequence of control inputs w = {ux}7, mini-
mizing the cost (3) with respect to the system (1)-(2), i.e.,
min Y7 o M (h(wg, zx), uk) == V*(wo, z0), where V* is the
OStimal value function. |

Assumption 4: The system (2), which takes (ug,wy) as
the input, y; as the outputs, and xj, as the state, is uniformly
observable. ]

Remark 1: Assumption 1 implies that if a solution to
the exosystem (1) belongs to the set W at step kK =
0, then it belongs to W at all future steps. Assump-
tion 2 enables the formulated system model (2) to in-
clude time-varying multiplicative disturbances. For instance,
given f =z sin(k) + zo cos(k) + ug, k € NT, one can
denote the time-varying multiplicative disturbance as wy =
[sin(k) cos(k)]T which can be generated by a linear ex-
osystem (1) with

() = {cos(li

— S

;]

(
and an initial condition wg = [O 1] O
Remark 2: The condition f(w,0,0)=0,h(w,0) = 0
for any w € W in Assumption 2 can be relaxed by
£(0,0,0) = 0,h(0,0) = 0 if the exosystem (1) is exponen-
tially stable. Under the relaxed condition, a vanishing additive
disturbance can be included in the system model (2). In this



setting, one needs to combine wj; and xj; as a new state,
and then solve an output-feedback stabilization problem of
the system (1)-(2) in an optimal sense. Similar to Granzotto
et al. (2021), the Assumption 3 is made such that there exists
a sequence of control inputs to minimize the cost (3). The
Assumption 4 is made due to the output feedback nature of
the controller. ]

Remark 3: The control objective in this paper is essentially
to address an asymptotic regulation problem in an adaptive
optimal sense. As a special case of nonlinear output regulation
problems (Huang, 2004), the asymptotic regulation problem
concerns with designing controllers to achieve disturbance
rejection. (]

Remark 4: The equation (1) is a nonlinear autonomous
system, which can generate rich forms of disturbances wy, such
as constants, exponential, and sinusoidal signals with arbitrary
fixed or time-varying frequencies and initial phases, and
their combinations. Equations (1)-(2) are a class of nonlinear
systems which are common to model engineering systems in
practice, such as the suspension systems of vehicles, multi-
machine power systems affected by sinusoidal disturbances,
and Van del Pol oscillators. (]

Based on Assumptions 1-3, one can find the optimal value
function V*(wy,zx) and the optimal control policy uj} :=
u*(wg, k) such that the cost (3), given (1)-(2) is minimized

V*(wg, z) :H;in (M (yg, ur) + V*(Wrt1, Try1)) 4

w* (wg, xx) =argmin (M (yx, ug) + V*(wWgr1, 2p+1)) (5)
Uk
where (4) is the discrete-time Hamilton-Jacobi-Bellman (HJB)
equation.

B. State Reconstruction of Nonlinear Systems

Let Ug—n,k—1)» Wik—n,k—1) and Y;_, 1] denote vectors
of n consecutive measurements, respectively, i.e.,

T
U[k—n,k—l] = [uk—n; Uk —n+1, """ auk—l] 5
T T T 1T
W[k:—n,k—l] = [wk_na wk_n+17 e 7wk_1] 5
T
Yieon k1] = [Uk—ns Yh—n+1, " »Yk—1] - (6)

For the purpose of simplicity, denote
JO ) =f(w, z,u),
hY(x) :=h(w,x).

In this way, the state can be reconstructed by sequences of
measurements

vy =P(Th—n, Wih—nkb—1] U=nk—11), (D
Yie—nk—1] =H @k —n, Wi—n k-1]s U—nk—11), (8
where
Q(2h—n, Wik k—1]» Ul—n,k—1]) =
f'wk—lauk—l o f’wk—Z-,uk—Q 0---0 fwkfnvuk—n(.rk_n)y

H(xp s Wig—n k—1)> Up—n,k—1]) :=
hWE—n (l'k,n)

hWE—1 o fwk—z,uk—2 o .0 fwk—muk,—n (xk—n)

with “o” denoting the composition.

Definition 1: The system (2) is said to be locally uniformly
observable (Moraal and Grizzle, 1995) with respect to four
sets W ¢ R, X ¢ R", Y ¢ R?, and U C R",
if the mapping H* : X x W x U — Y x W x U by
(x,W,U) — (H(x,W,U), W, U) is injective. It is uniformly
observable if W, X, U, and Y are sets of real numbers with
proper dimensions. ]

Remark 5: Note that all observable linear systems are
uniformly observable. Moreover, we will show in Proposition
1 the uniform observability of a class of nonlinear strict
feedback systems. ]

Proposition 1: Based on Definition 1, a class of nonlinear
strict feedback systems Vk € N7 in the form of

z1p+1 =fi(z1k) + 122k,

Tikt1 =fi(T1 ks oy o 5 Tik) + GiTit1 k)

T+l =fn(T1 kT2 ks 0 5 Tnk) + GnUi,

Yk =T1k, &)

are uniformly observable, where for i = 1,2,--- ,n, g; # 0.

Proof. To show this fact, we first write
T1,k—n =Yk—n,
1
X2 k—n :;(xl,k—n+1 - fl(wl,kfn))
1

=2 (Yie—n k—n+1]),

1
Titl k—n :E(xi,k7n+1 — fi) = Lit1 (Yik—n,k—n-+i))s
3

1
Tn,k—n =
In—1

(xn—l,k—n—i-l - fn—l) = Fn(Y[kfn,k:fl])'
(10)

For any two sequences of outputs Y[Z_n7k_1],Y[Z_n7k_1], we
can obtain their corresponding states at the time k — n, i.e.,
z¢_, and xz_n based on (10). Moreover, it can be checked
from (10) that any Y  , | = Y[Iéfn,kq] implies that
x¢ =% . This proves the uniform observability of (9).
O

Given the Definition 1 and Assumption 4, one can further
obtain the following Lemma to reconstruct the system state
using retrospective input and output data.

Lemma 2.1: Under Assumption 4, there exists a function
© : R™P+2) 5 R™ such that, for any applied Upy_p 1—1] €
R™, Wik—nx—1 € R and Y,_, x—1) € R", the following
equation holds

T T T T
where zj, = |:Yv[k7n,k71] Wik k-1) U[kfn,kfl]:| .
Proof. See the appendix. ]



Remark 6: The state reconstruction (11) is essentially a
deadbeat observer (Moraal and Grizzle, 1995). It is true that,
the implementation of the data-driven Algorithms 3-4 does not
rely on the knowledge of functions © which is related to the
system dynamics f and h. (]

The uniform observability also implies the system (2) with
state x; 1S zero-state observable, which will be discussed in
Lemma 2.2.

Lemma 2.2: Under Assumptions 1, 2 and 4, for any wy €
W, the only solution to g1 = f(wk,xr,0), k € NT that
can stay identically in the set {h(w,z) = 0} is the trivial
solution z; = 0.

Proof. See the appendix. (]

In the following lemma, we will show that the value function
V* is not always positive definite.

Lemma 2.3: Under Assumptions 1-3, given that the set W
contains a nonzero element, then the function V*(w, x) is not
positive definite with respect to its arguments (w, x).

Proof. The function V*(w, z) is said to be positive definite
if V*(0,0) = 0 and V*(w,z) > 0 for any (w,z) # (0,0).
Choose a nonzero wg € W and a xy = 0. Let u;, = 0 for any
k € N*t. Then we have z;, = 0 and h(wyg,zx) = 0 for any
k € NT, which implies that V*(wg, 0) = 0 and thus V*(w, )
is not positive definite. The proof is completed. O

III. OUTPUT-FEEDBACK DESIGN AND STABILITY

Based on the solution of the HIB equation (4) and the result
of the state reconstruction (11), we can design the following
output-feedback optimal control policy,

ay, =t (w, 2) = u*(wy, O(21)) (12)

which is equivalent to (5). Let P denote the set of all
continuous functions from W x R™ to R. Each function
V(w,r) € P has the property that, for any fixed w € W,
and V(w,z) is a positive definite function with respect to the
argument .

In the following theorem, we provide a sufficient condition
to ensure that a control policy stabilizes the equilibrium point
of the system (2).

Theorem 3.1: Suppose that Assumptions 1-3 hold. For any
V € P and any u(w, z) such that

V(w,2) >M (h(w, z),u) + V(a(w), f(w,z,u)),

Y(w,z) € W x R, (13)

the equilibrium point z = 0 of the system (2) with input u is
asymptotically stable for any sequence {wy}72 , starting from
wy € W.
Proof. See the appendix. ([
Remark 7: Based on the definition of V* and Lemma 2.2,
one can observe that V* € P. It is thus verifiable that the
control (12) is a stabilizing control policy due to the fact that
(12) is equivalent to (5) and the pair (V*, u*) satisfies (13). By
the definition of P, it is verifiable that V* is not necessarily a
positive definite function considering the fact that V*(w,0) =
0 for any w € W. For instance, a function V(w,z) = (1 +
w?)z? € P is not positive definite as V (w,0) = 0 for any w.
O

IV. POLICY AND VALUE ITERATIONS

The optimal output-feedback control policy (12) developed
in Section III is based on the solution of the HIB equation
(4), which is computationally expensive to solve directly since
there is no closed-form solution. In this section, we are going
to present two successive approximation techniques, namely
a PI and a VI, to approximate the optimal control policy and
the corresponding value function.

Define the following two functions, termed here as Q-
functions, with respect to the system (1)-(2),

Q; (W, Tr, ug) =M (Y, ur) + Vi(wrt1, Thy1),

Qi (wr, 21, ug) =M (yr, u) + Vi(wit1, O(2k+1)),  (14)

where 7 stands for the iteration instant. From Lemma 2.1, we
observe that Q;(wg, Xk, ug) = Q; (W, Zk, uk).

Based on the aforementioned @-functions, we present Al-
gorithm 1 which is a @-learning algorithm. We prove the
convergence of Algorithm 1 in Theorem 4.1.

Algorithm 1 Output-Feedback PI Algorithm

1: Choose an initial admissible control policy u1(wg, 2k).

14 1.
2: Repeat Steps 3 — 5. ~
3: Policy Evaluation: Solve Q-function ©Q; with
Q;(w,0,0) =0,Vw € W from
Qi(wka 2l uk:) =
Qi (Wrt 15 241, Ui (Wht1, 2h41)) + M (yr, ug).  (15)

4: Policy Improvement: Improve the control policy by
Uip1(wy, z;) = argminQ; (wy,, 25, u). (16)

5091+ 1

Theorem 4.1: Suppose that Assumptions 1-4 hold. Given an
admissible control policy #;, consider Q; and ;1 defined by
(15)-(16). Then for any ¢ = 1,2, - - -, the following statements
hold:

D O (w,z,u) < Qiv1(w,z,u) < Qi(w, z,u).

2) ;41 is admissible.

3) For each fixed (w,z,u), {Q;(w,zu)}2, and
{t;(w, 2)}2, converge to Q*(w,z,u) and u*(w,z),
respectively.

Proof. See the appendix. ]

The PI algorithm requires an admissible control policy to
initialize. If this control policy is not available, one can follow
the VI algorithm given in Algorithm 2 to approximate the
optimal control policy and value function.

The following Theorem 4.2 shows the convergence of the
output-feedback VI Algorithm 2.

Theorem 4.2: Suppose that Assumptions 1-4 hold. Consider
Q; and 7; defined by (17)-(18). For any i = 1,2,---, the
following statements hold:

1) Qii(w,z,u) > Qi(w, z,u). B

2) For each fixed (w,z,u), {Qi(w,z,u)}2, and
{t;(w, 2)}2, converge to Q*(w,z,u) and @*(w,z),
respectively.



Algorithm 2 Output-Feedback VI Algorithm

1: Choose an initial Q-function as Q=M (yx,ur), an
initial control policy as @g = 0, and ¢ < 0.

2: Repeat Steps 3 — 5.

3. Update the Q-function Q; 1 from

Qi1 (Wi, 21, ug) =

Qi(Wry1, Zrt1, Ui(zrg1)) + M (yg,ur). (17
4: Update the control policy by
Uir1(wy, z) = argminQ; 1 (wy, 2z, u).  (18)
50141+ 1.
Proof. See the appendix. ]

Remark 8: To implement Algorithms 1-2, we need denote
yr and zx11 in terms of h, ©, z; and wug. Note that, besides
h, function © depends on the knowledge of system dynamics
f. Therefore, Algorithms 1-2 are model-based algorithms. [J

V. DATA-DRIVEN REALIZATION

In this section, we will develop two data-driven algo-
rithms to implement the PI and VI Algorithms 1-2 with ap-
proximation techniques. The proposed algorithms are model-
free and they learn both the optimal control policy and Q-
functions without the knowledge of the system dynamics
f('v K ')7 h(? ')’ and a()

The uniform observability of the system (1)-(2) implies the
unique reconstruction from the retrospective input and output
to the state. Hence, the optimal state-feedback and output-
feedback control policies, i.e., u*(wy, 21 ) and @*(wg, 21 ), and
their corresponding Q-functions are equivalent.

The Q-function Q;(w, z,u) can represented by Q;(w, z,u)
= 3520519 (w, z,u), where {¢;(w,z,u)}32, is a se-
quence of linearly independent smooth basis functions, and
for any j = 0,1,2,---,5; € R. For the purpose of
implementing Algorithms 1-2 using online input and output
data, we approximate the Q-function Q;(w, z,u) by

Ny

Qi(wa Z,U) = Z 51,31/13(107 2, U)7

=0

19)

where the approximation error is
Qi(w7 Z, U) - Qz(w7 Z, U)
Ny )
= iy = 805w, zu) + Y 8w, ),

j=0 j=N1+1
and NV; is a sufficiently large integer.

One can then replace the @Q-function and control policy
using their approximations, Q, and i, in the step of policy
evaluation (15) in PI Algorithm, which induces the following
approximation error

eik =Qi(Wry1, 2hr1, Gi(Wrs1, Zhi1))
+ M (yg, ur) — Qi(we, 2k, uk)

N1

= 803t (W1, g1, Us(Whir, 2141))
=0

Ny
+ M (yr, ur) _Zgi,jd]j(wkazkauk)' (20
j=0
The weights 8; ; can be obtained in terms of least squares
solutions (minimizing 2220 ei 1) under the following assump-
tion.
Assumption 5: There exist [ > 0 and §; > 0, such that for
any | > 1y, we have

1
1
mzf‘izk/@i,k > 51[N1+1> 21
k=0
where
T
Rik =
Yo (W, 2k, ur) — Yo (Wi, Zk+171?i(wk+1a Zkt1))
1 (Wi, 2k, ur) = 1 (W1, Zhop s, Gi(Wt1, Zhg1))
Uny (Wi, 2 Uk) = VN, (W1, 21, Ui (W15 2041) )
O

Now, we are ready to present the data-driven PI algorithm,
Algorithm 3, to approximate the optimal control policy and
Q-function.

Algorithm 3 Data-Driven Output-Feedback PI Algorithm

1: Choose a sufficiently small threshold ¢ > 0. Employ an
admissible control input @ (wg, zx) to collect input and
output data online. ¢ < 1.

2: repeat

Solve 3; ; from (20).
Update the control policy by
i1 (W, 2) = argminQ; (wy,, 2, u). (22)

5: t—1+1
6: until Z;»V:lo 8i; — 8i—1,4]° <e

In order to realize the VI algorithm 2, one can also replace
the )-function and control policy in (17) by their approxima-
tions.

€i.k :Qi(warla Zk+1,fbi(wk+1, Zk+1))
+ M (yr, ur) — Qit1(Wk, 2k, Uk)

:Qi(wk+1a Zk+1, ﬁz‘ (wk+1, Zk+1))
Ny
+ M (yp,uk) = Y Siv1,0; Wk, 25, ).

=0

(23)

The weights 5; ; can be obtained in terms of least squares
solutions under the following assumption.

Assumption 6: There exist lo > 0 and d> > 0, such that, for
any [ > ls, we have

!
1
T E Wiy, > daln, 11,
k=0

(24)



where

wo("wk’ 2k uk)

o7 V1 (W 2k Uk)

¢N1 ('lUk, 2k uk)

The data-driven VI Algorithm 4 is given as follows.

Algorithm 4 Data-Driven Output-Feedback VI Algorithm

1: Choose a sufficiently small threshold e > 0. Employ a
control input to collect data online. Q) = M (Yr, uk),
g =Up =0, 7+ 0.

2: repeat

3: Solve 5;41,; from (23).

Update the control policy by

Uit1(zx) = arg minQiH(wk, 2k, ). (25)
5: 14— 1+ 1

6 umtil YN |55 — i1 < e

The following Lemma is useful to show the convergence of
data-driven PI Algorithm 3.

Lemma 5.1: Suppose that Assumptions 1-5 hold for
each iteration 7. There exists a compact set D,, x D, x
D, € W x R™P*2) x R such that Nliin Qi(w,z,u) =

1—00

Qi(wa Z,U),

D,,xD, xD,,, where Q; and ;41 are respectively the accurate
Q-function and the control policy updated by policy iteration
given the control policy #;, which are defined as follows

lim ;1 (w,2) = Gi1(w,2),¥(w,z,u) €
N1~>oc

i1 (Wi, 2) =arg minQ; (wi, 2k, u),
u

M (yr, ug) =Qi (wh, 21, ug)
— Qi(Wh1, Zht1, Ui (Wrt1, 2k41)).  (26)
Proof. See the appendix. (]

Now we are ready to show the convergence of the Algorithm
3 in Theorem 5.1.

Theorem 5.1: Suppose that Assumptions 1-5 hold. Given
any €; > 0, there exist positive integers ¢* and N7, and a
compact set D, x D, x D, € W x R*?*+2) x R such that

Ni

Z§i7j¢j(w,2,u) - Q*(’LU,Z7U) < €1,
=0
(w,2) =@ (w,2)| <er @27
for any 4 > ¢* and any (w,z,u) € D, x D, x D, if

Ny > Nl*
Proof. We will prove by induction that, for each ¢ > 1 and
given € > 0, there exists a large enough integer N7 such that

|Qi(wvz7u) - Qz(wazvu)| Sea

|tiy1(w, 2) — i1 (w, )| <e, (28)

if Ny > N7

1) For i = 1, one has Q;(w,z,u) = Q;(w,zu) and
Ui1(w, z) = Ui+1(w, z). The convergence is provable
by Lemma 5.1.

2) Assume for some ¢ = j > 1 that

Qj(?,l), 2, U),

N{linm Q;(w, z,u)

Nlllinoouﬂrl(wv z) =tj+1(w, 2).
Define
Rk :Qj+1(wk+17 215 Ujr1 (Wt 15 2k41))
= Qjr1(Whi1, 2k 1, U1 (W1, 241))-
By policy evaluation (15) and (26), we have
M(yka Uk)
— Qi1 (Wrg1s 2hy 1, U1 (W1, 2hg1))

:Qj+1(wk7 2k, uk) - Qj+1(U)k, 2k ’U,}C)

+ Qi1 (Wht1, Zhg 1, Uy (W1, 2841))

Rji1x =Q 1 (wk, 25, ug) —

- Qj+1(wk+17 2t 15 Ui 1 (Wit 1, Z41))
:[Qj-&-l(wk» Zky Ug) — Qj+1(’tUk, 2k, Uk)]

- [Qj+1(wk+1, 21 Ui 1 (Wht 1,5 Z41))

- Qj+1(wk+17 241, Ujp1 (Wht1, Zh41))]-

By definition, we can check that the error ;i — 0
as N1 — co. By Assumption 5, we observe that,

0 :Nlligloo@jﬂ(w,%@ — Qj1(w,z,u)|,

0 ZNlliglooij(w’ z) = Ujpa(w, 2)|.

Based on Lemma 5.1, we can show (28) for ¢ := j + 1.
By Theorem 4.1, there always exists a ¢* > 0, such that

|Qi(w, z,u) — Q*(w, z,u)]| <e,

[Ti1(w, 2) — @ (w, 2)| <e, Vi>i.

The proof is thus completed using the triangle inequality and
setting €1 = 2e. |

Let uf(wg, zx) be the approximated optimal control policy
learned by Algorithms 3 or 4. Based on Lemma 2.1, one
can find a state-feedback control policy @ (wy, ) such that
Wl (wy, zx) = af(wg,O(2x)) = ul(ws,2). For any wy,
the system (2) in closed-loop with the controller @' (wy, z1)
learned by Algorithms 3 or 4 can be represented by

w1 =f (Wi, wx, 0 (wi, 21))
= f(wp, xp, 0 (W, 7))
= f(a*(wo), @y, @' (a (wo), 1))
=F), (k,xx) (29)
where a*(w) =goao---oa(w).

We will show that tlfle learned near-optimal control policy
' (wy, z1,) solves the problem of practical stabilization for
system (2).

Theorem 5.2: Under the conditions in Theorem 5.1, for any
wo € W and any €5 > 0 satisfying that B(ez) C D,, there



exists a continuous function V. such that, along the trajectory
of the closed-loop system (29), we have

Br(l]) < Ve(k,z) < Bo(|z]), Vo €Dy

Ve(k+1,F} (k,z)) — Vo(k,2) <0, Va € D,\B(e)
(30)

where (1, 82 are two functions of class K, B(ez) = {x € R™:
|z| < €2}, Dy ={z €R" : 2 =0(2),2 € D, }.
Proof. See the appendix. (]
Remark 9: The convergence of data-driven VI Algorithm 4
can be ensured by following the similar logic when proving
the convergence of data-driven PI Algorithm 3. One can firstly
show the fact in the Lemma 5.1 by slightly changing u; by
i1 (W, z) = arg minQi+1(wk,zk7u). After that, one can

show that there exists large enough positive integer ¢* and
N7 such that the learned @Q-function and control policy from
Algorithm 4 is close enough to the optimal ones. (]

Remark 10: Algorithms 3-4 are implemented based on the
online measurement of wy. If wy is not measurable while the
exosystem (1) is uniformly observable, one can use the output
of the exosystem (1) to reconstruct wy. Alternatively, if the
exosystem is linear, one can use the minimal polynomial of
the exosystem dynamics to reconstruct wy; see Gao and Jiang
(2016) and the simulation example 2 in this paper.

Remark 11: The Assumptions 5-6 are similar to conditions
of persistency of excitation in adaptive control; see Jiang and
Jiang (2014); Vamvoudakis and Lewis (2010). Practically, one
can add some exploration noise into the employed control in-
put in order to excite the system during the data collection such
that these assumptions are satisfied. Note that Algorithms 3-4
are essentially off-policy RL algorithms. Their convergence is
not affected by the existence of exploration noises. (]

VI. SIMULATIONS
A. Example 1

Consider the following discrete-time system Vk € Nt with
external disturbance wy,

Wg41 =€Wk,
T1 =azh' + dwi? + bus,

Yk =Tk, (31

where a,b,d # 0,]e] < 1 are unknown real numbers and
11, o are unknown positive odd integers. This satisfies the
relaxed condition in Remark 2 where f(0,0,0) = 0. Note that,
if one treats both w; € R and z;, € R as states, the system
(31) can be converted as follows

o ey k
k1 da!, + azh? +bui )’

Yk =T2 k. (32)

By Definition 1, the system (32) is uniformly observable.
The state of (32) can be represented in terms of retrospective
inputs and outputs Yk € NT, ie.,

e2

1/Ill
d )

Tk = (yk—l - ay;':ig - bui—2)

ok =y + bui_y + e (ypo1 — ay)?, — bui ).

The cost to be minimized is defined as J = >, (y2 +ul).
For the purpose of simulation, we set ¢ =0.9,b = 1,d =
1,e=0.9,u1 = 3,u2 = 1. The initial value of state is
chosen by zy = [-5 2]T. The initial control policy is
u; = 0, which is also a stabilizing control policy can be
used by PI algorithms. The exploration noise is selected as
ny, = V/0.4[sin(k) +sin(3k) +sin(5k) +sin(10k) +sin(20k) +
sin(30k)]/3.

The following basis functions are chosen for the ()-function

[ylz—la Yk—1Yk—2, yk—wz_l, yk—1u‘z_27 yk—wi,
yi—% yk—QUz—la yk—2ui—27 yk—w% ui_l,
Uiﬂ“zfzv Uiqui, ug,z, ui,ﬂi, U%

ygflv yiflyifzv 2112%11‘271» yl%flugf% yiflu%
y%—Za yl%—ng—l» yl%—2u2—27 yi_ﬂi_z, ullf—12a

6 .6 9o 3 1 9 .3
Up U g U1 U, Up— 22, U _oU]-

We use the initial control policy with exploration noise
as the control input to collect online input and output data
for the time step k from 0 to 60. Both data-driven PI and
VI Algorithms 3-4 are applied to learn the optimal control
policy and the @-function, and convergence is attained once
S0 180 — 8i1,4]% < 0.005.

The approximated optimal output-feedback control policy
learned by PI Algorithm 3 is

uj =1.748y),_1 — 09532y, o + 0.7654u; _, — 1.059u} _,
— 7158 x 107 My +5.196 x 107y},

—3.441 x 107 %) _, +3.576 x 10~ %uj_,, (33)

while the control policy learned by VI Algorithm 4 is

ujp = 1.748y, 1 — 0.9532y),_o + 0.7654uj_; — 1.059u;_,
— 7487 x 107 My, +7.487 x 107y},

—1.25 x 10730 _; +9.433 x 10~ 4w _,. (34)

Under the PI Algorithm 3, Figure 1 depicts the norm of
weights for the )-function at each iteration, and Figure 2
shows respectively the trajectories of the input and the output
of the closed-loop system. Figure 3 shows the comparison
of (-functions at the first and last iteration under the PI
Algorithm 3. The @-function in this example is a function
of 5 arguments, Yr_1,Yx—2,Uk—1,Uk—2, Uk. In order to plot
this function, we vary the value of y;_o and ug, and set the
value of other arguments as 0. One can see from the Figure
3 that the Q-function has decreased after 5 iterations. For
the sake of comparison, Figure 4 has been depicted using VI
Algorithm 4. We see that the stopping criterion is achieved in
only 5 iterations using PI, while it needs 11 iterations for VI.
Figure 5 shows the comparison of ()-functions at the first and
last iteration under the VI Algorithm 4. Different from the PI
Algorithm 3, the QQ-function has increased after 11 iterations.
Moreover, we find that the function Q11 in the Figure 5 is very
close to Qs in the Figure 3, which implies that the Q-function
learned by the PI Algorithm 3 is consistent with that learned
by the VI Algorithm 4.
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Fig. 1: Evolution of the weights of the (-function under
Algorithm 3.
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Fig. 2: Evolution of the system output and input trajectories
under Algorithm 3.

We modify the cost as J = > = (y7 + 0.005y¢ + u$). By
implementing the PI Algorithm 3, we obtain an approximated
optimal control policy after 21 iterations

ui =1.689y;_1 — 0.9148y;_o + 0.8162ui _; — 0.9538u; _,
+1.924 x 10~ *yp_; +3.662 x 10~ *y;_,

+7.911 x 10~ *u)_; — 1.958 x 10~ *u)_,, (35)

One can observe that the high-order basis functions in (35)
affect more significantly than in (33)-(34). The corresponding
evolution of weights of the Q) function is shown in the Figure
6.

B. Example 2

In this example, we consider a Van der Pol oscillator
(Byrnes et al., 1997; Gao and Jiang, 2018)

éfl (t) :EQ (t)a
&(t) = — &1(t) — 0.56(t) — &(t) + v(1)
with the exosystem being a harmonic oscillator
i (t) =wa(t),

wa(t) = — wi (1), (36)
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Fig. 3: Comparison of Q-functions at different iterations under
Algorithm 3.
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Fig. 4: Evolution of the weights of the (-function under
Algorithm 4.

Letting the states, input and output being 1 = & —wy, x93 =
& — wo, u=v — 0.5wy — w3 and y = x1, we have

@y (t) =wa(t),
Bo(t) = — 21 (t) — 0.529(t) — w3 (t)zo(t) — Swo(t)z3(t)
— z3(t) + u(t),

y(t) =z1(1).

We discretize the exosystem (36) using zero-order holder
method, and discretize the plant (37) via first-order Tay-
lor method with the sampling period Ts = 0.005s. It is
checkable that the discretized plant is uniformly observable.
When deploying the learning Algorithm 3, it is important to
recognize that the system dynamics are considered unknown.
Both the state x and the external input w remain unmeasurable.
The available data for online processing is limited to input
and output measurements, as well as the frequency of the
harmonic oscillator. In this setting, one can generate a vector
Wy = [cos(kTy),sin(kT)]T to ensure that there always exist a
matrix G such that wy = Gy, for any k € NT. This will allow
us to use the generated wy (instead of wy) along with online
input and output measurement, uj, and yj, for learning. For
the purpose of simulation, the initial values of the state are
[13170, Z2,0,W1,0, W2,0, 1211,0, 11)270] = [2, —2, 05, —0.5, 1, O]
The cost function is J = >~ ,107*(y? + u?). Similar to

(37
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Algorithm 4.
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Algorithm 3 and the cost J = Y 72 (y2 + 0.005y; + u).

Example 1, the exploration noise is chosen by a summation
of sinusoidal signals with 10 different frequencies. The initial
control policy is #; = 0. We have chosen 41 polynomial
functions as the basis for the Q-function. The input and output
data are collected from ¢ = 0Os to ¢ = 1.5s for learning
the optimal output-feedback control policy. By using the PI
Algorithm 3, the convergence is achieved after 8§ iterations;
see Figure 7. We have applied the learned control policy after
t = 1.5s. The system input and output are depicted in Figure
8, where it can be seen that the learned control policy can
regulate the output to the origin.

VII. CONCLUSION

This paper proposed fundamentally novel way to inte-
grate reinforcement learning, output regulation, and nonlinear
output-feedback theories to solve a longstanding open problem
of output-feedback adaptive optimal control with disturbance
rejection for nonlinear systems evolving in discrete-time. To
overcome the challenge that the optimal value function is not
positive definite, we have proposed novel online PI and VI
algorithms with assured convergence. The whole process for
implementation of the proposed algorithms does not rely on
the knowledge of system dynamics and the state measurement.
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Fig. 7: Evolution of the weights of the Q)-function of Example
2 under Algorithm 3.
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Fig. 8: System output and input trajectories of Example 2
under Algorithm 3.

Simulation results show that both proposed online algorithms
can approximate the optimal control policy and the value
function based on only input and output data.

APPENDIX
APPENDIX. PROOFS

Before proving the Lemma 2.1, we first show and prove the
following Lemma.

Lemma A.I: Under Assumption 4, given retrospective
measurements of the system (2), (U[k,n,k,l], Wik—n k-1
Y[k—n,k—1)), the state x;, is uniquely determined for any step
k> n.

Proof Based on equations (7)-(8), if xj and xj_,, are states of
the system (2) at steps k and k — n, respectively, then the pair
(z,z) := (z, xx—n) always solves the following equations

(38)
vk > n. (39)

r =0(2, Wi—n k—1), Upk—n,k—1),
Yik—nk—1) =H (@, Wik—n k1] Uk —n,k—1)s

Based on Assumption 4 and Definition 1, H* is an injective
mapping, which implies that there exists at most one z satisfy-
ing the equation (39). One can further observe that there exists



at most one pair (z, z) solving equations (38)-(39). Therefore,
the solution of (38)-(39) is uniquely determined, which is
equivalent to say that the state xj is uniquely determined
by (Uk—n,k—1)> Wik—n,k—1]> Y[k—n,k—1))- The proof is thus
completed. (]

Lemma A.1 implies that the states can be determined
uniquely based on retrospective inputs and outputs. We will
find their relations explicitly. Definition 1 implies that, for any
applied inputs U,y 1], Wk—n,k—1) and outputs Y _p 11,
the state x;_,, can be uniquely solved by (8). In other words,
there exist a function ©; : R™(?*+2) _s R” such that

Tl—n 261(Zk), Vk Z n. (40)
From (7), one has,
O(zr) = ®(01(21) Wik—nk—1)> Uk—n,k—1])- 41)
The proof is thus completed. (]
It can be seen from (7)-(8) that
(0, W,0) =0,
H(0,W,0) =0,

forany W e W x --- xW.
—_———

From Definition lnand (41), one can see that
o([0%, W,0,]") =0

where 0,, is a zero column vector with n elements. It is
true that any solution to 41 = f(wg,xk,0) that can stay
identically in the set {h(w,xz) = 0} implies that z; =
[oF, Wik—nk-1] 0F]T for all k, which immediately shows that
x, = 0. The proof is thus completed. ]

By definition, for any fixed w € W, there exist functions
A, G Of class K such that ag(z]) < V(w,z) < ag(|z]).
Then, for any (w, ), there exist functions a1, ay of class K
such that

V(w, ) <max{ays(|z]),w € W} := as(|z]),

V(w,z) >min{agz(|z|),® € W} = ag(|z]).  (42)

The difference of the function V' along the solutions of the
system (1)-(2) with u yields,

AV (wy, 2) =V (Wet1, Trp1) — V(wg, zp)

< — M (h(wg, zx), ux) < 0. 43)

Choose constants v > 0 and ¢ > 0 such that the {|z| <
a7 '(c)} is in the interior of a ball B, (0) := {z € R"| |z| <
~}. Define a w-dependent set €, . by

Qe ={z € By(0)|V(w,z) < c}.
Thus, for all w € W, we have

{lz] < a3 ()} € Que € {lz] S a7 ()} € B,(0). (44)

Based on (43), it is clear that any solution starting in
(w,z) € {(w,x) € WxR?| |z| < ay'(c)} :=Q stays in Q.
In other words, €2 is a positively invariant set with respect
to the closed-loop system. Based on LaSalle’s invariance
principle (LaSalle, 1976), we have kl;rgo AV (wg, 2x) = 0.

Since M > 0, one has,
AV*(wk7xk) =0 :>h(wk,xk) =0,ur =0
=Tp1 = .f(wfkaao)a ke N+'

Finally, based on the zero-state observability of Lemma 2.2,
one can conclude that lim xj = 0 for any initial condition

k—o0
(w07 33‘0) e Q.
The proof is thus completed. ]
We prove 1) and 2) by induction.
e Let © = 1. Based on Lemma 2.1 and (14), we have

Q1 (W, 2k, uk) = Qi (W, Tr, ug) and Gy (W1, 2ky1) =
u1(Wgt1, Tr+1)- Therefore, based on (14), equation (15)
is equivalent to

0 =Q1 (Wi, Tk, ur) — Q1 (Whg1, Thg1, Ut (Whi1, Thg1))
— M (yk, uk)

=Vi(wet1, Tht1) — QWi 1, Tht1, w1 (Wht1, Tiot1))

=Vi(Wky1, Trt1) — Vi(Whi2, Tri2)

— M (Yrt1, w1 (Wrg1, Thy1)) (45)

By shifting the time index k& by 1, we immediately have

Vi(wk, zk) = Vi(wig1, Trg1) + M (yr, wi (wg, 1))
(46)

where zx11 = fr(u1), k& € NT. For simplicity, we
denote fi(u) = f(wk, T, u(w, T )).

Along the solution of system (1)-(2) with wu;, we
have Vi (wo, z0) = > peo M (yk, w1 (wg, zx)). It can be
checked that V* < V;. Based on zero-state observability
(see Lemma 2.2) and the fact that uq is an admissible
control policy, we have V;(w,0) = 0, for any w € W.
And 0 < Vij(w,z) < oo for any nonzero and finite
x € R™, which implies that V; € P.

Based on (16), we have

ug (Wi, T) =U2(Wk, 2k)

=arg min Q1 (wy, 2k, u)
u

=arg minQs (wg, Tk, u). 47)

Through the definition of the value function V; and the
Q-function Qy, for any (wy, zx) € W x R™, one has the
following inequality
0 <Qi(w, wk, ur) — Qu(wy, Tk, u2)
=M (yx, u1) + Vi(a(w), fr(u1))
= M(yk, u2) — Via(ws), fr(uz))
=Vi(wg, zx) — M (yr, u2) — Vi(a(wy), fr(uz)) (48)

which implies that the condition (13) holds.
From Theorem 3.1, the system (2) with uo, i.e.,

1 =fr(wi, T, u2 (Wi, 1)),

yr =h(wg, ) (49)

is asymptotically stable at the origin for any sequences
{wy}72, starting at wy € W. It implies that , for any
(wo, o) € W x R", the solution of (49) satisfies



hm 0 ), = 0, and thus hm Vl(wk,mk) = 0. Further-

more based on the step of the policy evaluation (15) and
its equivalency (46), at the second iteration, we have

Va(wy, o1,) — Va(a(wg), fr(uz)) = M (yk,uz).  (50)
Along the solution of systems (1) and (49), we have
Vi (wo, o) — Va(wo, o)
= {V1 (wo, z0) — lim Vi (wy, zk)}
- [Vz(wowo) - kli_{IDlon(wk,xk)}
= Z Vi (wy, z1) — Vi(a(we), fr(u2))]
k=0
=Y Va(w, =) — Va(a(wy), fu(uz))]
k=0
= Z Vi (wg, zx) — Vi(a(wy), fe(uz2))
k=0
_M(ykh u2)]
>0 (51
We immediately obtain V*(w,z) < Va(w,z) <

Vi(w,x), Vo € P and us(w,z) = z(w,z) is admis-

sible. This indicates that Q*(w,z,u) < Qa(w,r,u) <
Qi1(w,r,u) and Q*(w,z,u) < Qa(w,z,u) <
Q1 (w, z,u).

« Suppose that 1) and 2) hold for i = j > 1, and V; 41 € P.
Similar to (47)-(48), we see that the condition (13) holds
for Uj4+2:

Vig1(wg, i) — M (yr, wjtr2) — Vi (a(wk), fu(ujt2))

> 0.

From Theorem 3.1, the system (2) with u;,o is asymp-
totically stable at the origin for any sequences {ws}72
starting at wg € W. Along the trajectory of this system,
it is able to obtain

Vjt1(wo, zo) — Viya(wo, zo) > 0.

which implies that V*(w,z) < Vjpo(w,z) <

Vigi(w,x), Viys € P, ujpo(w,z) = tj42(w, 2) is ad-

miSSit)}C, Q*(U}, €T, u) § Qj+2(w7 €T, u) < 9j+1(w7 z, u)

and Q*(’UJ, 2, u) < Qj+2(w7 2, U) < Qj+1(’LU, 2, ’LL)
Hence, 1) and 2) hold for i = j + 1.

In order to prove 3), by choosing sequentially the control

input by (16), we see that the corresponding value functions

form a uniformly converging monotonic sequence bounded by
vV

Vo>Vi>Vooo 2 V7

Define the limit of the convergent sequence {V;} by V.. We
can see that V, solves (4). Also, since V* <V, < V4, V, € P.
In the following Lemma, we will discuss the uniqueness of
the solution to (4).
Lemma A.2: Under the Assumption 3, V* is the unique
solution to the HIB equation (4) on P.

Proof. The proof will be by contradiction. Suppose that there
exists a function V¢ % V* on P solving (4). Then we have

Ve (w, z) :Iﬂn (M (yg, ux) + V(Wrt1, Tht1))

u(wy, z) =arg min (M (yx, ux) + V(Wrt1, Tht1)) -
ug
Along with (1)-(2) that correspond to an arbitrary control
sequence {u}}2° , in order for the cost (3) to be finite, we
have

Va(wo, zo) < ZM(yk,UZ%
k=0

which implies that V,(wq,z) = nLin Yoo M (yr,ug) =
V*(wg, zo). This contradicts with V® £ V*. The proof is
thus completed. (]

By Lemma A.2, we have V* = V,. By the definition of
Q-function and Lemma 2.1, we can show the statement 3).
The proof is thus completed. ]

The system (1)-(2) can be rewritten as a combined
nonlinear systems regarding (wy,x)) as the state and wuy
as the input. Based on Lemma 2.1 and (14), we have
Qi(wk, 2z, up) = Qi(wy, xp,ux) and U(wWry1, 2k41) =
u;(Wg41, Tr41)- Therefore, equation (17) is equivalent to

0 =Qi1(wr, Th, up) — Qi(Why1, Tpy1, Ui(Whg1, Thy1))

— M (yg, uk)
=Vig1(wrs1, Try1) — Qi(Wrs1, Tro1, Ui (Wp1, Thy1))
Vi(Wit2, Thy2)

- M(yk+1a Ui(wk+1, xk+1))-

=Vit+1 (wk+1a $k+1) -

By shifting the time index k by 1, we immediately have

Vigr(w, 2x) = Vi(wpgr, Tegr) + M (yg, uq)

(52)
where 2511 = fr(u;), k€ NT.
Based on (18), we can write
wi(wy, Tx) =i (W, 2k)
=arg minQ; (wy, 21, u)
=arg minQ,; (wg, T, u)
=arg min(M (yk, u) + Vi(a(w), fu(uw))) (53)

which is consistent with the VI algorithm presented in Bert-
sekas (2017).

Moreover, based on the definition of function M, it can be
observed that, for any (w,z) € W x R™ and A € R, the set
{u € RIM (h(w, z),u) < A} is a compact subset of R, which
meets the compactness assumption in Bertsekas (2017). It has
been shown in Bertsekas (2017) that the VI sequence {V;}2,
converges pointwise to V*. Finally, based on Lemma 2.1 and
(14), the convergence of the Q-function Q; and the output-
feedback control policy #; can also be ensured. The proof is
thus completed. ]

For j =0,1,---, Ny, let 5; ; be constant weights such that

Qi(w,z,u) =Y & ;¢j(w,z,u).
j=0

(54)



Then, by combining (20) and (26), we have

€i.k :Qi(wk+17 Zk+1, fbi(wkﬂ, Zk+1))
+ M (e, ur) — Qi (wr, 2, ur)
=0, (wy, 2k, uk) — Qi(wr, 2k, u,)
+ Qi (Wit 1, 21, Wi (W1, Zh41))

— Qi(W1, Zht1, Ui( W1, 2k41))

o] N
DG (wh, 2k uk) — Y ity (w, 2, up)
i=0

=0
Ny
+ Z 8,50 (Wht1s Zhg1s Ui (W1, Zh41))
j=0
oo
- Z%,j% (Wrt1, 2l 1, Ui (W1, ZRg1)) -
j=0
=ri kN + Gk (55)
where
Ai :[gi,O; T 7§i,N1]T - [gi,Oa e 7§i,N1 T7
oo
Cik = Z 5550 (W, 2k, uk)
j=Ni1+1
o0
— > Figty (Whp, 2k Ba(wigs 2k11)) -
j=N1+1

By collecting online data from & = 0 to £ = [, one can
construct the following equation based on (20)

€0 Kiol| | 80 M (yo,u0)
€i,1 Ri 1 §i,1 M(y1, U1)
=— . .|+ . . (56)
€l kil | |86, M (y1,w)
—_———
A X B
As noted after (20), the weights 3; ¢, -, 5; n, can be found

using least-squares, which is equivalent to determine the vector
X such that |[AX — B|? = 22:0 e?, is minimized. In this
setting, one can guarantee based on (55) that the resultant

sum of squares of errors satisfy
1
2 . 2
Zei,k =, mn Z(fii,k/\i + Gik)
8i,0,°"" »84, Ny
k=0 k=0

!
< Z CiQ,k'
k=0

Then, the fact that 22:0 A?n}jkni,kAi =
S ek — Cip)? < 4(l+ 1)0212)21 2, one can observe that

l

(57)

given

4
|A;]? < — max (7.
01 0<k<t™™

It can be seen that Nlim Ci,k = 0. Therefore, we have
1—>00
lim Q;(w,z,u) — Q;(w,z,u) = 0, for any (w,z,u) €

Ni1—o0 .
D, x D, x D,. Based on the definition of ;41 and 41,

one can further have lim ;41 (w, z) — @41 (w, z) = 0. The
Ny—o00

proof is thus completed. |
First, we rewrite the system (2) in closed-loop with the
optimal control policy u*(wy,xg) as

Tk+1 :f(wkv T, U*(wkv xk))
=f(a®(wo), zy, u*(a” (wo), z1))
:ZF;;O (kj, Ik).

Based on Theorem 3.1 and Khalil (2002), one can observe
that the system (58) is uniformly asymptotically stable for
any wo € W. By using the converse Lyapunov theorem for
discrete-time systems (Jiang and Wang, 2002), there exists a
smooth Lyapunov function V. such that

Br(lzl) < Velk, z) < Ba(|=]),
Vc(k + LF@ZO(kjam)) - Vc(kvx) < _63(|$|)a

for some (31, B2, B3 of class K.

As V. is smooth and f is locally Lipschitz, there always
exists a Ly > 0 such that [Vo.(k + 1, Fy (k,x)) — Vo(k +
1 Ef, (ka)| < Lolat(@) - u*(@)] = Lyl (z) — ()] <
Lie; for any x € D, and z € D,, which implies that

Ve(k+1,F} (k,z)) — Vo(k,z) < —B5(|z|) + 2L1e€1.

(58)

For any e2 > 0, we can render a sufficiently small ¢; so
that S3(|x|) > 2Lye; for any « € D,\B(e2). The proof is
thus completed.
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