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Abstract

Large Language Models (LLMs) have demonstrated remarkable capabilities in knowledge
acquisition, reasoning, and tool use, making them promising candidates for au- tonomous
agent applications. However, training LLM agents for complex multi-turn task planning faces
significant challenges, including sparse episode-wise rewards, credit assignment across long
horizons, and the computational overhead of reinforcement learning in multi-turn interaction
settings. To this end, this paper introduces a novel approach that transforms multi- turn
task planning into single-turn task reasoning problems, enabling efficient policy optimization
through Group Relative Policy Optimization (GRPO) with dense and verifiable reward from
expert trajectories. Our theoretical analysis shows that GRPO improvement on single-turn
task reasoning results in a lower bound of the multi-turn success probability under the minimal
turns, as well as the generalization to subtasks with shorter horizons. Experimental evaluation
on the complex task planning benchmark demonstrates that our 1.5B parameter model trained
with single-turn GRPO achieves superior performance compared to larger baseline models up
to 14B parameters, with success rates of 70% for long-horizon planning tasks.
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Abstract— Large Language Models (LLMs) have demon-
strated remarkable capabilities in knowledge acquisition, rea-
soning, and tool use, making them promising candidates for au-
tonomous agent applications. However, training LL.M agents for
complex multi-turn task planning faces significant challenges,
including sparse episode-wise rewards, credit assignment across
long horizons, and the computational overhead of reinforcement
learning in multi-turn interaction settings. To this end, this
paper introduces a novel approach that transforms multi-
turn task planning into single-turn task reasoning problems,
enabling efficient policy optimization through Group Relative
Policy Optimization (GRPO) with dense and verifiable reward
from expert trajectories. Our theoretical analysis shows that
GRPO improvement on single-turn task reasoning results in
a lower bound of the multi-turn success probability under
the minimal turns, as well as the generalization to subtasks
with shorter horizons. Experimental evaluation on the com-
plex task planning benchmark demonstrates that our 1.5B
parameter model trained with single-turn GRPO achieves
superior performance compared to larger baseline models up
to 14B parameters, with success rates of 70% for long-horizon
planning tasks.

I. INTRODUCTION

Large Language Models (LLMs) as autonomous agents are
important in modern Al-based systems, which can perceive
environments, reason about plans, and execute actions to
interact with the environments [1]. On top of the strong
capabilities of LLMs, prompt-based agentic frameworks [2]
are proposed by integrating observation for environment
state, reasoning based on augmented LLM with tools and
memory, and action execution that interacts with the environ-
ment through structured interfaces as a series of single-turn
interactions with the environments. However, effort-costly
prompt engineering is inevitable to build the LLM-based
agent, and it is also computationally expensive for test-time
scaling in the multi-turn interaction with the environment [3].

Therefore, training LLM agents through reinforcement
learning (RL) for complex multi-turn task planning becomes
a promising way to build effective agentic systems with
low test-time cost [4], [5]. However, current RL approaches
face critical challenges when applied to multi-turn inter-
actions with the environment for LLMs. The reward of
task completion is too sparse for effective exploitation of
LLM policy in the multi-turn settings. Besides, the credit
assignment becomes particularly difficult in long-horizon
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planning problems, where determining which specific actions
contribute to the eventual reward of success or failure is non-
trivial [5]. The computational complexity of multi-turn RL
scales poorly with sequence length, making it impractical
for training on complex tasks that may require dozens of
sequential decision turns [6].

In contrast, recent RL post-training successfully boosts
LLM reasoning capability, particularly in math and coding
domains based on on-policy methods, e.g., Group Relative
Policy Optimization (GRPO) [7]. However, these successes
have primarily focused on single-turn reasoning tasks with
verifiable reward, where the model generates a complete
solution in one step and receives the reward directly based
on the correctness of the final answer [8]. The fundamental
challenge lies in bridging the gap between single-turn reason-
ing capabilities and multi-turn task planning requirements,
where LLM agents must be coherent along the interaction
sequences while adapting to changing environmental states.

To this end, we aim to bridge the gap based on the insight
that complex multi-turn task planning can be decomposed
into a sequence of single-turn task reasoning problems, each
requiring the agent to select the optimal next action given the
current state. This decomposition enables us to leverage the
provably effective and efficient RL post-training with dense
and verifiable reward based on expert trajectory, with theoret-
ical guarantees of the multi-turn decision-making capabilities
for long-horizon planning. We compare and validate the
effectiveness and generalizability of the proposed method on
the challenging long-horizon task planning benchmark. The
contributions are summarized below.

o We provide a theoretical analysis bridging single-turn
task reasoning and multi-turn task completion, proving
that the success probability after GRPO can be lower-
bounded in multi-turn planning scenarios.

o We show empirical results on multiple tasks from the
challenging ROBOTOUILLE benchmark, where our 1.5B
model trained with single-turn GRPO consistently out-
performs 14B baselines with fewer completion steps.

e We both theoretically and empirically show the strong
cross-task generalization capabilities of the GRPO-
optimized LLM agents, where models trained on com-
plex tasks successfully transfer to simpler subtasks.

II. PROBLEM FORMULATION

We formulate the multi-turn task planning problem as
two interconnected Markov Decision Processes (MDPs): a
multi-turn MDP representing the complete long-horizon task



planning and a single-turn MDP based on expert trajectories
for training purposes.

A. Multi-Turn Task Planning MDP

Let M = (S, A, f,R,T,s0) be a finite-horizon MDP
representing the multi-turn task planning problem, where S
is the token state space representing the current task context
and environment observation; A is the token action space of
discrete possible single-step actions; f : S x A — S is the
deterministic but unknown token state transition function;
R:S8x A — {0,1} is the binary sparse reward function
indicating whether the task is completed; 7 C N is the finite
time horizon; sqg € S is the initial state. Let 7 : S — A
be a stochastic policy mapping token states to token action
distributions. 7(als) denotes the probability of a = 7(s). A
trajectory T = [(so,a0), (S1,0a1), ..., (sT,ar)] is generated
by following policy 7 for T steps, where s;11 = f(s;,a;).
Then we define the successful trajectory induced by a
stochastic policy as follows.

Definition 2.1 (Successful trajectory by stochastic policy):

Given the MDP M = (S, A, f,R,T,s0), a successful
trajectory starting with si = s¢ is defined as:

(1) = [(s§,a5), - - -, (s7,a7)], R(sp,a7) =1, (1)

where 57, = f(s§,a7) fori =0,1,...,T—1; af ~ 7(-|s?)
fori=0,1,2,...,T given the stochastic policy .

B. Expert Trajectory with Unique Optimality

On top of Definition 2.1, we further define the expert
trajectory generated by the expert policy with the unique
optimality of minimal trajectory length. We adopt superscript
GT to denote “Ground Truth” for expert policy or trajectory.

Definition 2.2 (Expert trajectory by stochastic policy):
Given the MDP M = (S, A, f,R,T,s0), a trajectory
7GT(TET) from the stochastic policy 7 is defined as an
expert trajectory if the following conditions hold:

1) 76T (TET) is a successful trajectory generated from

stochastic policy the 7 in Definition 2.1.
2) For any successful trajectory 7(7) generated by

stochastic policy 7 with R(sp,ar) = 1, we have
T > TCT and the equality holds if and only if
=79,

Based on the expert trajectory 7¢7 in Definition 2.2, we
can further define the expert policy 7¢7 as follows.

Definition 2.3 (Expert policy from expert trajectory):
Given the MDP M = (S, A, f,R,T,so) and an expert
trajectory 7T (TET), a policy 797 : S — A is defined as
the expert policy if it holds that

afT = 767 (s87T), ¥(s87,alT) € 797 (T6T). ()
Remark 2.1: Even though expert trajectory 7¢7(TET) is
uniquely optimal with minimal length of turns 7¢7, the
induced expert policy 7¢7 is not necessarily unique or deter-
ministic, as there is no state-action constraint beyond expert
trajectories 77 (TT). The unique optimal expert trajectory
assumption ensures a well-defined single-step reward and

serves as the foundation for the following results. We ensure

this assumption in the experiment and further conduct an
ablation comparison of robustness under non-expert noisy
training trajectories.

C. Single-Turn Task Reasoning MDP

Even though multi-turn task planning MDP M is the
conventional one in the control and RL community, it is
challenging and non-trivial to directly train an LLM policy
for M due to intractable computational overhead with ex-
ponentially increasing token length of trajectory rollouts in
the multi-turn setting [5], [6]. Therefore, to enable efficient
LLM policy learning , we construct an additional single-
turn MDP Mg = (S, A, 0, r,cr, 1,sq) based on the expert
trajectory 7¢7(TT) in Definition 2.2 and expert policy
7&T in Definition 2.3. This single-turn MDP can be viewed
as a bandit problem as follows. S is the same token state
space as in M, A is the same token action space as in M,
rrar : & X A — {0,1} is the binary reward function. There
is no state transition function, which is denoted as (). The
horizon I is one-step in the single-turn setting. Initial state
is the same as in M.

Definition 2.4 (Reward function from expert trajectory):
The binary reward function r,er for single-turn MDP
Mg = (S, A, 0,767, 1,s%T) is defined as:

reer(s,a) = 1{a = 797 (s)} € {0,1}, 3)
where w7 is the expert policy defined in Definition 2.3.

III. METHODOLOGY

We first give the theoretical analysis of policy learning
for single-turn MDP Mg based on dense reward in Defini-
tion 2.4. Then we define the success probability with the
minimal turns for task planning MDP M and show that
policy improvement from Mg can give a lower bound of
success probability in M, for even unseen task planning.

A. GRPO for Single-Turn Task Reasoning

GRPO is an on-policy model-free RL method that opti-
mizes policies using verifiable rewards and replaces critic
model with a group of multiple responses for a prompt
to calculate a group-based advantage [7]. Based on the
theoretical foundation of GRPO [8], we give the policy
iteration and the success amplification in the single-turn
MDP Mg defined with Definition 2.4.

1) GRPO Policy Iteration Dynamics: Let pg be a dis-
tribution over state query prompts s € S ~ pg. For the
single-turn MDP Mg, we consider the GRPO optimization
problem which adopts the relative advantage within a group
of policy outputs as the critic while maintaining proximity
to a reference policy through KL regularization. The GRPO
objective without clipping is formulated as:

7(als)
T Old(a\s)
where the advantage function A based on the binary reward
in Definition 2.4 is given by:

m;xx ESN/)Q]EaNﬂ'o]d(-ls) A(Sa CL) - ﬁKL(ﬂ-| ‘ﬂ-mf)a

7ro7(5,a) = Egrmory(s)Tror (5, a")

Ayer(s,a) =
GT( ) \/Varalwﬂold(.‘s)TﬂGT (8, a’)

“4)




At iteration n > 1, the policy iteration of GRPO for Mg is,

m,(als
Tp = arg mEXESNPQ {anﬂ'n1(~s) [W_E('al) 5)

7r6r(8,0) — Eorn, (57T (5,a")

\/Vara/,\,ﬂ.n_l(.‘s)rﬂ-GT (S, a’)

] ~ BKL(m] wmf)},

where initial policy is the reference policy 7o = 7.

2) GRPO Single-Turn Optimality and Success Amplifi-
cation: Following the Theorem 3.1 from [8] below, we
can have the optimality guarantee for GRPO iteration in
Equation (5) in our single-turn task reasoning setting.

Theorem 3.1 (Theorem 3 from [8]): Let ©* be the fixed
point of GRPO-optimized policy obtained from the policy
iteration dynamics of Equation (5) and 7™ be the initial ref-
erence policy. Denote the success probabilities of the refer-
ence policy as p™ = E, (. sor)[1{a = 7T (s9T)}] and
optimized policy as p* = E,.-(ser)[1{a = 7T (s9T)}],
respectively. It holds that p* > p'f.

Proof: The optimal policy at iteration n of the
GRPO dynamics in Equation (5) satisfies 7,(als) o
Tref(al$) exp (%AWGT (s,a) ), where the advantage function
A,er upweights successful actions (r cr(s,a) = 1) and
downweights failures (r cr(s,a) = 0). The variance nor-
malization in A cr ensures positive advantages for successes
and negative advantages for failures. At the fixed point
7, this means eXp(%Aﬂ.GT) > 1 for correct actions and
eXp(%Aﬂ.GT) < 1 for incorrect ones, systematically shifting
probability mass toward successful outputs and yielding p* >
Dref- Check Appendix C.1 of [8] for full proof. [ ]

Corollary 3.1 (GRPO single-Turn optimality): For  the
fixed point of GRPO-optimized policy 7* and the reference
policy 7™, the following holds for any state s from the
expert trajectory 7¢7,

]Ea*~7r*(»|s) [Tﬂ'GT (8’ a*)] 2 Ea”"ww“f(ﬂs) [TTK'GT (Sv aref)]. (6)

Proof: 1t holds based on the single-turn reward formu-
lation in Definition 2.4 based on Theorem 3.1. ]

Corollary 3.1 establishes that GRPO training on the single-
turn MDP M g with expert trajectories leads to policies that
achieve higher success rates than the reference policy before
GRPO training, providing the foundation for analyzing multi-
turn performance.

B. Success Probability for Multi-Turn Task Planning

To analyze how GRPO improvements on the single-turn
MDP Mg can influence the performance in the multi-turn
MDP M, we introduce the success probability with the
minimal turns that captures the probability of achieving
the optimal expert trajectory, by assuming the existence of
minimal completion steps given any state below.

Definition 3.1 (Minimal turns for task completion): For
any state s € S in the multi-turn MDP M, denote the
unique minimal length of turns as 7*(s) > 0 among all
successful trajectories defined in Definition 2.1 from s, i.e.,
T*(s) :=min{T > 0: 37(T) s.t. R(sy,ar) =1, 80 = s}.

T*(s) exists uniquely based on the existence and uniqueness
of the expert trajectory in Definition 2.2 by taking any
states as initial states. We then define the probability of the
successful trajectory with minimal steps.

Definition 3.2 (Success probability with minimal steps):
With T*(s) in Definition 3.1, the probability of achieving
the task planning goal in the minimal number of steps
starting from state s; at time ¢ under policy 7 in the
multi-turn MDP M is defined as,

Ptﬂ—(St) = ]P)W (R(st-&-T*(st)»at—i-T*(s,,)) = 1‘8,5) . (7)
We then present the recursion condition for the success
probability in Definition 3.2 based on the reward function
from the expert trajectory in Definition 2.4.
Theorem 3.2 (Recursion equation of success probability):
The success probability defined in Definition 3.2 satisfies
the following recursion condition,

Ptﬂ(st) = EaNﬂ(-Ist)[TwGT (5157 CL) ) Pt11(5t+1)]7 ®)

where 77" is the expert policy in Definition 2.3 by expert
trajectory with PI:}-T*(St)(St"FT*(St)) =1 for any state s;.

Proof: For any state s; as the initial state, based
on Definition 2.3, 7¢T is induced by the expert tra-
jectory 7T = [(s4,a4),...,(sper,apcer)], Spp1 =
(s, 79T (sp)), k = t,t+1,...,T¢T —1 with minimal turns
of task completion. By PQT*(S”(SHT*(S”) = 1, we have
R(8447+(s4)> @47 (s,)) = 1. Combining the uniqueness of
expert trajectory in Definition 2.2 and minimal completion
steps T*(s) in Definition 3.1, it holds that

T*(sper) =0, 7T =T*(sp) + k,k=t,...,TT. (9)

For any state that deviates from the expert trajectory s, | #
f (s, 74T (s%)), by the minimal completion turns,

T*(shyr) > T (sk) — LVk =t,t +1,..., 79T — 1. (10)
By the law of total expectation over the next action ¢ + 1:
Pl (st) = Pr(R(St47+(s0), G477 (s,)) = 1[5t) (11
= Ear\«ﬂ'(-\st) [Pﬂ' (R(StJrT* (s¢)» at+T*(st)) = 1|St7 a)]

For a ~ m(-|s¢), if a # 79T (s;),i.e.,rror(s1,a) = 0, we
have s, # f(s¢,m(s¢)). Then based on Equation (10), it
takes strictly more than 7™ (s;) — 1 steps for completion, i.e.,

Pw(R(8t+1+T*(st)—1»at+1+T*(s,,)—1) = 1|SQ+1) =0. (12)
If a = 7¢7T(sy), ie.,mrar(ss,a) = 1,841 = f(s¢,0a), then
based on Equation (9), we have

Pr(R(S47+(s,)> G417+ (s,)) = 1]5¢,a) (13)
=P (R(St4147% (s151) Ct+14T (s111)) = 1[St41)
=Pl 1(st41).

With the values of r cr(s;,a) € {0,1} and combining

Equations (11) to (13), it holds that

Ptﬂ(st) = Ea~7r(~\st) [Tﬂ’GT (sta a) : Pg}-l(st—&-l)]v (14)

which concludes the proof. [ ]



Please note that the recursion equation in Theorem 3.2
is not the same as Bellman recursion in value function
iteration, and the key difference lies in that the multiplication
of the binary single-turn reward r, cr(sy,a) is involved
in the recursion of expectation, instead of addition. This
recursion bridges the final multi-turn success in Equation (7)
with single-turn reward improvements at each step in Equa-
tion (6), which is crucial to the following analysis on how
single-turn GRPO gives a lower bound of success probability
of the multi-turn task planning.

C. Lower Bound of Multi-Turn Success Probability

We now analyze how GRPO improvements on single-turn
task reasoning in Mg will give a lower bound of success
probability in the multi-turn task planning MDP M. First,
we assume the bounded Total Variation (TV) distance of
actions between the proximal states in the training and test
data. Then we show the lower bound of single-turn GRPO
performance as Lemma 3.1.

Assumption 3.1 (Bounded Policy with State Proximity):
For any execution state s € Sexec encountered during policy
deployment, there exists a training state s’ € Spyan With
the same expert action 77 (s') = 7¢7(s) such that for
any policy , ||7(-|s) — w(:|s")||rv < &, where § > 0 is a
bounded constant and || - ||y denotes the TV distance.

Lemma 3.1 (Lower bound of GRPO policy deployment):
Under Assumption 3.1, for any execution state s € Sexecs
Eqnre(|s) [rrar(s,a)] > Ea,\,ﬂ-ref(.‘s) [rrar(s,a)] — 40, where
7* is the GRPO-optimized policy and 7™ is the reference
policy.

Proof: Let s € Sexee- By Assumption 3.1, there
exists s’ € Syan such that ||7*(-|s) — 7*(:|s")|ltv < 6,
s||m(-]s) — 7 (-|s")||rv < 6, and 7CT(s") = 7GT (5). With
rpcer(s,a) = rer(s’,a) € {0,1}, for any policy = and
states s, s’ with ||7(-|s) — 7(:|s")||rv < 8, we have:

|]Ea~7r(»|s) [Tﬂ.GT (3’ a)] — anﬂ(_‘sr) [TWGT (3,7 CL)” (15)
<> Ir(als) = w(als')| - [rrer (s, )]
acA
< >~ In(als) = wlals')| = 2|m(:[s) = (|5 [lrv < 20.
acA

By Corollary 3.1, since s" € Syain:
Egnre (s [reer (s, a)] > Eqnrei()s) [rrer(s’,a)]. (16)

Applying (15) to 7™, 7* and combining (16) will complete
the proof. [ ]
Finally, the step-dependent lower bound of success proba-
bility is shown below, which becomes tighter as the time
step is closer to the minimal length of turns TC7 of expert
trajectories. It is consistent with the intuition that the task is
more likely to complete from the middle step compared to
initial step.

Theorem 3.3 (Lower bound of GRPO success probability):

Let 7 be the fixed point of the GRPO-optimized policy
from the policy iteration dynamics of Equation (5) and 7

be the initial reference policy. Under Assumption 3.1 and
Equation (6), it holds for any given state s; at step ¢ that,

PF(s) 2 P77 (s0) — (TCT —1) 46, (17)
Proof: By the existence and uniqueness of the expert
trajectory in Definition 2.2, denote the expert trajectory
starting from s; as 767 = [(s¢,a4),. . ., (spor, arcr)] with
minimal turns of task completion 7*(s;) = T¢T —t in
Definition 3.1. We prove by backward induction on the
length of remaining turns to task completion. In the final
case when t = T¢T, we have P[ (s;) = Pt“mf(st) =1
since the task is already completed. Now for the inductive
case at step t + 1,¢ + 1 < T¢T, we assume Pf,(s') >
P{f{(s’) —(TST —t —1) -4 for all ' € S. Then for any
state s at step ¢, by Theorem 3.2:

*

Ptﬂ-* (S) = Ea~w*(~|s)[TﬂGT(Sa a’) . Pt‘i (f(57 a))] (18)
> Egmre [rror (s, ) { Py (f(s,a) — (TET — ¢ — 1)45}]

(19)

= B () [From (5, 0) - Py (f(s,0))]
—(T9T —t = 1) 46 - Equre(|s)[rmor(s,a)]  (20)

> EaNTr*(-|s)[T7rGT(Sa a) : Pg:;(f(& CL))]
—(TCT —t—1)-46 (21)

> B (o) [Pmar (5, a) - PRy (f(s,a))]
— 45— (TS —t—1)- 40 (22)
= P (s) — (T6T — 1) - 43, 23)

where (19) applies the inductive hypothesis, (21) uses
Eqre(.|s)[Trer(s,a)] < 1, (22) applies Lemma 3.1 (noting

7‘_re:f

that since 0 < Pf,(s’) < 1, the weighted expectation

difference is bounded by the marginal difference), and (23)
uses Theorem 3.2 for 7™ [ ]

Furthermore, we show that the policy trained with expert
trajectories with single-turn GRPO can also generalize to
subtask defined below.

Definition 3.3 (Subtask and its success probability):
Given the expert trajectory 7C¢T(TCT) =
[(s0,a0),...,(sper,apcr)] in Definition 2.2 for the
full task, a subtask is defined by a completion step
k* < TCT where the subtask is completed upon reaching
(Sk+, Ak ), i.€., Rsup(Sk+,ar+) = 1. The success probability
with the fewest turns for subtask at s;,t¢ < k* is defined as,

Ptsubnr(st) — ]P)ﬂ_ (Rsub(sk*vak*) = ]_‘St) s (24)

which is the probability of achieving subtask goal in the
minimal number of steps starting from state s; at time ¢
under policy .

Based on the success probability of subtask, we present
the following corollary of Theorem 3.3.

Corollary 3.2 (GRPO generalization to subtasks): For
any subtask defined by completion step k* < T in
Definition 3.3, the GRPO-optimized policy 7* achieves
better performance on the subtask than the reference
policy 7™ for any given state s; at step t < k¥, ie.,
P (5,) > PR (5) — (K —t) - 46.



Proof: Since the subtask uses the same expert trajectory
prefix as the full task, Lemma 3.1 also holds for subtask
goal with the same single-turn reward function 7 ¢ (s,a).
Besides, the recursion condition of Pf“b’”(st) also applies.
Therefore, following the proof of Theorem 3.3, by letting
TET = k*, 7* achieves better success probability than 7f
over Ps'®(s;) for any given state s; at step t < k*. [ |

IV. EXPERIMENTS

In the experiments, we aim to answer the following
two questions empirically: 1) How is the performance of
multi-turn task planning after GRPO over single-turn task
reasoning? 2) Are GRPO-trained agents generalizable to un-
seen planning tasks and robust to noisy non-expert training
trajectories? We answer the first question in Section IV-B
and the second one in Section IV-C. Prior to the answers,
we first introduce the experimental setup of environment,
model training and evaluation metrics.

A. Experimental Setup

a) Environment and Tasks: We evaluate our ap-
proach on the ROBOTOUILLE benchmark [9], a challenging
multi-turn task planning environment designed for testing
LLM agents’ reasoning capabilities in cooking scenarios.
ROBOTOUILLE provides a deterministic long-horizon com-
plex environment where agents must coordinate multiple
actions across different kitchen stations to complete recipes.
We focus on three progressively challenging cooking tasks
with different maximum steps: (1) Burger - at most 10
steps; (2) Cheese Burger - at most 15 steps; and (3) Double
Cheese Burger - at most 23 steps. These tasks were selected
to provide increasing complexity in both planning horizon
and reasoning requirements while sharing the in-distribution
states and actions, allowing us to evaluate our method’s scal-
ability and generalization across different task difficulties.

TABLE I: Performance Comparison on Different Tasks. Best

results are in bold. “—” indicates no successful trajectories.
Results of Burger SR (1) ASAT (1) ASST (})
Llama3-70b (expert) 0.53£0.15  12.134+0.57 9.53+0.50
Qwen2.5-7b 0.07+0.06  14.97£0.06 14.0£0.0
Qwen2.5-14b 0.10+£0.10  14.874+0.15  13.67£0.29
Qwenl.5b (w/ SFT) 0.304+0.10  12.37+£1.17 8.64+0.13
Qwenl.5b (w/ SFT & GRPO)  0.73+£0.06  10.07+0.25  8.1840.16
Results of Cheeseburger SR (1) ASAT ({) ASST ()
Llama3-70b (expert) 0.73+0.06 17.234+0.38 15.1240.13
Qwen2.5-7b 0.040.0 23.0£0.0 —
Qwen2.5-14b 0.10+£0.10  22.63+0.32  19.33£1.15
Qwenl.5b (w/ SFT) 0.57+0.06  16.97+1.36  14.73£0.49
Qwenl.5b (w/ SFT & GRPO)  0.70+0.00  15.531+0.23  12.30+0.35
Results of Double Cheeseburger SR (1) ASAT ({) ASST ()
Llama3-70b (expert) 0.20+0.10  32.50+£0.89  21.77£2.25
Qwen2.5-7b 0.040.0 35.0£0.0 —
Qwen2.5-14b 0.0£0.0 35.040.0 —
Qwenl.5b (w/ SFT) 0.13+0.06  22.87+0.85 27.17£2.75
Qwenl.5b (w/ SFT & GRPO) 0.31+0.0 30.54+0.0 20.040.0

b) Data Collection and Model Training: Expert trajec-
tories are collected using rejection sampling and minimum-
step trajectory filtering from Llama3.3-70B-Instruct [10],

TABLE 1II: Performance comparison on Burger task with
different RL post-training methods. Best results are in bold.

RL post-training methods SR (1) ASAT () ASST (})
SFT & PPO 0.6040.10 11.40+0.61 8.534+0.29
SFT & RLOO 0.70+0.00 10.37£0.06  8.38+0.08
SFT & REINFORCE++ 0.674+0.12 10.80+£1.11 8.30+0.05
SFT & GRPO 0.73+0.06 10.07+0.25 8.18+0.16

TABLE III: Cross-task generalization of SR and ASAT.

Evaluation Tasks (—) Burger SR/  Cheese Burger Double Cheese
Model Training Tasks ({.) ASAT SR / ASAT Burger SR / ASAT
Bure 0.73:0.06 / 0.020.0 / 0.020.0 /
urger 10.0740.25 23.040.0 35.020.0
Cheese B 0.6040.10 / 0.740.0 / 0.00.0 /
cese Burger 10.90+0.17  15.50:£0.23 35.0£0.0
] 0.5+0.0 / 0.37+0.06 / 0.3+0.0 /
Double Cheese Burger 1104619 19.1340.55 30.540.0

which serves as our expert policy 7“7, To ensure diver-
sity and robustness, we generate expert trajectories across
varied kitchen layouts and ingredient placements, creating
approximately 100 successful trajectories per task type. For
the ablation of training on noisy non-expert trajectories, we
randomly choose 10%, 30%, 50% of the states along all
trajectories that are perturbed to have sub-optimal actions
but keep the task completion successful. The state-action
tokens follow the ReAct agentic framework [2], where each
action a$’T consists of structured reasoning followed by a
specific action selection from the valid action list indicated
from state tokens. ReAct format and single-turn correctness
reward of Definition 2.4 are weighted by 0.1 and 0.9,
respectively. Our training pipeline consists of two sequential
post-training stages using the VeRL implementation [11] of
RL post-training. First, we perform supervised fine-tuning
(SFT) on Qwen2.5-1.5B-Instruct [12] using the collected
expert trajectories to establish a strong initialization. The
SFT takes 8 epochs with batch size of 8 and the RL post-
training uses a batch size of 256, learning rate of 1 x 109,
and KL regularization coefficient 5 = 0.001 for 50 epochs.

c) Evaluation Metrics and Baselines: We evaluate all
models on 10 unseen kitchen layouts per task type, ensuring
that the test environments differ from training data in terms of
object positions, kitchen topology, and ingredient availability.
The timeout lengths of attempt turns are 15, 23, 35 for tasks
of Burger, Cheese Burger, Double Cheese Burger, respec-
tively. We assess the model performance of effectiveness and
efficiency using three key metrics: (1) Success Rate (SR)
- the proportion of episodes where the agent successfully
completes the task within the step timeout limit; (2) Average
Steps of All Trajectories (ASAT) - the mean number of steps
taken across all episodes, including timeout failures; and (3)

TABLE IV: Performance comparison on Burger task with
different ratio of noisy trajectories. Best results are in bold.

Ratio of noisy trajectories SR (1) ASAT ({) ASST ({)
Noisy, 50% 0.504+0.10  11.90£0.26  8.23+0.21
Noisy, 30% 0.564+0.06 11.43£0.55 8.23+0.21
Noisy, 10% 0.67+0.06 10.47+£0.29  8.19£0.17
Clean, 0% 0.73+0.06  10.07+£0.25 8.18+0.16




Average Steps of Successful Trajectories (ASST) - the mean
number of steps for successfully completed episodes only.
The temperature is set to be 0.7 and all values are in Mean
+ Standard Deviation from 3 random trials. We compare
our approach against prompt-based larger agents (7B, 14B
models of Qwen2.5), 1.5B models only with SFT, and 1.5B
models with SFT and other RL post-training methods (PPO
[13], RLOO [14], REINFORCE++ [15]).

B. Results of Task Planning with Single-turn GRPO

In Table I, the models with SFT and GRPO consistently
outperform much larger-size baseline models and perform
better or keep on par with expert policy. The SFT-alone
model provides limited success compared to the one followed
by GRPO, validating the effectiveness of single-turn RL for
task reasoning in Theorem 3.3. Beyond success rates, the
model with GRPO post-training consistently achieves lower
average step counts for successful episodes, demonstrating
that GRPO learns more optimal policies with minimal steps
of task completion in Definition 3.2.

From Table II, the proposed GRPO-based approach
achieves the best performance in all metrics compared to
other RL post-training methods. The PPO-based agent per-
forms the worst due to its reliance on a separate critic net-
work for advantage estimation, which introduces additional
approximation errors. Compared to critic-free RL methods
like RLOO and REINFORCE++, group-relative advantage
computation of GRPO provides more stable gradient esti-
mates by normalizing within sampled responses.

C. Ablation Study and Generalization Analysis

a) Cross-task Generalization Analysis: To evaluate
generalizability, we train agents on individual tasks and
assess zero-shot performance across all tasks. The results in
Table III empirically validate Corollary 3.2: agents trained on
complex tasks generalize effectively to simpler ones, while
the reverse fails. The Double Cheese Burger-trained agent
achieves non-zero success rates on all tasks, whereas Burger-
trained and Cheese Burger-trained agents completely fail on
more complex task of Double Cheese Burger. These findings
demonstrate that our single-turn GRPO approach enables
meaningful cross-task generalization from complex to sim-
pler tasks, aligning with our theoretical predictions, though
highlighting that complex reasoning capabilities cannot be
readily acquired from simpler task training alone.

b) Robustness to Noisy Non-expert Trajectories: To as-
sess robustness to imperfect demonstrations, we evaluate the
Burger task with varying ratios of noisy trajectories. Table IV
shows that our method exhibits strong robustness: even with
50% noisy data, success rate only drops to 0.50 from 0.73,
while efficiency metrics (ASAT and ASST) remain stable.
Performance degrades gradually as noise increases. This ro-
bustness stems from GRPO’s group-relative advantage com-
putation, which effectively filters suboptimal demonstrations

during optimization. These results indicate that our single-
turn GRPO approach can successfully learn from imperfect
expert trajectories, valuable for practical deployment where
obtaining perfectly optimal demonstrations is challenging.

V. CONCLUSION

In this paper, we present a theoretical framework demon-
strating that GRPO improvements on single-turn task reason-
ing provide a lower bound on multi-turn success probability
under minimal steps for challenging multi-turn interaction
scenarios. Empirical results validate our approach, with
our small-parameter model consistently outperforming larger
baselines while requiring fewer steps for task completion. We
also show cross-task generalization capabilities both theoret-
ically and empirically. While limitations remain regarding
the reliance on expert trajectories, our work shows how to
leverage single-turn RL successes for complex multi-turn
task planning, opening promising directions for more capable
and efficient LLM-based agents.
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