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Abstract
This paper proposes an extremum-seeking control design that achieves finite-time stability
of the optimum of an unknown measured cost function. The finite-time extremum-seeking
control technique is shown to achieve finite-time practical stability of the optimum of the cost
function. The main characteristic of the proposed extremum seeking control approach is that
the corresponding target averaged system achieves finite-time stability. A simulation study
is presented to demonstrate the effectiveness of the approach.
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1 | INTRODUCTION

Extremum seeking control (ESC) is a feedback control mechanism designed to drive an unknown nonlinear dynamical system
to the optimum of a measured variable of interest’. The basic stability properties of ESC were first outlined in® and. Based on
this initial theoretical work, a vast and growing literature has been evolving to complement, generalize and improve the basic
schemes.

Finite-time stability in control systems is a desirable property in many applications where the timing of control tasks is critical.
One typical example is the control of batch systems which are designed to operate over finite-time horizons*?. Other typical
problems, amongst others, include finite-time distributed control of multi-agent systems®Z, finite-time synchronization® and
rendezvous problems®. Several studies have been recently conducted in the design and analysis of finite-time control systems.
The general stability conditions were first developed in. The finite-time stabilization of a class of controllable systems was
considered inl. The output feedback finite-time stabilization of nonlinear systems was considered in'? for the local case. A
perspective of global finite-time stabilization was provided in'?. Robust finite-time stabilization was treated in"'*. The concept
of finite-time input to state stability (FTISS) was presented in'>, This study provides a complete characterization of finite-time
nonlinear systems subject to external inputs. The finite-stability property is usually associated with dynamical control systems
that are either non-Lipschitz or discontinuous. In most existing work, finite-time stable systems are closely related to classes of
nonlinear systems with continuous right hand side''’. In a similar fashion, it can be shown that finite-time stabilization can be
achieved using continuous feedback controllers':,

The problem of finite-time optimization using gradient-based descent algorithms was addressed in®, A comprehensive sta-
bility analysis was provided to address the non-Lipschitz nature of finite-time gradient systems. In22%, a class of discontinuous
dynamical systems was proposed for the design of continuous-time optimization algorithms with finite-time convergence and
prescribed convergence time. In contrast to the gradient based algorithms, this class of optimization algorithms incorporates
second order information of the cost function. Using this information, improved performance is achieved for systems with
time-varying cost functions.
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In this manuscript, we propose an ESC design technique that can achieve finite-time stability in the practical sense. Given a
measured cost function with an unknown mathematical formulation, the objective of this study is to design an ESC that brings
the system to a neighborhood of the unknown optimum value of the input in finite-time. The finite-time can be prescribed by
tuning the parameters of the finite-time ESC system.

In the analysis of the proposed ESC, it is shown that the proposed technique yields an ESC system that is continuous every-
where. In addition, it is shown that the resulting averaged system has a finite-time stable equilibrium at the unknown optimum
of the measured cost function. The detailed analysis of the resulting averaged nonlinear system is based on the concept of finite-
time input to state stability (FTISS) first introduced by Hong et al''>. In particular, the small-gain approach proposed by Hong et
al is applied to demonstrate the finite-time stability of the averaged ESC. A classical averaging analysis result?? is applied to
show that the closed-loop finite-time ESC system achieves finite-time practical stability of the optimum. The paper is structured
as follows. The problem formulation is given in Section[2] In Section[3] a target averaged finite-time ESC system is proposed.
The proposed ESC is presented in Section[3.3] A simulation study is given in Section[d Brief conclusions and a discussion of
future research work is presented in Section [3}

2 | PROBLEM FORMULATION

In this study, we consider a class of unknown nonlinear systems described by the following dynamical system:

Xx=u (la)

y = h(x) (1b)
where x € R are the state variables, u € R is the input variable, and y € R is the output variable. It is assumed that the function
h : R — Ris sufficiently smooth. The function A, is assumed to be unknown. It has an unknown minimizer x* with an optimal
value y* = h(x*).

We make the following assumptions concerning the measured cost function, A(x).
Assumption 1. The function A(x) is such that its gradient vanishes only at the minimizer x*, that is:
oh

O0X | ymxr

=0.
The Hessian at the minimizer is assumed to be positive and nonzero. In particular, there exists a positive constant a,, such that

0%h(x)
>a,l
oxoxT — i

forallx € X C R.

The objective of this study is to develop an ESC design technique that guarantees finite-time convergence to the unknown
minimizer, x*, of the measured function y = A(x).

3 | FINITE TIME EXTREMUM SEEKING CONTROLLER DESIGN AND ANALYSIS

3.1 | Finite-time Stability

We first provide a formal definition of finite-time stability (as stated in~) that will be used throughout the manuscript.
Consider the system:

X = F(X) @

where X € R" and F : R" — R" is continuous with respect to X.

The continuity of the right hand side of (2 guarantees existence of at least one solution, which is possibly non-unique. We
denote by X (1,1, X,,) the set of all solutions with initial conditions X (¢,) = X|, for t > #,. The set of all solutions of system (2))
at time ¢ is denoted by X (¢). It is assumed that the equilibrium X, = 0 is a unique solution of the system in forward time.
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Definition 1. The equilibrium X = 0 of (@) is said to be finite-time locally stable if it is Lyapunov stable and such that there
exists a settling-time function

T(X,) = inf {T > 1,

limX(#) =0; X(t) =0, V¢ > T}
t->T

in a neighbourhood U of X = 0. It is globally finite-time stable if U = R”".

A continuous function & : R,5 — R is a called a class K function if it is strictly increasing and a(0) = 0. It is a class K,
function if it is class K and lim,_, , a(s) = oo.
A continuous function ¢ : R, = R is a generalized class K function if ¢(0) = 0 and

{¢(s1) > d(sy) (s> 0,5, > 5,
() = P(sy) ifdp(s)) =0, 5, > s,.

A continuous function g : R, X R,q — R is a generalized KL function if, for each fixed ¢ > 0, the function f(s,?) is a
generalized K function and each fixed s > 0, the function f(s, t) is such that lim,_; f(s,#) =0 for T < oo.

3

Definition 2. System (2) is finite-time stable if there exists a generalized XL function f : R,, X R,, = R, such that every
solution X (¢) satisfies:

IXOI < AAIX O, 1) C))
with f(r,t) = 0 when t > T'(r) with T(r) continuous with respect to  and T/(0) = 0.

Definition 3. Let V/(X) be a continuous function. It is called a finite-time Lyapunov function if there exists class K, functions
¢, and ¢, and a class K function ¢; such that:

& XD < V(X) < (XD

and

DV (X(1)) = lim sup LEEEN ZVXO) vy

s—0t N

where, in addition, ¢5 satisfies:
V(X)) < 3(1X1D < e V(X)*
for some positive constants a < 1, ¢; > 0 and ¢, > 0.
Next, we consider the system:
X = F(X,v(t) 5)

where X € R”. The function v : R,q — R™ is measurable and locally essentially bounded and the vector value function
F : R" X R™ — R" is continuous in X and v(?).

Definition 4. System (5) is finite-time input-to-state stable (FTISS) if there exists a generalized XL function f : Ryq X R, —
R, and a class K function a : R4 — R, such that every solution X () satisfies:

XDl < AIX O], 1) + a(llo®)]l ) 6)
with (r,t) = 0 when t > T'(r) with T(r) continuous with respect to » and T'(0) = 0.

Definition 5. Let V' (X) be a continuous function. It is called an FTISS Lyapunov function if there exists class K, functions ¢,
and ¢, and class K functions ¢; and ¢, such that:

d1(1X1D < V(X) < o (I1X1D
and,
IXDI = p,(lv@) = DV (X (@) < -5 X1
where, in addition, ¢5 satisfies:

V(X)) < (1 X1D) < e,V (X)*
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for some positive constants a < 1, ¢; > 0O and ¢, > 0.
We define semi-global practical finite-time stability as follows.

Definition 6. System (2) is semi-globally practically finite-time stable if there exists a generalized XL function f : Ryo xRy, —
R, and a positive constant { > 0 such that every solution X (¢) starting in X’ satisfies:

IXOI < pAIXONLD + ¢ (N
with (r,t) = 0 when ¢t > T'(r) with T(r) continuous with respect to » and T'(0) =
The following two theorems are proven in Hong et al'l?
Theorem 1. 2/ System (3)) is FTISS if it admits an FTISS Lyapunov function.
Finally, we consider the interconnection of two FTISS systems:
X, =F(X,, X,)
Xz =F,(X,, X))
where X; € R™ and X, € R™ with F; : R" X R™ — R" and F, : R™ X R" — R™ are continuous in X; and X, with a

unique equilibrium at X; = 0 and X, = 0. As above, it is assumed that the equilibrium is the unique solution to (8] forward in
time. In the following, we let aof denote the composition of two functions a and f.

®)

Theorem 2. > Suppose (B)) are FTISS, with X, as an input for the X, subsystem and with X, the input of the X, subsystem.
Suppose that the solutions of each system satisfy:

X, DI < B, AIX O 1) + o (1 XDl o)
1X> < B (11X O], 1) + (11X (Dl o)

where f, and f, are generalized KL functions and a; and a, are class K functions. If there exists class K, functions p; and p,
that satisfy:

(Id + py)oayo(Id + py)oa;(s) <s, s=>0

then X; = 0, X, = 0 is a finite-time stable equilibrium of system ().

3.2 | Proposed target average system

In the design of ESC, one seeks an averaged system that can be achieved using a judicious choice of dither signals. We consider
the following system:

x=-y()¢

. (©)]

§=—Ky(€ - Vh(x)(& - Vh(x))
where K is a controller gain to be assigned. As in'%!Z, the function y(¢) is given by:

©
y(z) =
IIZII"1 Il [
. iy q -2 p =2

where o is a small positive constant, o; = —— and a, = for q; € (2,0)and g, € (1,2).

The function X, (x,&) = y(£)¢ is not lo(clally Lipschitz contmuous at £ = 0 but it is continuous everywhere. Similarly, the
function X, (x, &) = y(§ — Vh(x))(& — VA(x)) is also not locally Lipschitz continuous for Vx and V& such that § = VA(x) but it
is continuous at this point. It is locally Lipschitz everywhere else.

We define the state-space transformation z = £ — VA(x) and rewrite the dynamics as:

i—f = —Ky(z)z+ Vzh(x)y(z + Vha(x)))(z + Vh(x)))
(10)
% =—y(z+ Vh(x))VZh(x)(z + Vh(x))).

This system is such that it has a unique equilibrium at the point z = 0 and VA(x) = 0 = x = x*. It is also continuous
everywhere and locally Lipschitz continuous away from the equilibrium.
Next we proceed to the stability analysis of system (9).
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Theorem 3. Consider the nonlinear system (9). Let Assumption [I] be satisfied. Then the optimum x* is a finite-time stable
equilibrium of the system.

Proof: We first consider the function V| = %zz. Its derivative along the trajectories of the system yields:
V) = — Ky(2)z* + y(z + Vh(x))V2h(x)(z + Vh(x))z.

The function ¢(z, Va(x)) = y(z + Vh(x))(z + Vh(x)) is continuous. It is such that:
cilz+ V| |z+ VAl _

lp(z, VA(x))| < P e Tt P e |z + VAx)|'™ + ¢,y|z + Vh(x)|' "%, (11)
By the triangle inequality, one obtains:
|p(z, VRG] < €127 + ¢/ VAT + ¢]2] 7% + ¢ VA(x)| '™ (12)
or,
|z| |VA(X)| |z| |VA(X)|

lp(z, VA(X))| < ¢ 13)

+ + :
izl T VA T Pz T 2 Vam|e

By definition, the last inequality can be written as:
ld(z, VA(X))| < 7(2)|z] + y(VA(X))[Vh(x)|.
Upon substitution, it follows that V; fulfills the following inequality:
Vi <= (K = V2h(x)r(2)2* + r(VA()) VAX)| 2]
< = (K = VZh(0))ey 2177 + 6] 21P7%) + (¢ [VAG)I' ™ + ¢ [ VA)| ™) 2]
Next, we choose K such that (K — VZA(x)) > a:
Vi S =ale 27 + 6]2P7) + (¢ [ VA '™ + 6| VA)] ™) 2]
Let ¢ € (0, 1), we can rearrange the last inequality as:
V) <= (1= oale, |z + ¢, z|*®) — ac]z] <c1|z|1_"‘1 +c,lz|' 7% — i(qth(x)ll_"’l + c2|Vh(x)|1“”2)>
Therefore, one obtains:
Vi <= (1 - Oala |z + lzP), iflz] > VAL

Using the definition of V7, we finally get:

a ay

. 1--1 -2
Vi<-2(1- c)a<c1V] oV, ! >E ¢z, if]z| > ith(x)l.

Following Definition [3] it follows that ¥} is an FTISS Lyapunov function and therefore the z dynamics are FT'1.S'S with input
Vh(x).
For the gradient dynamics VA(x), we consider the Lyapunov function V, = %(Vh(x))z. Its rate of change is given by:

V, = —=V2h(x)y(z + VA(X))(z + VR(x))VA(x).

As above, we write:

V, = —v2h(x)<c1

2+ Vh(x) 24 VA Yy
Iz + VAol | 2z + Vato|= '

or,

v, = —Vzh(x)<cl

ZVh(x) + Vh(x)? c zZVh(x) + Vh(x)?
|z + Vh(x)|“ 2 |z + Vhx)|®
We consider this equation evaluated on the set Q, = {(x, z) | |[VA(x)| > |z| }. We first write the following inequality:
[VAG)I? = [zl VA [VA(X)|> = |z|| VAX)|
|z + VA(x)|% |z + Vh(x)|®

V, < —¢,V*h(x) ¢, V2h(x)
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We readily see that ¥, < 0 on Q,. Moreover, the second term on the right hand side is negative on Q,. Using the triangle

inequality on |z + VA(x)|, we get:
|z 4+ Vha(x)| < |z| + |VA(xX)]

As a result, we can write the inequality as:
[VAG)I® = |2[|VAX)|

[z]* + [VAG)| ™
As above, we introduce the parameter ¢ € (0, 1) and rewrite the last inequality:
1 = )|VAX)|* + [VAX)| (| VAX)| = |z])

|z]* + [VAG)| ™

V, < —¢,V*h(x)

v, <— e, V2h(x)!

On the set €2, one can write that
[z| + [VR()|™ < 2|VhA(x)|".

Therefore V, is negative definite for |Vh(x)| > l|z|. We define the set, Q) = {(x, z) | [VA(x)| > %|z| } Since ¢ € (0, 1), one
gets that Q, € Q; . Consequently, this yields:

(1 - 0)IVAX)?

V, < —¢,VZh(x) VA

for all (x, z) such that |VA(x)| > 1 |z|. Using the definition of V,, and Assumptionwe can write, as above:
c

. -3\ . 1
V,<-( —c)ah<c1V2 ? ), ifV, > EVI

As a result, we conclude that the gradient dynamics are FTISS with z as an input.
Also, from the previous development, it can be deduced that ¥ satisfies the following inequality:

a a

. -4 -2
Vls—(l—c)oz<c1V1 P+ oV, 2) =—-a,(V)), ifVlZﬁVz.
Therefore we can view the finite-time systems as the interconnection of two FTISS nonlinear systems. We can apply the small
gain theorem from Hong et al'>.
202

. . . 1
Following the analysis proposed in“Y, we define the parameter ¢ chosen such that: — < ¢ < ¢

3 . One then poses the
c

following Lyapunov function candidate:
V(z,Vh) = max {cV,(2), V,(Vh)} .

By the definitions of the functions V], V, and the constant o, the function V' is both proper and positive definite. It is also
straightforward to see that the function V' (x, Vh) is locally Lipschitz and, therefore, differentiable almost everywhere. One can
then follow the proof of Theorem 3.1 in?! to show that:

DTV < —min { %al(V), az(V)} .

As aresult, the system has a finite-time stable equilibrium at the optimum z = 0, VA(x) = 0 for any @ = K — V?h(x) > 1. Thus
it follows that if the Hessian V2A(x) is globally bounded then there exists a K such that the system is globally finite-time (FT)
stable. Otherwise, for any (arbitrary) compact set in the state space on which the Hessian is bounded, there exists a K such that
the optimum is a semi-global finite-time stable equilibrium of the closed-loop system. This completes the proof. ]

Remark 1. Tt follows that if the Hessian is known then the gain K can be chosen as K = a + V?h(x). In this case, we achieve
finite-time stability for any a > 1.

3.3 | Proposed Finite-time ESC
The proposed finite-time ESC approach is given by:

dx
dr
de
dt

= —7()¢
(14)

= -y - 0)K( - 9).



where 6 = =h(x + asin(wt)) sin(wt). The right hand side of this time-varying nonlinear system is continuous with respect to x
a . , . . .
and t. As a result, we guarantee the existence of at least one Carathéodory solution which may not be unique.
A formal average of this system is given by:

dxav__ avy gav
i ('S

drf “__K / <cl(§‘”’ — 0T 1) L Q" —6G", 1)
T |gav — §(xav, |m T |gaw — §(xav, 1)|%

5)

>dt, T>0

The term & — 6(x, t) can be expanded in the following manner:
E—6(x,1)=¢— %h(x + asin(wt)) sin(wt)
a
:l <a§ — 2h(x) sin(w?) — 2V A(x) sin*(wt)a — a>R(t, x, a, a))>
a

where R(t, x, a, w) is a function of higher order derivatives of a(x), higher powers of the sinusoidal signals and the amplitude.
This can be rewritten as:

E—06(x,1) :l < — 2h(x) sin(wr) — VA(x)(1 — 2 sin*(wf))a + (& — Vh(x))a — a*R(1, x, a, co))
a
:l < — 2h(x) sin(ewt) — Vh(x) sinQwt)a + (¢ — VA(x))a — a*R(t, x, a, a))>
a
Let us assume that the amplitude is picked small enough such that the last term is negligible:
E—06(x,1) 'zl < — 2h(x) sin(wt) — VA(x) sinRwt)a + (£ — Vh(x))a>
a

As a result, we obtain:

N

T
/(é — 6(x,1))dt =(& — Vh(x)).
0

In addition, it is also easy to compute that:

%/ & = 6(x.0)|dt ~|E — Vh()].
0

Since there are no analytical expressions of the right hand side of (I3), we cannot provide a suitable closed form expression
for the resulting averaged system. In this study, we propose to consider the stability of the averaged system (I3) directly. In
the following, it is shown that the averaged system meets the stability conditions of the target averaged system presented in the
previous section.

Proposition 1. Consider the nonlinear system (I3). Let Assumption [I] be satisfied. Then the optimum x = x*, & = O is a
finite-time stable equilibrium of the system.

Proof: We consider the same change of coordinates to z% = £ — Vh(x?) and VhA(x?’) and write the average dynamics as
follows:
dVha(x®)

dr
T (16)

dz% _ K c (&7 —6(x",1)  ¢(§" — 6(x, 1)) 2, aos. s av A av a
” ( Ea 5 ] 20— 5 )] >dt + Voh(x*)y(z% + VA(x*)(z° + VA(xY)).

— VZh(x®)y (2% + VA(x®))(z% + VA(x™))
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Then we pose the Lyapunov function candidates, V" = %(z"”)2 and V" = %(Vh(x”“ ))2. The time derivative of V" is given

by:
T
car _ af K € (8% = 6(x",1) (" —6(x",1))
Vl ( T '0/ < |§av — 5(xau7 t)lal + |é:av — 5(xau’ t)|a2 >dt>

+ z‘”’Vzh(x””)<Ky(z‘”’ + Vh(x™))(z" + Vh(x””)))

a7

If one substitutes for z% = % /OT(gav — 6(x?,1))dt, then the first term in the right hand side is clearly negative. However, we
must confirm that the averaged system possesses the FTISS property demonstrated for the target system in the previous section.

We consider the first term in (T7)):
T
1 / €(§* = 6(x*, 1)
1 = —Z dt,
T gav — 6(xav t)la]
0

av av cl(gau - 6(xau’ t))
( /(é —6(x t))dt>< —léav T a’t).

Since the two terms have the same sign, this term is clearly nonnegatlve. As aresult, it can be written as:

then

T
¢ (E7 = o(x, f))dt‘

T
[, . 1
1= ’7/ (%~ ol U”))‘“HT e — s, o
0 0

Similarly, we define

T
(& — 6(x, t))dt‘

T
1 1
D, =|= W —5(x",1))dt|| =
2 ’T/(‘5 1) HT Ea — 5(xe0, )|
0 0

Next we rewrite the following expression:
T

‘l ¢ (§ = 6(x*,1)

T
|§au — 5(xau,t)|a1 dt‘ 0/ Kéau - 5(x” ’t))laldt

T

T
_ 1 av av /0 |(€au_6(x‘w’t))|aldt
- ‘7/c‘(§ O e G e

0
It follows that for any ¢ such that (£? — 6(x%?, t)) > 0 then

s ) f0 € = 8(x, )| dt
— X7,

|gav — 6(xv, 1)
Similarly, for any ¢ such that (§* — 6(x“*, f)) < 0, we have

av av -/OT |(§<1U —o(x™, t))laldt av av
(6 = 6, 1) e S (€ = 6,

> (&% = 5(x", 1)

As a result, it follows that:
T

T\ eav _ 5(x%, )| d r
‘1/01(§av —5(xav,l‘))/0 [(& x®, )| tdt‘ > ‘l/cl(fav—5(xav,1))dt )

T [ = 5(e, D)l T
0 0



Simlarly, we obtain:
T

Sl = s(x, )| =di dt‘ . ‘ |

T
1 > [~ / c1(§””—5(x“”,t)dt‘.

‘T / €1 (¢ = (", 1) £ — 5(x, )] T
0 0

Consequently, the last two inequalities can be used to show that:

2

T T
@, / (6% = 6(x*, 0)|"1dt = ¢, %/(é“” = 6(x", 1)dt
0 0

and

2

T T
@2/ [(E% = 6(x, t)|"dt > ¢, %/(5"” — 6(x*, 1))dt
0 0

This yields the following pair of inequalities:

2
1 T | T e, (£ — 5(x, 1)) ) %/()T(éay — 8(x%, 1))dt
’_ /(guu — 5(xau,t))dtH— — — dt’ > .
T / T . Ig - 5()( ,t)l 1 /(') |(§av _ 5(Xav,t))|"’ldt
and:
2
1 /T ¥ e5(EY — 5(x, 1)) &7 fy (€ = 8(x, n)dr
T [ e s o] |1 D >
‘T ) T " Igav — 5()(‘111’ t)laz /OT I(gau _ 5(Xav, t))lazdt

Finally, we apply Jensen’s inequality on the denominator of the right hand side term in the last two equations and obtain the
final inequalities:

2 2
1 (T | T
) ?/0 (&% — 6(x, 1))dt ¢ ;/O (£ — §(x, 1))dt i cl(zav)Z
e S R ) R
and,
| T 2 - 2
0|7 fy (€0 =8(x,0)dt| o3 [y (€ = 6(x, 1)dt .
_ ¢, (z")
T & = e
Jo I = 8(xew, )| mdt e - s par| 1
We can then substitute these inequalities in (I8) as follows:
- av |zaU|2 |zav|2 - . . . y N
Vi < =K (e + e )+ 2 VARG Ky (" + VAG)(GE™ + VAG™) (18)
Zzav|a Zav|a,

Next we consider the dynamics of the gradient VA(x?) for the averaged system. As in the previous section, we consider the
candidate Lyapunov function V" = %Vh(x"”)z. Its time derivative is given by:
172”” = —V2h(x®)y(z% + Vh(x™))(z% + VA(x®))Vh(x™).

Repeating as in the proof of TheoremE] in Section @ we can use V" and V)" to demonstrate that the averaged system is
FT stable for any K > K*. ]

Having established that the averaged system (I3)) achieves the performance of the proposed target system (9), we must prove
that the trajectories of the ESC system approach the trajectories of the averaged system. Since the right hand side of the
dynamics are not Lipschitz, but only continuous, the application of standard averaging results that rely on Lipschitz properties
is not suitable.

Many suitable averaging results have been proposed in the classical literature. In this study, we consider the classical
Krasnosel’skii-Krein theorem? (generalized by Plotnikova for differential inclusions??) to demonstrate the closeness of solution
of the nominal system and the averaged system over a compact set D C R? as a — 0.
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The theorem can be stated as follows.
Theorem 4. 2% Consider the nonlinear system X = f(t, X, €) where,
1. the map f(¢, X, €) is continuous in # and X on R, X R",

2. there exists a positive constant L > 0 and a compact set D C R" such that || f(z, X,¢€)|| < Lfort € R,y, X € D and
e €[0,€7],

3. the averaged system

T
1
= — t, X%, 0)dt
m L [ xe.xe0)
0

exists with solutions defined on the set D.
Then, for any € < €*, there exists constants 6 and T such that:
X - Xl <6
fort € [0, T].
We can now state the final result of this study.

Theorem 5. Consider the ESC system (T4). Let Assumption[I|be satisfied. Then there exists an a* such that for all a € (0, a*],
the optimum x = x*, £ = 0 is a semi-globally practically finite-time stable equilibrium of system (T4).

Proof: The proof proceeds in two steps. In the first step, we consider the application of Theorem ] For the analysis of the
proposed finite-time ESC, the Krasnosel’skii-Krein theorem can be applied as follows.

Consider the state, X = [x —x*, £]7, and the corresponding averaged variables X% = [x% — x*, £%°]T. Consider the system’s
dynamics:

B e
t
p (19)
=" y(€E = 8(X + x*, 1)K (& — 6(X + x*,1)).
and the corresponding average:
diau av av
il y(€)¢
T
ﬁau _ 5 / <cl(§au _ 5(52(10 + X*,t)) Cz(éau _ 5()~Cav + X*’t))>d[ (20)
dt |gav — (%% + x*, |0 |Eaw — §(X@W + x*, 1|2 )

By the analysis provided above, the averaged system has a finite-time stable equilibrium at the origin X = 0. Furthermore, the
solutions of (20) exist and can be contained in a compact set D € R2. Consider the nonlinear system (I9). By the smoothness
of the cost function A(x) and the periodicity of the dither signal, it follows that the right hand side of the system can be bounded
on a compact set D € R? uniformly in 7. The continuity and the boundedness of the right hand side of over a compact
set D guarantees existence of solution of the averaged system. As a result, one can invoke the Krasnosel’skii-Krein theorem to
guarantee that for any a € (0, a*) there exists a T and a § such that:

X - X“Ol <6

fort € [0, T].

In the second step, we exploit the finite-time stability of the averaged system and the averaging result established in the first
step to establish the finite-time practical semi-global stability of the ESC system.

Using the finite-time stability property of the averaged system (in particular, the corresponding generalized K, function) and
the averaging result for small amplitude signals, one can apply the approach in the proof of Theorem 1 in** to show that there
exists a generalized class K, function, fyx and a constant, cy, such that:

IXDI < Bx X @l 1) + cx
for X(t,) € D. This completes the proof. ]
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4 | SIMULATION STUDY

We consider the minimization of the cost function: y = 1 + 2(x — 1). The finite extremum seeking controller is implemented
with the following tuning parameters: a = 1,9, = 3, ¢, = 15,¢;, =1,¢, =1, k = 1, K = 250 and @ = 300. The initial
conditions are: x(0) = 3 and £(0) = 0.01. The simulation results are shown in Figure[T} The top and middle plots of Figure ]|
show the trajectories of the decision variable x and the auxiliary variable & along with the trajectories of the target averaged
system. The bottom plot shows the corresponding value of the cost function for the finite-time ESC. The results demonstrate that
the extremum seeking controller brings the system to the unknown optimum y* = 1 in finite-time. The simulation results also
demonstrate that the extremum seeking controller follows the trajectories of the target averaged system described in Section 3]

To emphasize the non-local nature of the finite-time convergence property of the finite-time ESC, we provide a simulation
of the finite-time ESC with varying initial conditions, x(0), ranging from -3 to 3. The corresponding trajectories of the system
are show in Figure 2] As expected, the trajectories all converge to the correct optimum at the same finite-time in the interval
t €[1.5,2.0].

0 0.5 1 1.5 2 25 3

FIGURE 1 Performance of the Finite-time ESC. The graph shows the decision variable x (solid line) and its target averaged
x (dashed line), the auxiliary variable £ and the cost function y.

S | CONCLUSION

In this study, we proposed an ESC design for the solution of real-time optimization problems for unknown static maps that
achieves finite-time convergence to the unknown optimum. The proposed extremum seeking controller yields an averaged system
with a finite-time stable equilibrium at the unknown optimum. Using classical averaging results for dynamical systems with
continuous right hand sides, it is shown that the optimum is finite-time practically semi-globally stable equilibrium of the ESC
system.

The class of static maps remains extremely restrictive when one considers practical situations. The proposed approach provides
a firm theoretical foundation for the potential analysis of more complex systems. The first extension of the proposed technique
will be to consider the development of Newton seeking techniques for multivariable problems. Newton seeking techniques can
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FIGURE 2 Performance of the Finite-time ESC. The graph shows the decision variable x (solid line) for the finite-time ESC
with varying initial conditions.

be used to remove some important scaling issues arising in multivariable systems. Based on the methodology provided, it is
very likely that a suitable Newton seeking technique can be developed. Another problem of interest will be the class of static
maps subject to actuator limitations such as actuator delay, saturation and quantization.

Extension to dynamical systems requires a greater care since the practical finite-time stability of the system would require
that the dynamical system provides some finite-time stability. In future work, we will consider the application of dual mode ESC
techniques222° for classes of dynamical systems that can achieve finite-time closed-loop stability.

Finally, extension of these methods to the case of discrete optimization algorithms, with accelerated convergence rates,
remains a challenging open problem.
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