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Abstract

We consider constrained systems that are represented by uncertain models with unknown
constant or slowly varying parameters. We propose an indirect adaptive model predictive
control (IAMPC) approach where the prediction model can be adjusted during controller
operation by a separately designed estimator that satisfies only a minimal set of assumptions.
The controller guarantees constraint satisfaction despite the uncertainty in the parameters
by means of a robust control invariant set, and input-to-state stability with respect to the
estimation error by means of an appropriately designed method for adjusting the IAMPC
prediction model and cost function based on the evolution of the parameter estimate. The
controller has minimal computational overhead with respect to a nominal MPC and for the
special case of uncertain linear systems, we obtain a constructive design procedure for the
TAMPC which only solves quadratic programs during closed-loop control.
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1 | INTRODUCTION

Both model-based and data-driven methods for control design have strengths and weaknesses. Model-based control design relies
on first principle models that avoid the need for time consuming data collection campaigns and allow for reasoning on the system
structure, yet they are almost never exact and may fail to capture some relevant system behaviors. Data-based control design
represents all the behaviors that are visible from data, but it may require large amounts of data to capture infrequent or weakly
observable behaviors, and most of the times obfuscates the internal structure of the system. There is a general agreement in the
control system community that the ideal solution is to develop control design methods that allow for the exploitation of both the
a-priori knowledge of the models and the operational information provided by data. However, combining these two approaches,
which often are contrasting and even competing, is not straightforward.

A control design method that may significantly benefit from a synergy between model-based and data-driven methods is model
predictive control (MPC)4. In MPC a prediction model is used to evaluate feasibility and performance of the sequence of actions
to be selected by the controller. In standard ( i.e., nominal) MPC the prediction model is assumed to be perfect, which allows for
relatively simple verification of controller properties, such as constraint enforcement and closed-loop stability. However, in most
applications some of the model parameters are uncertain at design time, especially when a controller is deployed to multiple
instances of the plant, such as in automotive, factory automation, and aerospace applications%2, where the control algorithm and
its auxiliary functions also need to have low complexity and computational effort, due to stringent cost, timing, and validation
requirements. In several cases uncertainty is ignored, relying on the intrinsic robustness of MPC due to its use of feedback.
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On the other hand, different approaches may be taken to explicitly deal with the model uncertainty and to retain some of the
closed-loop guarantees, thus avoiding unexpected performance degradation and/or constraint violations#.

Robust MPC methods is one class of approaches for dealing with model uncertainty, see, e.g.,>¢72
stability and constraint satisfaction properties in closed-loop. In these approaches, uncertain parameters are often considered to
be capable of changing arbitrarily, from one instant to the next one, which results in relatively cautious control. All these methods
have limitations due to making only minimal assumptions about the uncertainty, for instance, being designed to only handle
additive disturbances”, requiring a very specific choice of cost function and terminal set®, or imposing a significant increase
in computational cost, due to solving linear matrix inequalities (LMIs) at each control step>¢2. In fact, since the uncertainty
is assumed to be constantly changing, robust MPC methods cannot exploit real-time adaptation based on acquired data for
improving the performance.

When the uncertain parameters are unknown, but constant or slowly varying, an alternative approach is to learn their values
based on data collected during operation, resulting in adaptive control techniques that ensure safe operation during the learning
phase and improve performance as the parameters are learned. Adaptive MPC algorithms have been recently proposed based
on different methods, such as a comparison model1®, min-max approaches with open-loop relaxations!!, learning of constant
offsets12, and set membership identification!314, With the recent emphasis on machine learning applications in control, several
approaches have been proposed for learning MPC, which achieve similar results to adaptive MPC by using machine learning
techniques, such as iterative estimation of disturbance models based on Gaussian processes!>1%17 or iterative construction of
safe sets18. Another class of adaptive MPC algorithms focuses on “dual objective control”, i.e., controlling the uncertain system
while providing sufficient excitation for identification, see, e.g.,1220:2122.23.2425 'an( references therein. In these approaches the
cost function of MPC is usually augmented with a cost term related to the amount of information about the system that can
be acquired by issuing a certain sequence of commands, and possibly by a model of the uncertainty update by the parameter
estimation algorithm. Thus, in several of these approaches some knowledge of the parameter estimator is required and the MPC
optimization problem often involve matrix terms and inequalities.

The goal of this paper is to develop an adaptive MPC design that allows for the model to be adjusted during operation while
retaining constraint satisfaction and stability properties, and incurring only in a limited increase in computational overhead
compared to nominal MPC. The model adjustment is achieved by a general estimator or learning algorithm, so that the same
closed-loop properties are achieved regardless of how the parameters are estimated. This produces an indirect adaptive MPC
(IAMPC) approach that achieves a separation principle between controller and parameter estimator design, which normally does
not hold for MPC due to its predictive nature and the presence of constraints.

IAMPC combines model-based and data-based approaches by considering first principle models with specific uncertain
parameters, so that the plant can be represented as a family of systems. By designing components of the optimal control problem
to be dependent on the values of the learned parameters, the IAMPC can achieve robust constraint satisfactions through the com-
putation of appropriate robust control invariant set, and input-to-state stability (ISS) with respect to the estimation error. By the
definition of ISS, if the estimation improves, the performance of the control algorithm improves. Furthermore, if the estimated
parameter converges to the correct value, the closed-loop will become asymptotically stable (AS). Rather than aiming to achieve
finite time convergence by a specific estimator design, see, e.g.,26), here we will show that it is enough for the estimation error
to become sufficiently small. Regardless of actually achieving AS and ISS, constraint satisfaction will hold even if the unknown
parameters are continuously changing.

After deriving general results for nonlinear systems, we introduce a constructive design procedure for uncertain linear systems,
that we re-formulate as uncertain polytopic systems, i.e., systems whose unknown system matrix lie in a matrix polytope.
The linear IAMPC uses a parameter-dependent quadratic terminal cost which is designed offline using parameter-dependent
Lyapunov function (pLF)2?. The pLF and its corresponding stabilizing control law are used to achieve ISS and to design the
terminal set. Robust constraint satisfaction in presence of parameter estimation error is achieved by using a robust control
invariant (RCI) set designed for a polytopic linear difference inclusions (pLDI)28. The proposed IAMPC allows uncertainty in the
system dynamics, as opposed to additive disturbances or offsets as in?-12, yet it only requires solving quadratic programs (QPs),
as opposed to robust MPC methods that require the online solution of LMIs22, which is often intractable in microcontrollers
for applications such as those in2=.

The paper is structured as follow. After defining the problem in Section[2] in Section3lwe present conditions on the IAMPC
design that provide the desired closed-loop properties of the system for the general nonlinear case. In Sectiond] we specialize the

, which retain certain

!Preliminary results related to this research were presented in22:3%3! In this paper we generalize those results to nonlinear systems, which also allows to generalize
the design for the linear case in multiple directions, and results in more general proofs of the closed-loop properties, with fewer conditions and assumptions.



S. Di Cairano, C. Danielson | 3

TAMPC design to uncertain polytopic systems, and describe a design process that achieves the previously introduced conditions
that guarantee the desired properties. In Section[Slwe discuss further extensions to the IAMPC design for uncertain linear systems
that allow us to tackle problems that are relevant in practice. In Section[6lwe demonstrate the operation of the method in two case
studies. First, an illustrative uncertain second order system for which the algorithm properties are simple to visualize. Second,
a more realistic application to air conditioning system control, which suggests that the method is practical in real applications.
Conclusions and future developments are discussed in Section[7]

1.1 | Notation

R, Ry, R,,Z,7Z,,,Z, denote the sets of real, nonnegative real, positive real, and integer, nonnegative integer, positive integer
numbers. We denote interval of numbers using notations as Z,,, = {z € Z ! a < z < b}. co{X} denotes the convex hull
of the set X. For vectors, inequalities are intended componentwise, while for matrices indicate (semi)definiteness, and A.,;,(Q)
Amax(Q) denote the smallest and largest eigenvalues of the matrix Q, respectively. By [x]; we denote the i-th component of
vector x,the stacking of two vectors by (x,y) = [x’ y']’ and by I and O the identity and the “all-zero” matrices of appropriate
dimension. || - ||, denotes the p-norm, and || - || = || - [|,. For a discrete-time signal x € R" with sampling period T}, x(7) is the
state a sampling instant ¢, i.e., at time T?, Xps denotes the predicted value of x at sample ¢ + k, i.e., x(t + k), based on data at
sample 7, and x, = x(7). A function a @ Ry, — Ry, is of class K if it is continuous, strictly increasing and a(0) = 0; if in
addition lim,_, ., a(c) = oo, a is of class K.

1.2 | Preliminary Definitions and Results

We provide the following standard definitions and results, which are discussed at length for instance in!> Appendix B,

Definition 1. Given x(t + 1) = f(x(?), w(®)), x € R", w € W C R?, aset S C R" is robust positive invariant (RPI) for f iff
forallx € S, f(x,w) € S, forall w e W. If w = {0}, S is simply called positive invariant (PI). O

Definition 2. Given x(t+1) = f(x(?),u(t), w®)),x eR", u e U CR", w e W C R?, aset S ¢ R" is robust control invariant
(RCI) for f iff for all x € S, there exists u € U such that f(x,u, w) € S, forall w € W. If w = {0}, S is simply called control
invariant (CI). O

Definition 3. Given x( + 1) = f(x(¢)), x € R", and aPI set S for f,0 € S, afunction V : R" — R, such that there exists
ap, @y, ap € K, such that a;(||x]]) < V(x) < a,(||x]]), V(f(x)) = V(x) < —a,(||x||) for all x € S is a Lyapunov function for f
in S. |

Definition 4. Given x(t + 1) = f(x(¢), w(®)), x € R", w € W C R?, and a RPI set S for f,0 € S, a function V : R” — R,
such that there exists a;, a,, 2, € K, and y € K such that a,;(||x]]) < V(x) < a,(|[x]]), V(f(x)) = V(x) < —a,(||x]]) + y(||w]])
for all x € S, w € W is an input-to-state stable (ISS) Lyapunov function for f in S with respect to w. O

Result 1. Given x(t + 1) = f(x(¢)), x € R", and a PI S for f, 0 € S, if there exists a Lyapunov function for f in S, the origin
is asymptotically stable (AS) for f with domain of attraction S. Given x(¢ + 1) = f(x(), w()), x € R", w € W C R?, and a
RPI S for f, 0 € S, if there exists a ISS Lyapunov function for f in S, the origin is ISS for f with respect to w with domain
of attraction S. |

2 | PROBLEM DEFINITION

Consider the state and input admissible sets, X C R", U C R™, with origin in their interior, 0 € int(X), 0 € int(V"), and a
system represented by
x(t +1) = fy(x(®), u(®)) M
where x € X is the state vector, u € V" is the input vector, and { f; } e is a family of functions selected by the vector of physical
parameters 9 € ® C R?, where © is bounded. Here, the physical parameter vector is assumed to be constant or slowly varying
with respect to the plant dynamics, and we denote its actual value by 9 according to ().
Our goal is to stabilize the uncertain system (I}) and enforce its state and input constraints using MPC. Using a family of
prediction models { f: }:cz, parametrized by the vector £ € E (that may or may not be the same as § € ©) MPC solves the
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following finite horizon optimal control problem in a receding horizon fashion

N-1
Ve (x(®) = {}Ilvi(‘g Fe, (Xnpo) + Z(,) L (x5 ) (2a)
St Xppn = fe, (kg tgg) (2b)
Xy ) € Coy C XX U 2¢)
Xy € Xy (2d)
xop; = X(1) (2e)

where C,, C X X U is an admissible joint (sub)set of states and inputs, F, L are the terminal and stage cost, respectively, Xy
is the terminal set, N is the prediction horizon, and V; : X — Ry, is the value function. The uncertainty parametrization in
the family of prediction models { f; } <z and the family of system models { fy } g is different, but they share the same state and
input vectors. The parameter £ € E is allowed to be time-varying since it represents an estimate of J, and hence changes over
time. The MPC law is

u(t) = KMpc(éN(t)’ x(1)) = ua, 3)
where &y (1) = [&); --- Enyl, and Uy (1) = [”Zh ”}kv—ux] is the optimal solution of (). The control law () is designed by
constructing C,,, Xy, F;, and N in ).

If 9 is perfectly known at design time, (i.e., we can set fé‘k‘, = fg, forall k € Zon-1t € Zy,), @) is a nominal MPC whose
design amounts to selecting F; = F and Xy, while setting C,, = X X U" and choosing any N € Z,,. On the other hand, if 9 is
not known and hence & is uncertain, there are different options. If the physical parameters 9 are constantly changing, robust MPC
can be used. For instance, tube MPC” divides the problem into two parts, disturbance compensation by a feedback gain and
control of a nominal system by MPC with input and state constraints tightened based on the worst case closed-loop disturbance,
C,CXXU.

When J is constant or only slowly changing, as we consider here, an alternative approach is to estimate 9. While after 9 is
correctly estimated (2) becomes again a standard MPC, one needs to account for the behavior during the learning transient!,
especially in terms of the enforcement of the constraints and control performance with respect to the estimation error. In this
case, the MPC design amounts to determining an update law for the prediction model parameters &5 (¢) and for other elements
in @) accordingly, such as the terminal cost F; &> While ensuring through the design of C,,,, X, N that the constraints are satisfied
and (@) remains feasible throughout the learning transient. Finally, while there may be some benefits from tailoring the MPC
adaptation to a specific estimator2®, in order to achieve a modular and flexible design, it may be preferable not to restrict the
MPC design to a specific algorithm, but rather to define an update strategy for &, in (@) based only on the sequence of estimates
of 9, which does not impose requirements on the estimation algorithm used.

Thus, the overall problem tackled in this paper is stated as follows.

Problem 1. Given a suitable family of prediction models { f; } .oz and an estimator producing the sequence of estimates {9(7)},,
design an update law & (1) = H({9(1)},) and F;, N, Xy and C,,, in @) so that the controller (B achieves: (i) robust satisfaction of
the constraints, (ii) input-to-state stability of the closed-loop with respect to estimation error, (iii) computational load comparable
to a (non-adaptive) MPC, and guaranteed convergence of the runtime numerical algorithms. |

In Problem [I (i) is concerned with the system safety in terms of constraints satisfaction, (ii) is concerned with system
performance during the transient and after convergence of the estimate, (iii) is concerned with computational requirements for
enabling the application to domains with stringent real-time requirements and limited computational capabilities32-3.

Problem [l requires robust constraint satisfaction (as in>¢7) and ISS, i.e., a proportional effect of the estimation error on the
closed-loop Lyapunov function. The rationale for seeking ISS rather than robust stability as in>¢? is that, when the unknown
parameters do not change or change slowly, a “well designed” estimator should eventually converge to the correct value, and
hence, by the ISS definition, the closed-loop becomes AS without imposing the often conservative conditions required for
robust stability. Furthermore, ISS holds regardless of the estimator convergence. Robust constraint satisfaction must also hold in
presence of estimation error, which can be continuously changing especially during the learning transient, and if the parameters
change after their values have been learned. Thus, the method for solving Problem [I] must be robust with respect to the safety
aspects, i.e., the constraints, and use data to improve the performance aspects, via the cost function that determines the ISS
Lyapunov function.
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FIGURE 1 Overall architecture of the Indirect Adaptive MPC. The design for the blocks within the dashed lines is described
here, while the parameter estimator (¢, y) can be designed independently.

This paper focuses on a control design that is independent from the estimator design, as in Problem[Ila generic estimator is
considered, the dependency of the closed-loop performance on estimation error is captured by the ISS gain. In the next Section
we will show how the estimator design can be left free of restrictive conditions by an appropriate design of the interface between
the estimator and the controller. However, since we rely on the estimator eventually producing a correct or improved estimate,
our design seeks ISS rather than robust stabilization. This avoids the need, present instead in tube MPC, to divide the control
problem into two parts, rejection of disturbances by a feedback controller and control of the nominal system subject to tightened
constraints. Consequently, our method does not require designing a disturbance rejection controller and its invariant set, and
allocating the resources, e.g., the control input range and the state constraints, among disturbance rejection and control of the
nominal system. Thus, we avoid any loss of performance due to such control allocation, which is likely to occur when the tube
MPC uses fixed disturbance invariant sets, or restrictive parameterizations for these.

While (i) and (ii) in Problem[I] can be achieved in a generic setting as shown in the next section, (iii), which is often necessary
for practical implementation, imposes some restrictions on the plant (). In particular, after deriving general conditions for (i)
and (ii) based on the general model (), we propose a design that also achieves (iii) for the specific class of linear systems subject
to bounded uncertain parameters in the state transition matrix, and polyhedral constraints

x(t + 1) =A@)x(t) + Bu(t) (4a)
(x(®),u(t)) e X XU (4b)
9 €0, (4c)

where © is bounded and X, U are polytopes. Later, we will also discuss the extension to when B is uncertain, i.e., B = B(9).

3 | INDIRECT ADAPTIVE MODEL PREDICTIVE CONTROL

In this section, we first describe the general architecture of the proposed Indirect Adaptive MPC (IAMPC), which is shown in
Figure [Il Then, we discuss the closed-loop properties achieved under appropriate conditions on the components designed in
this paper, namely, G, Gy, kjampc in Figure [ that hold for an independently designed estimator, namely, (£, y) in Figure [
Different ways to satisfy such conditions will be presented in later sections.

3.1 | TAMPC Control Architecture

The controller uses a prediction model represented by the family of functions { f;}.cz parametrized by an abstract parameter
vector € € E C R?, possibly different from 9 € ® C R?,

x(t 4+ 1) = fe(x(@), u(®)). &)

where the set Z is bounded. The relation between & and ¢ is defined by a, possibly multivalued, mapping ® : ©, — 2%, where
©, 2 O is the set of allowed values of the estimates for the parameter vector which includes, but it is not restricted to, the
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set of allowed physical values, ®. According to (I)), we denote the correct value of the physical parameter by J, and by & a
corresponding correct value of the virtual parameter, i.e., & € ®(J). The parametric model (3) is consistent with the physical
model () in the sense that given § € @, for any & € ®(9), f3(x,u) = f«(x,u) for all x € X, u € V. This implies that for all
£.& € D), fél(x, u) = féz(x, uw)forall x e X,ue U.

The actual parameter vector J is estimated by a general estimator

z(t + 1) =¢(z(1), x(1), u(?)) (6a)
() =y (z(1), x(1)), (6b)

where z € Z C R¢ is the estimator (internal) state and 9 € O, is the current estimate. Here, no significant restrictions are

imposed on the estimator (@), as the functions ¢ and y, and the domain set Z are general. Given 9, the function G : ©, - =
selects a specific value for £ € ®(9),

&=0() € ©(I). (7

Let &y € EN*! denote a sequence of length N + 1 of values for &, and &y (t) = o> ----Enpl] € ZN*1 denote such a sequence

from time 7 to 7 + N. At any time step such a sequence is updated by the function G, : EN*! xE — EN*! based on its previous

value and the current updated estimate £(¢) = G(I(¢)) € ®(I(?)),

En(® =GN —1).8(0) = Oy (En (= 1), G())). ®)

Note that (), (8) implement the function of H in Problem [l
The system input is determined by the control law

u(r) = kiampc(En (1), X(1)) = ua, )]

where &y (1) = [&y), --- Syl € EN*1 s the sequence of prediction model parameters, not necessarily constant, and Uy (1)* =
[”ar’ . u;‘v_llt] is the optimizer of @) where, in addition, F:(x) 2 ap(|lx|), forall § € B, a,, (||x]]) < L(x,u) < a ([|x]]), for all

u€V,and agp,a;,a, € K. We assume that the value function VEN or the closed-loop @A), @) are (uniformly) continuous32.

Remark 1. In @), é‘Nl, affects the terminal cost, while §0|,, ey §N_1|, only effects the prediction dynamics. This means that
when comparing the MPC solutions in two subsequent time steps ¢ and ¢ + 1, the change in the terminal cost is determined by
Enye and &y, While the feasibility of the constraints is determined by &, ..., En_yj, and Soppiqs -5 Enpjr1-

3.2 | Closed-loop Properties

In this section, we establish suitable conditions on the IAMPC (@), (8), (@) that produce the desired closed-loop properties for
an independently designed estimator (@), in the case of a general plant (1)) and general prediction model (@)). In the following
section we will constructively show how to meet these conditions for the class of systems ().

For describing the design and proving the properties of IAMPC, we follow a two steps approach. First, we consider design
and properties of the nominal case, when the estimated parameter vector is always equal to the actual one, yet possibly time-
varying, which account for the estimate update. Then, we include the effects of the parameter uncertainty in its estimate, which
is the actual focus of this work, by modifying the design and analysis accordingly. Thus, we start from the case when the physical
parameter vector is time-varying but the estimation error is zero, and then we address the actual IAMPC objective when the
physical parameter vector is constant, but the parameter estimate is being updated and the estimation error is in general non-zero.

Consider the following conditions

Conditions 1. (Nominal stability)

N1 Terminal set and controller condition. There exist X, C X, and a terminal controller ¥ : R” X E — R" such that

VX € Xy xg € X,20 € Z, E€DW (20, %)), fr(xk(x.8) € Xy, (x.x(x,8) €C,, CAXV.  (10)

Xu —

N2 Terminal cost condition. The cost function terms F., L satisfy

VxelXy, E€8, xp€X, zp € Z,
Fo(f(x, K(x, 8)) = Fo () + L(x, k(x,8) < 0, VE" € ®(y(z9, X0))- (1n
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In (I0) and (I, the state vector x,, used to compute the virtual parameter vector estimate £ is allowed to be different from the
state vector x used in the terminal cost, controller, and set. This is necessary for use in a predictive controller where the estimate
is based on the current data, while the terminal cost, controller and set are applied to a future predicted state.

Define AvgN(,)(x(t)) = VgN(,H)(fé(,)(x(t), u(t)))—vgN(,)(x(t)), where &y (t+1) = Gy (En (1), £(F)). As afirst step towards assess-
ing the properties of IAMPC under uncertainty, the following lemma proves that (3) in closed-loop with (9) is asymptotically
stable in the nominal case, i.e., f5 = f, ¢ Where the parameter is possibly time-varying, but always known ahead of time over the
entire prediction horizon N, &, = {(7 + k).

Lemma 1. Let[NT[N2hold. Let &, , = &(t + k) for k = 0, ..., N — 1. Let (2) be feasible at time 7 € Ry, i.e. (x(7),éy (1) € Xg
where Xg = {(x,&y) € X xEN : VEN (x) < oo} # @ is the feasible set of ). Then, for all ¢ > 7 and all {£(7)}, obtained
from () there exists a,, &y, ay € K, such that

a (lxID) < Ve, (n(x(1) < ay(|[x]D) (12a)
AV (x(1)) < — ax(l[xID, (12b)
holds for the closed-loop system (@) and (9) and hence the closed-loop is AS. [

The proof of Lemma[Ilis in Appendix [Al

Next, building on the results for the nominal case, we consider the impact of the parameter vector d being constant but initially
unknown, and we introduce conditions that ensure ISS with respect to the estimation error of the plant () in closed-loop with
the IAMPC (9). Since ®() is potentially multivalued, we define the estimation error as

(. 9) =m€_in g =&l (13a)
s.t. £ € D) (13b)

where the optimizer £* of (I3) is the virtual parameter vector corresponding to 9 that minimizes the distance from the current
virtual parameter estimate &, and, for brevity, (&, 9) = ||€ — E*|| = ||&]|, where E € E(6) and E(¢) = (E e RY : IE €&, E=
& — &}. The estimation error (I3)) is used to only prove ISS, but need not be computed in practice.

Consider the additional conditions

Conditions 2. (Robustness)

R1 Robust control invariance.

3C, CX: VxeX, eV, fixu)€C, VEEE (14)

R2 Terminal set reachability. For x;; = f, (x, up),

Vx€C.éy €EN, AUy eUN ¢ (x,u) € Cy, . Vhk € Zig y_yps Xy € Xy, (15)
R3 Value function bound.

36 €Ky & Ve (x) = Ve ()] < c(llx; = x,) (16)

R4 Error bounding function. There exists v, 7,7, € K, € € Ry, ¢ € Ry, such that
el = Ilfe(x,u) — folx, wll < y(IENIXID (172)
y(a+b) <7,(a) +7,(b) (17b)
71(e5%) < ca(s). Vs € [0, max |x]]] (17¢)

xel,

where ¥ = ¢oy.

It is worth noting the different role played by & and &, in conditions [RT] and The former, i.e., (I4), is a robustness
condition requiring the existence of an input that enforces the condition for all £ € E. The latter, i.e., (I3)), is a parametric
condition requiring that given any sequence & € E, there exists a sequence of inputs enforcing the condition for that specific
&x . Such difference is reflected in the different position of the universal quantifiers. In[R4] (17a) requires some smoothness of the
prediction error around the equilibrium and the uncertainty to be multiplicative to the state; (I7b) simply decomposes a class-K
function of a sum of vectors, into the sum of class-&C functions acting on single vectors, which is simple to satisfy3*; and (ITZd)
requires that the class-K function bounding the value function decrease along the trajectory (IZB) grows at least quadratically
around the origin.
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Conditions 3. (Parameter update)

Ul Prediction consistency. Gy in (8) is such that for every t € R, &\, = &4 1p-1> k € Zg y_13» Where Ex (1) € BN+

Theorem 1. Let[NTHN2] RTHR4 [UTlhold. Let C,,, = {(x,u) € C, X U : fe(x,u) € C,, Y& € E}. There exists an RPI set
Xy € X for the closed-loop such that for all x(t) € X, the closed-loop recursively satisfies the constraints and
a (XD < Ve (n(x(@0)) < oy ([l x(D]]) (18a)
AV: (x(0) < = cpan(IxOID + 71D (18b)
where ¢, € (0, 1), i.e., the system is ISS in &}, with respect to the estimation error ||§0|l|| = e(&oprs 9) defined in (13).
Proof. First we can prove that if x(7) € C, then (2)) is feasible, and remains feasible for any 7 > 7, i.e., the controller (9) continues
operating. By[R2lif x € C,, for all £y € EV, there exists Uy such that xy € Xy and (x;,u;) € C,,. ByRIl if (x,u,) € Cys
thenu € V" and f.(x,u) € C, C X, V¢ € E. Thus, if x(f) € C, C X, then u(f) € U', and x( + 1) € C, C X, and the reasoning
can be repeated for all future time steps ¢ > .
Bounds (I8a) can be proved exactly as in Lemmal[ll since the value function is the same, and the bounds are not affected by
the estimation error. Also, the assumptions in Lemma I hold thanks to condition [UT}
As for the ISS inequality (I8b), the change of the value function can be split as
AV (X(1)) = V) (a1 (0, (1)) = Vg (x(1))
= Ve (Lo (X0 u(0)) = Vi (x0) + Veany (Fa1 060, (1)) = Vi) (L (0, 1))

—a5(Ixl) S50 (KOO oy D))

where Vi) (fz (X0, u(0)) = Vi (x(1)) < —ap(Ix(@)|) by Lemma[Dland Vs, ( £z (X1, u(0)) = Viur) (Fo (x(0), u(t))) <
SUIf iz Ge(0), u(®)) = fe(ry (x(), u@®)]) by R3l By R4l where 7 = ¢oy,

AV (x(®) < =ax (IxOI]) + S fz (X(@), u(1)) = fer)(x(O), u@)]) 19)
< —ap(IxOD + s UENXDOID) = —asUlx@ID +7UENNxDID.

Using a generalization of Young’s inequality (also known as “Peter & Paul Theorem™) and [R4]

AV gy < =y (6l + PG Il + SellxP) < =¥ + 7o NP+ 7y GellalP),
and hence, using again[R4] there exists ¢ and € such that
AV < —an(lixID + h(élléohuz) + caA(%nxn) < =1 = aa(llx1l) + 71111
where 7, € K. Thus, the statement is proved with X; = C, and hence the system is ISS with respect to the estimation error
o121l = €(Eoy1» ) |
The following corollary shows that for small yet non-zero estimation error the closed-loop system is AS.

Corollary 1. Let the assumptions of Theorem [l hold. If there exists 2?0 C &y € R(O,l)’ ¢y, ¢3,¢4 € R, such that for all
X € X, [[Ve, (x1) = Ve, (0l < 3V (x1 = X5) + ¢4V (x) and e3ap07 (o[ x[]) + cqar(llx) < ¢jas(llx]]), then there exists
cr € Ry 1), & < ¢y such thatif ||| < 65,

AV, (x() < — 2y, (lIx]), VX € X,
for some X, C &,. -

The proof of Corollary[lis in Appendix [Al
The following result, which follows directly from Theorem[Il summarizes the developments of this section as a solution for
Problem([I]

Result 2. Under Conditions [NTHN?] [RTHR4! [UT] the IAMPC (@), @), @) solves (i) and (ii) of Problem[Il

Remark 2. The IAMPC architecture provides a separation principle between MPC and parameter estimation, meaning that one
can disjoin the design of a stabilizing controller and a convergent estimator and still achieve overall stability properties and
constraint satisfaction, despite the estimation error. The key ingredients to achieve that are the parameterization of the terminal



S. Di Cairano, C. Danielson | 9

cost (I0), the enforcement of the robust control invariant (I4) in the IAMPC optimal control problem, and the appropriate
construction of the parameter update (7)) and predictor (8) that interface IAMPC with the estimator ().

As our goal is to achieve the separation discussed in Remark [2] we did not pursue a dual objective control approach22:24.12

since we do not want to require any knowledge on the estimation algorithm, as often needed to select the optimal input sequence
for parameter uncertainty reduction. We also do not want to have to include matrix inequalities in the optimization problem?22,
because of the induced increase in computational burden.

As for (iii) in Problem [T convergence of the numerical algorithm cannot be guaranteed in the general case of nonlinear
plant (), as the optimization problems may be non-convex, and, similarly, the structure and complexity of the cost function and
constraint sets are difficult to predict, making it impossible to quantify the computational load.

Next we show a constructive method to design of IAMPC for uncertain linear systems such that the conditions[NT{N2] RTHR 4
[Tl are satisfied and the properties (i) — (iii) holds for the closed-loop system, reaching a full solution of Problem[I1

4 | JAMPC FOR POLYTOPIC SYSTEMS

Now, we consider the class of discrete-time linear uncertain constrained systems (@) with sampling period T, which, as discussed
for instance in2, can be re-parametrized as the uncertain polytopic system

4

x(t+1) = D [EOAXWD + Bult), (2la)
i=1
x,u) e XXV (21b)
HOERS (2lc)

where & € E is the abstract parameter vector taking the place of the physical parameter vector 9, and & = {£ € R” : Zle [£]; =
1, [£]; 20, Vi e Z[W]} is the unit simplex in R?, A, e R i e Zy .z and B are known matrices of appropriate size, and
X C R", U C R™ are polytopic admissible regions of states and inputs. By (ZId) we highlight that here we consider the case
where the parameters are unknown but constant or slowly varying. Considering only (21a)), (Z1h), when &£(¢) is known we obtain
the linear parameter varying (LPV) system of the form used, e.g., in?’, while when &(¢) is unknown, we obtain the general
uncertain polytopic system where the dynamics can change at any step, see, e.g.,%. We call & the convex combination vector,
since it describes a convex combination of the vertex systems f O(x,u) = A;x+ Bu,i € Z[l’f].

Remark 3. The trajectories produced by 1)) are a subset of those of the pLDI
x(t+ 1) € co{ Ax(1) + Bu(t)}/_, . (22)
If &(¢) is continuously varying over the simplex Z, then the pLDI (21a)) is equivalent to 22)).

Using (2I) with unknown &, the MPC (@) can be formulated as
N-1

Veyo(x(1) = min Xy PENIDX ) + kZ‘) X} OXyy, + Uy Ruy, (23a)
14

S X = D L&Ay, + Buy, (23b)

(xk|,l,_ ;,d,) €EC,CXXU (23¢)

Xy € Xy (23d)

Xy, = X(1), (23e)

where N e R,, Q0 e R™, ReR™™, Q,R>0,P(&)>0eR™ forall ¢ € E.
Consider the dynamics (Z1a), we define the parameter-dependent (linear) control law

4
u=rK(&x = (Z[:},K,) X, (24)
i=1
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and the parameter-dependent (quadratic) function

i=1

14
Wn@:x%@k:ﬂ(}ﬁ&ﬂ)n (25)

where P, > 0,i € Zy 4}

Definition 5 (¥7). A function (23) such that V(x(¢ + 1), & + 1)) — V(x(), (1)) < 0, for all £(), £(t + 1) € E, where equality
holds only if x = 0, is a parameter-dependent Lyapunov function (pLF) for (21d) in closed-loop with 24). O

By283 given Q > 0 € R™", R > 0 € R™™, any solution G,, S; € R™", S, >0, E, € R™" i € Zy 41 of

G,+G| - S, (AG,+BE) E G

A.G, + B.E, S, 0 0 .
( i zE‘ i 1) OJ R 0 >0, Vi,je Z[l,f]' (26)
G, 0 0 o'

with B; = B for all i € Z;; ;| satisfies

V(i + 1), 8+ D) = Vx(®), 61) < —x(1)'(Q + k(E®) Re(ENNx®)', VED), &+ 1) € B 27
for the pLF (23) and closed-loop dynamics 2Ta), @4) where P, = S;!', K; = E,G;' fori € Z, 4.
Assumption 1. For the given A;,i € Z1 4> B, O, R, (26) admits a feasible solution

The LMI (26) is a relaxation of those in>®2 since it allows for a parameter-dependent Lyapunov function and a parameter-
dependent linear control law. Thus, Assumption[Ilis a relaxation of, and implied by, the existence of an (unconstrained) stabilizing
linear control law for (21a) when £(7) € Z is not known, see, e.g.,2%2. Indeed, if the vertex systems are such that the uncertainty
is too large, (26) may be infeasible, same as when robustly stabilizing controller for an uncertain system does not exist. However,
since (28) is used here only for design, as opposed to computation of the control input in>%2, such situation will be recognized
before controller execution and corrective measures may be taken, such as improving the engineering of the plant. Another
advantage of using (26)) only for design, as opposed for control input computation>¢2, is that online we will only solve QPs,
which makes our method feasible also for applications with fast dynamics and low-cost microcontrollers?=3.

Next, we analyze the properties of IAMPC designed using the constructive procedure from this section. Thus, we first focus
on the performance properties in the unconstrained case, i.e., ISS, which are achieved by designing the parameter-dependent
terminal cost, and then we focus on the safety properties in the constrained case, i.e, robust constraint satisfaction, which are
achieved by additionally designing the constraint set and the terminal set.

4.1 | Unconstrained IAMPC: Stability

First, we focus the performance, i.e., input to state stability, by considering the unconstrained case, X = R", T = R™. Once
again, we split the analysis into two steps. First we assess the nominal case when &, = &(7 + k), k € Z|; y;, and possibly
i1t F iy for ko, ky € Zp . This amounts to controlling an LPV system with preview on the parameters for N —1 steps in the
future, but no information afterwards. Then, we assess the impact of the uncertainty and the estimation of the parameter vector.

Lemma 2. Let Assumption [Ilhold and consider (2Ta) and the nominal MPC that solves 23)) where Xy = R",C , =X XU =
R™™, for any t € Z, , &), = &+ k), &t + k) € E, for all k € Z 3, and P(&), k(&) are from 26). Then in the PI set
X; ={(x,&y) 1 Vg, (x) < oo} there exists a;, @y, @y € K, such if (x(@,En(D) € Xg for some 7 € ¢, then for all ¢ > 7 and all
{EvD}s

ar([IxI) < VEN(,)(X(I)) < a(lIxID (28a)
AV, (x(0) < — ap(lx]D), (28b)
and hence the closed loop is AS. |

The proof of Lemma[2is in Appendix [Al
By Lemmal[2] the MPC based on (23) with perfect preview along the horizon is stabilizing. Next, we exploit this to address
the case of Problem [Tl where &(7) is constant, i.e., &(t) = & for all t € Z,, . as in (2Ic), unknown, and being estimated. Thus,
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§0|, =&- Soi¢ 1s the error in the parameter estimate, which may be time-varying, and 50“ € E(&,)- The parameter estimation
error induces a state prediction error

14 14
o= D IELAx = Y (&l Ax = Z[§0|,] Ax, (29)
i=1

i=1 =
which is bounded by the estimation error
¢ ¢

¢
el = | Yyl < | XAl - =l < (Z &y | ||Ai||> Ixll < 7all gl lxll = & lllxll. 30)
i=1 i=1 i=1
where y, = max;_; . I|4;|l and the last equality is due to the norm equivalence in finite dimensional spaces.
Consider the value function V; = of 23). The following result is straightforward from!.

Result 3. For every compact X; C R”, the value function of 23], where P(&) is designed according to (26), is Lipschitz-
continuous in x € &, that is, there exists L € R, such that for every x,,x, € X, ||V, (x;) — V; C(x,)|l < Lllx; — x,]|, for
every &y € ENFL, O

ResultBlfollows directly from the fact that for every &y € EN+! VMPC is piecewise quadratic! and hence Lipschitz continuous

=N+1

in any compact set X; . Thus, for any X; C R" and &, € ENF! there exists a Lipschitz parameter L, €R,. Since E is

closed and bounded, there exists a maximum of L, € R, for{y € E EN+1 which gives a Lipschitz constant L for Ve, -

Theorem 2. Let Condition [U]] and Assumption [I] hold. For the MPC that at every step solves (23) where P(¢) is designed
according to 26), Xy = R", C,, = X X U" = R™", in any compact set X, that is RPI with respect to 50“ for the closed loop,

ay(lIxID) < Ve (n(x(®) < ay(|Ix1]) (3la)
Ava(z)(x(t)) < —cpap(llxI) + 77(||é§o|,||), (31b)
where ¢, € (0,1), i.e., the closed-loop is ISS with respect to &, = & — &, € 2(&y).

Proof. Conditions RT} [R2] are trivially satisfied because Xy = R", C,, = X X U’ = R"*"™,

Condition[R3]is satisfied because for every compact X; C R”, the value function of (23], where P(&) is designed according
to (26D, is Lipschitz-continuous in x € X, i.e., there exists L € R, such that for every x,x, € &, Ve, (1) = Ve (eIl <
L||x;—x,||, forevery &y € EN*1. This follows directly from V,  being piecewise quadratic ! and hence it is Lipschitz continuous
in any compact set X; for every &y € EN*1,

As for[R4] from (30) and the Lipschitz property, 37(||§0|, HIxID) = yLy||:§0|,|| |x||, and by Young’s (Peter & Paul) Theorem, for
any € > 0

= £,z 1
1oy M1 < 5|I§o|,||2 + ZIIXIIZ,
s0 that 7,(&y,) = }’Uilléohllz and 7,(x) = yLy§||x||2. Hence, for every ¢ there exists & such that 7L7/§||X||2 < Ay (O)|1x])? =
a5 ([|x(@®)]]). Thus, the conditions of Theorem[Ilhold and ISS follows.

Finally note that the existence of the RPI set &, is guaranteed by ||| being bounded, since &, & € E and Z is bounded, and
the nominal closed-loop system being AS due to Lemma 2l O

Remark 4. A proof for Theorem 2l can be obtained based on uniform continuity, instead of Lipschitz continuity from Result[3]
following3* ™2 where it is pointed out3> 443 that the two assumptions are equivalent for (23)), given &y (1) € EN*1,

Next we show that the closed-loop system is AS for a sufficiently small, yet non-zero, error.
Corollary 2. Under the same assumptions of Theorem[2] there exists 2?0 CX,¢é eR, andc, € (0,1), such that, if ||§~ [| < ¢,
AV, (o (x(D) < —Exa,(lIx]), Vx € X, 32)
that is, the closed-loop is asymptotically stable for a sufficiently small, yet non-zero, error. |

The proof of Corollary 2is in Appendix [Al
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4.2 | Constrained IAMPC: Terminal set and Robust Constraints

Next we include in ) non-trivial constraints X X " C R" x R™, which requires expanding the design to satisfy condi-
tions K1 Once again, we consider first the nominal case, i.e., when the parameter vector estimate is correct, to design
the terminal constraint set X' in (23d) to satisfy the conditions of Lemmal[I] which ensures recursive constraint satisfaction and
AS of the nominal system (2]a) with perfect preview of the virtual parameter along the prediction horizon, i.e., S = @+ k),
forall k € Z ny- Then, we account for the effect of the estimation error by designing the set C,, to ensure constraint satisfaction
despite uncertainty.
Consider (21a) where £(f) is known at t € Z, and the control law ([24) resulting in the closed-loop LPV system
¢
x(t+1) = ) [EO](A; + BK)x(1). (33)
i=1
The trajectories of (33)) are contained in those of the pLDI

x(t +1) € co{(A; + BK)x()}7_,. (34)

For (34) where K, i € Z,, 4y is designed by 26) subject to (21b), one can compute a PI set as the maximum constraint
admissible set>> X® C X, for all & € E. Let X, be a given set of feasible states and inputs, X,, C X X U", 0 € int(X,,), and
construct the set sequence

X0 ={x: (x,Kix) € X, Vi € Z}; »)
XD = {x 1 (A + BK)x € XM, Vie 7, ,} nx®
X*® = lim X", (35)

h—o
Each iteration of (33)) requires only matrix manipulations, to construct the new polyhedral set, and the solution of linear programs

to remove redundant hyperplanes3®.

Result 4 (28:3%), There exists a finite € Z,,, such that XD = ¥® = x* i, the limit in (33) is reached in a finite number
of iterations. The resulting X has non-empty interior, is polyhedral and maximal. O

The proof of Resultd] follows from (24) being a stabilizing controller for (21a) under arbitrary known changes of ¢ € =, with
(23) being its Lyapunov function. Since X,, C X X U, 0 € int(X,,) is compact, there exists a sublevel set of the pLF (23) that
is entirely contained in X%, such compact set containing the origin in its interior is reached in finite time A(x) starting from
any x € X, and h = max, x,, h(x) exists, finite. Thus, the constraints up to h determine the initial conditions for which the
dynamics satisfies the constraints at any future time instant, and maximality follows from the removal of any non-redundant
constraints causing inclusion of initial states for which the constraints are violated, while including additional non-redundant

constraints will eliminate initial states for which constraints are satisfied.

Lemma 3. Let Assumption [I] hold. Consider (21a) and the nominal MPC that solves 23)) where P(¢), k(&) are from (26),
C,, SXXU, Xy = X is designed by (33), and for any t € Z,,, &, = &(t + k), &(t + k) € E, for all k € Z|, ;. At a given
teZy,,letx(t) e X, En() € EN*1 be such that (23)) is feasible. Then, in the PI set Xg ={(x,&y) : Ve, (%) < oo} there exists
oy, @y, @y € Ko, such if (x(7), £y (7)) € X; for some 7 € ¢, then for all > 7 and all {&y (D)},

ar(lIxI) < VEN(,)(X(I)) < a(lIxID (36a)
AV, ) (x(0)) < = ay(lIxID, (36b)
and hence the closed loop is AS. O

The proof of Lemma[3is in Appendix [Al

Next, we ensure robust satisfaction of 23d), (23d), in presence of uncertainty, i.e., when there is estimation error rfm, #0.In
this case we need to satisfy conditions[RT] [R2]in order to ensure robust constraint satisfaction.

To satisfy[RT]we design (23c) from a RCI set for the pLDI (22)), whose trajectories include those of (Z1J). Based on Definition[2]
let C, C X be a polyhedron such that for any x € C, there exists u € U” such that A;x + Bu € C, forall i € Z|; ;. Given C,,
we design C,,, in 23d) as

Cop ={(x,u) €C. XV, Ax+ Bu€eC,, Vi€ Z 4}, (37

that is, the state-input pairs that result in states within the RCI set for any vertex system of the pLDI 22)).
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C, can be computed?® as the maximal RCI set for (22)) from the sequence,

cO =y, (38a)
CMD={x: eV, Ax+BueC? Viez,,}nch. (38b)

The maximal RCI set in X’ is the fixpoint of (38), i.e., C, = C® = C® such that C**D = C™  and is the largest set within X’ that
can be made invariant for (22)) with inputs in T". Conditions for existence of C* are related to the existence of a nonlinear set-
stabilizing law for (22), and are discussed in detail in28. Besides the operations required in (33)), each iteration of (38) requires the
projection of a polyhedral subset of X X " onto the subspace of X3¢, The projection of a polyhedron may be a computationally
expensive operation, but here it is executed only at design time. Furthermore, several efficient algorithms exists3?, which are
implemented in common toolboxes, e.g.,3%.

To satisfy the horizon N is selected such that for every x € C, and &y (0) € BN+ there exists [1(0) ... u(N — 1)] such
that for ZIa) with x(0) = x, &(k) = &g € Eforall k € Z v, (x(k), u(k)) € C,, forall k € Z5 5_yy, and x(N) € X. To this
end, construct the set sequence

SO = x,, (39a)

SV =(xeX: eV, Ax+BueSP}, iez,, (39b)
4

Sh+D) — ﬂ s, (39¢)

i=1

The set S™ satisfies: for any x(0) € S, given any &,_,(0) € E”, there exists a sequence [u(0) ... u(h — 1)] such that for (ZTa)
with x(0) =X and (k) = &, for _all k € Z N> (x(k), u(k)) € C,,, and x(h) € Xy. Thus, N is chosen such that N > h, where
hez,, S" 2C,, and hence SN D C,, by the invariance of Xy

As opposed to (38), in computing (39) the parameter sequence &, is known. This is due to enforcing the terminal set only
with respect to the nominal dynamics, while the robust invariance of C, and choosing N so that S™) D C, guarantee that at a
successive step, even in presence of a parameter estimation error which causes a prediction error, the terminal set will still be
reachable in N steps. This is reflected in (39) where the predecessor set is computed for each vertex model separately, and hence
with different input values, in (398}, and then taking the intersection in (39d), as opposed to (38) where a single predecessor set
is computed with the same input for all the vertex models. In other words, the order of set update and intersection is reversed in
(@8) and (@9), due to their different reliance on the parameter vector estimate.

Theorem 3. Let Condition[UT]and Assumption[Ilhold. Consider 23), let P(£), k(&) be designed according to @6) 7 € Z,,, be

such that C?**D = ¢® = ¢_in (38), and let C,, be defined by (37). Let Xy, = X> from @33), where X, = C,,, and N € Z,,,
be such that S®) D C,. Then, (23)) is always feasible in C, which is RPI for the closed-loop, and

a ([xI) < Ve (n(x([@) < ay([|x]]) (402)

AvgN(z)(x(t)) < —cpap(llxI) + 77(||§o|,||), (40b)

where ¢, € (0,1), i.e., the closed-loop is ISS with respect to &, = & — &, € E(&y).

Proof. We demonstrate that NTHN?Z] [RTHR4] [UT] hold, so that the results follows from Theorem[Il The design of X and P(&)
ensures satisfaction of N2l as in Theorem 2] and [UT] holds by the assumptions.

Due to the construction of C,,, for all x € C, there exists u € U" such that (x,u) € C,,,, and if (x(?), u(t)) € C,,, by convexity
x(t+1) = Y7 [EL,A;x(1) + Bu(r) € C, C X, for all &y + &y = & € E. Thus, RTis satisfied. Since C, C S™) for every
x(t) € C, and &y (1) € EN*!, there exists an input sequence of length N such that Xy tgye) € Cy forallk € Zy y_y), and
Xy € Xy Forug, such that (xq,, ug),) € Cy,» Zle o +§~0|,]iAix0|l + Buy, € C,, for every 50“ € §(§0|l). Thus, R2lis satisfied
and as said, the result follows from Theorem [Tl O

Remark 5. X* computed for (33)) is PI for any known and time varying & € =, when system (21a) and controller (24) use the
same &. This is not the case when the estimate £ is different from the real parameter €. Hence, even if x € X* this does not imply
that Zle[é()ll + §0|,]l.Al.x + Bk(x) € X due to §0|, # 0. Instead, ensuring S™) D C, guarantees existence of an admissible
input sequence from any x € C, that reaches X in at most N steps satisfying (23d). |

An alternative construction of C, is an RCI set that is smaller than C*, that: (i) is computed for a given N € Z_, i.e., it does
not impose restrictions on N, and (i7) is computed in a predetermined number of iterations, and described by a finite number of
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constraints. This alternative method requires the modification of (24) such that X* is RPI for (2I)) in closed-loop with x(x) for
any &, € E(&op,)- B

In order to obtain &', which is RPI when :‘;‘Ol . # 0, we compute a more conservative control law @24), which is obtained from
(26) with the additional constraints E =FE s G =G o foralli,j € Z[l,f] that guarantee that K; = K, forall i € Z[lﬂ, while
still, in general, P; # Pj foralli,je Z (1.1 This results in a control law (24) that is independent of & as inf, although here the
LMI is solved only at design time to avoid excessive computational burden.

Lemma 4. Consider ZI) where @24) is computed from (26) with the additional constraints E; = E, G; = G, forall i € Z, ,,
and X is computed from (33) with X,, = X X U". Then, X is RPI for (ZI)) in closed loop with (24) for every &, € E(&,)- O

The proof of Lemma[d]is in Appendix [Al
Given an RPI set X* for 1)), (24) with respect to & € Z(), & € E, consider the set sequence

RO = x (41)
RMD =(xeX: eV, Ax+BueRM Viez,,}.

R™ is the set of states that can be steered to R in A steps, for any unknown &, € 2" and any &, € Z/(£,), while satisfying
state and input constraints by using state feedback. Due to R being RPI, R#*D 2 R™ and R™ is RCI for every h € Z,;,.
The operations in (1)) are similar to those in (38), except for removing the set intersection due to X* being RPI.

Theorem 4. Let Condition[UTlhold and let P(€), k(&) be designed according to (26), with the additional constraints E; = E,
G, = Gj, foralli,j € Z[lﬂ, where and Assumption [Tl hold with such additional constraints. Let X, = X* be constructed
from 33) with X, = X x U". Given N € Z_, let C,, in (23d) be constructed by (37) with C = R™). Then @3) is always
feasible in C,., which is RPI for the closed-loop, and

ay(Ixl) < Ve (n(x(0) < ap ([ x]] (42a)
AV (x(®) < = cpas (XD + 7 (U 1D (42b)

where ¢, € (0,1), i.e., the closed-loop is ISS with respect to &, = & — &, € 2(&y,).

Proof. The proof is similar to that of Theorem[3] where the set C.1s @) constructed from C,.1i.e., the N-steps robust backward
reachable set of X'y, which is now RPI for 22) @4) with respect to €, because K; = K forall i € Z;, z1- Thus, by choosing the
prediction horizon equal to N,[R2lholds. O

Finally, it is worth noting that the results of Corollary 2lapply directly to the constrained case X X T C R¥ since they only
affect a neighborhood of the origin where the constraints are inactive. Thus, the only remaining design step is the choice of G,
Gy in @), (8D to satisfy Condition[UT] which ensure integration with a general parameter estimator.

4.3 | Interface to the Parameter Estimator And Overall Result

The final step is the design of (7) and (8) such that Condition[UT]holds, as required by Theorems 2] 31 (4l
The virtual parameter estimate £(¢) is computed at time # by G from the parameter estimate 9(t), which ensures that £ € E.
Thus, G operates as a projection of J onto the set E

G(9) = argmin J <Z[§]iAi, Aw)) (43a)

1

st.E€E (43b)

where J denotes the projection metrics, which is usually aimed at minimizing some distance between the models based on the
estimated actual and virtual parameters, possibly with additional regularization terms, and can be easily defined to be a quadratic
function of &.

To satisfy the Condition[UT] the predicted virtual parameter sequence must satisfy forallt € R, & ;11 = Sey11io K € Zio y-1y5
and for all &5 (7) € EN*!. Since & in (21)) is assumed to be constant or slowly varying, an obvious choice would be S = (),
forallk € Z [0.N]> for all t € Z,),. However, this choice violates Condition[UT] In fact, if the entire parameter prediction vector
&y (1) suddenly changes, the value function V; may jump and may not decrease. This is due to using the pLF as terminal cost,
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which in turn allows real-time operation by only solving QPs, as opposed to bounding the infinite-horizon cost function:¢2,
which requires solving LMIs in real-time.
Instead, Condition[UT]can be achieved by defining the virtual parameter sequence update function G in (8)) as the delay buffer

Ske = E@—N +k), forall k € Z, v, which, arranging & () as the vector En(t) = Cops -+ Enp) € R?N, can be implemented as

0r1 -0 0
MOE] DU NG R B O (44)
000 I

It may be of interest noting the parallel between the low pass filtering of the adaptation signal in classical adaptive control and
the time delay in the prediction parameter update for IAMPC, as both “ease the adjustments into” the controller by slowing the
updates on the parameter estimate in frequency and time, respectively.

We can now summarize the result for the IAMPC strategy for uncertain polytopic systems.

Result 5. Given (@), the IAMPC controller where G and G, in (7) and (8) are designed according to @3) and (@4)), respectively,
and the control law (9) solves (23) at every t € Z,,, where P(£) and k(&) are constructed from (26), N, C, and X, are designed
according to Theorem [3 or Theorem ] the closed-loop solves Problem [Tl since it recursively satisfies (Z1B), is ISS in the RPI
set C, with respect to §0|, =£— Soyr» 1.€., the N-steps delayed estimation error :,;0“ =& —&(t — N), and is AS for a sufficiently
small estimation error §0|,. Furthermore, if J in (7) is quadratic and convex in &, both (23) and (7) are quadratic programs with
guaranteed convergence. O

Solving only QPs during execution results in a significant reduction of computational load and code complexity with respect
to robust MPC based on LMIs>¢2. This makes the method feasible in applications with fast dynamics and microprocessors
with limited capabilities, such as those in?32. On the other hand, the method proposed here guarantees ISS and local AS for
sufficiently small error versus the robust stability result in2¢2, It should be noted that the method proposed here still ensures
11.12.16 where models
are used to ensure robust constraint satisfaction and data is used to improve performance, i.e., the ultimate bound due to ISS and
eventually AS, here.

While still using robust invariant sets, the approach proposed here is different from tube MPC. In the latter, the uncertainty
is dealt with by a disturbance rejection controller and the states and input constraints are tightened accordingly, while IAMPC

robust constraint satisfaction. This is aligned with the philosophy proposed in this and other works, see, e.g.,

does not require constraints tightening, thus leaving more degrees of freedom to the controller for optimizing performance.
Considering the standard, i.e., rigid, tube MPC?, the difference is noticeable as that exploits the RPI set obtained based on the
disturbance rejection controller, while IAMPC uese the RCI set that can be chosen to be the provide the largest feasible domain,
i.e., the maximal RCI set. The reduced conservativeness of IAMPC with respect to tube MPC is due to the different assumptions
on the uncertainty, that translate into different objectives, namely, robust stabilization in tube MPC as opposed to ISS in IAMPC,
which relies on the estimator to reduce the estimation error to eventually achieve AS. While more flexible tube MPC, e.g., 39.14.
allow for dynamically allocating the control range among disturbance rejection and nominal control, they may still induce some

conservativeness due to the parametrization of sets, and the usually fixed disturbance rejection control law.

S | EXTENSIONS: UNCERTAINTY IN INPUT GAIN, OUTPUT TRACKING

Next we briefly discuss some modifications that allow IAMPC to handle different classes of uncertain polytopic systems that are
relevant to some practical applications. In particular, the cases with additional uncertainty in the input-to-state matrix B, and the
cases of reference tracking. These modifications require additional constraints in the design of the optimization problem (23)).
When the input-to-state matrix B is also dependent on uncertain parameters,
x(t+ 1) = A@®)x(1) + B()u(r) (45)
(213 is reformulated as
¢
x(t+1) = Z[g]i (Ax(®) + Bu(t)) , (46)

i=1
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FIGURE 2 Cascaded structure of the constrained velocity model used for reference tracking in IAMPC.

where the convex combination vector & now determines (A, B) = (2;-11[5]1‘141" Zle[é‘]iBi). The proposed approach can
model {8) with only few modifications in the design and proving steps of Section [l

In terms of design, to retain convexity of the LMI (26), we impose the additional constraints E; = E, G; = G forall i € Z; 4,
so that we compute a pLF for (46)) in closed loop with a fixed linear controller u = Kx as in®.

According to Lemmad] the set X* computed according to (33) with K, =K, foralli € Z[l’f], is RPI. Thus, for this class
of systems, the computation of C, as the N-steps backward reachable set of the RPI X by (4I) does not impose additional
conservativeness in the terminal controller with respect to using instead the maximal RCI (38)), since in both cases it is the linear
feedback u = Kx, i.e., K; = K, forall i € Z; 4, in @5.

In terms of the proofs, the only change necessary to Theorem[2is to prove that (I7a)) in condition[R4lis satisfied. For the class
of systems (#3) the error is

4 4
£, = (Z[E},A,-) X+ (Z[:},B,-) u < 4 &N + cglI €Il (47)
i=1 i=1

However, under Conditions[NT} [N2] ! Prop- 218 shows that L(x,u) < ¢, F(x). Then, u' Ru+x'Qx < ¢, x' P(§)x < ¢, max; x' P.x <

max; ’Imax(Pi)”x”2 and hence

¢, max; imax(Pi) B imin(Q) ”x”2
Amin(R) )
Combining @8) with @7) we obtain &, < c, zl|&|l[|x|| which satisfies (I7a) in Condition R4
Another useful extension, that is relevant to real applications, is to consider output reference tracking problems. While often
output reference tracking is transformed into a regulation problem by “shifting” the state and input vectors by their setpoints,
x* € R", u* € R™, in the cost function

2
llull” <

(48)

N-1
F(x ) —xy) + Z L(Xpyy = X0 Uiy = Uy,)- (49)
=0

this is harder in the context of uncertain systems because the generation of setpoints for state and input from an output reference
is based on the model. As the model is updated, the setpoint will change from step to step in an unpredictable way, and the
terminal cost condition F(6x 1) + L(6X n_1jp415 SUn_1)41) — F(6X ) < 0, where 6a = a — a*, may not even guarantee the
decrease of the nominal optimal cost, due to the setpoint changes in the different terms.

Instead, to avoid the explicit setpoint calculation we use a velocity model#%#!, which considers an incremental input formu-
lation v(t + 1) = v(t) + Au(t), where v(t) = u(t — 1), and the predicted tracking error e, e(t + 1) = y(t + 1) —r(t + 1) =
e(t) + CAx(t + 1) — Ar(t), where Ar(t) = r(t + 1) — r(#) is the reference change, resulting in

4

Pt +1) = Y [E],Ap(1) + B"Au(t) + G°Ar(r) (50a)
i=1

e(t) = C'o(t). (50b)

with state @(t) = (Ax(?), e(?)). As opposed to#!, here we cannot exploit the exact model knowledge to enforce the constraints
by the exact knowledge of the model, hence we formulate an auxiliary system
¢
ot+1)= o)+ Z[é]iEl.”(p(t)+F”Au(t), (50¢)
i=1

2(1) = (1) + H Au(?), (50d)
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with state w(t) = (x(7), v(¢)), which is a discrete-time integrator for (Ax, Au). The complete model (3Q) has state y(7) =
(p(1), (1)), performance output e(?), and constrained output z(¢) = (x(¢), u(t)), and has the structure shown in Fig. [2l Because
of the cascade coupling and since (30d), (530d) model the constrained variables, (30a), (30b) need to be controlled such that the
trajectory of (Ax(t), Au(t)) ensures that (x(t), u(?)) satisfy the constraints. However, for achieving output tracking only the track-
ing error e needs to vanish. Under the assumption of a unique steady state (x°, u*) per each constant reference value r, tracking
a constant reference implies convergence of (x, u) to a unique equilibrium. Thus, when tracking a constant reference, at steady
state Au and Ax asymptotically vanish, and the controller asymptotically stabilizes the state @(f) = (Ax(%), e(?)) of (30a), (30D).

Based on (50) with cost function a) where L(y, Au) = ¢'Q¢ + Au' RAu, F;(y) = ¢' P(£)@ the unconstrained design of
Section[], guarantees that

Ve oyt + 1) = Ve (o (x0) < —alo®)* +71&,1” + plAr(@)], (51)

is an ISS-LF with respect to the parameter estimation error and the reference step change. For the constrained case, the only
notable difference is that for determining the length of the horizon that satisfies Condition one needs to consider the
augmented set

D, = {(Ax,r,x,v) € R"XQ,XC XV : IAu, (52)

(x,v+ Au) € Cy,, x + A;Ax + BAu € C,,Vi € Z;, ,,} .

xu’

that includes the reference r, for which the admissible set » € Q. must be known. Then, N € R, is chosen such that D , S,
i.e., the augmented set is contained in the N-steps backward reachable set of Xy.

6 | SIMULATION CASE STUDIES

In this section, we demonstrate the effect of the proposed IAMPC on two case studies: an illustrative numerical example of an
uncertain second order system, and a more realistic example of compressor control of a variable refrigerant flow air-conditioning
system. The simulations are executed in a 13” Macbook Pro 2016, with Intel i-7 3.3GHz dual-core CPU and 16GB RAM.
For solving LMIs we use SDPT3#2, and for polyhedral computations we use the linear programming solver in CDD#3 and the
projection algorithms in MPT338. For solving online the QPs of the IAMPC, we use the ADMM algorithm* code in C without
any external library in a Matlab a mex function.

6.1 | Numerical Example

We consider a system already formulated as the uncertain polytopic system (1)), i.e., & = 9, where x = [x; x,]’, £ = 5, and
A= [0%]A =114, A;=06- A, A, = [5703] As = [%% 19, ], and B = [ -0.035 0905 ]'. Some of the vertex systems
are AS and some are unstable. The constraint sets in @IB) are ¥ = {x e R? : |x;| <15, i=1,2}, U ={u€R : |u| <10}.
As shown in3 for a similar system, without proper terminal cost adaptation, the closed-loop with MPC may not be AS even if
the perfect prediction model is estimated, unless other components of the MPC optimal control problem are adjusted as well.

The parameter estimation algorithm (6) computes a moving horizon least squares (MHLS) estimate based on a past data
window of N,, steps, applies a first order filter and projects the results onto Z. By defining z = [z’1 z,]’, where z; € RN,
is a buffer of past state-input pairs and z, € R is the filtered parameter vector

shift(z,, [x'u'])

&(z,x,u) = (1 = ¢)z,(t) + ¢MHLS(z,, X, u),

w(z,X) = z,,

where shift denotes the operator that shifts the data buffer and adds the new data to the buffer and MHLS denotes the moving
horizon least square computation. We implement G(9) as in (@3)), using the 2-norm projection onto E, and G, (£ (1)) as in @4).

The case where we design the controller according to Theorem [3 where C, =C®,and N = 8, which is the smallest value
such that S D C* by (39), and ¢ = 1/8 is shown in Figure[3l The initial states in the simulations were obtained by moving
each of the 18 vertices of C, slightly into its interior (to avoid numerical ill-conditioning). For each initial state, 8 different
simulations were executed with & € 2 being, either randomly generated with a uniform distribution over Z or with & € Z being
a standard unit vector so that the simulated system is one of the vertex systems. These two possibilities were chosen randomly
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(a) Top plot: state trajectories, x; (black), x, (blue). Bottom plot: input (b) Phase plane trajectories (black), X* (green), C, (blue), X (red).
trajectories, u (black). Constraints are shown in red.

FIGURE 3 Simulation of the numerical example system in closed-loop with IAMPC for C, = C* and N = 8.

-15 -10 5 0 5 10 15
Xy

(a) Time trajectories of state (upper plot, [x]; blue, [x], black), and input (b) Phase plane trajectories (black), X* (green), C, (blue), X (red) for the

(lower plot) for the case of a slower estimator ¢ = 1/15. case when C, = R™ and N = 6

FIGURE 4 Additional simulations of the numerical example system in closed-loop with IAMPC with different parameters.

with equal probability. In all simulations, the estimator was initialized with £(0) = 1/Z-[1 ... 1]’. In all 96 simulations shown in
Figure[3] the constraints are always satisfied and the closed-loop eventually converges to the origin, indicating both ISS and AS.

The worst case controller execution time is less than 4ms, including the function overhead. The procedure to designs the
controller offline by solving the LMI (26)), constructing the RPI set (33)), and the maximal RCI set (38) and horizon N (39) or
the N-steps RCI set (1)) executes in less than 20s.

Figure [ shows additional simulations when some of the IAMPC algorithm parameters are changed. Figure @(a)| highlights
ISS and hence the dependency of the performance on the parameter estimator. Due to ¢ = 1/15, convergence of the state is
slower according to ISS results in Theorem [Il but constraint satisfaction is still guaranteed. Figure shows another case,
when the controller is designed according to Theorem [ with C, = R™") and N = 6, and R™) is determined by (). Indeed,
C, in Figure (b)]is smaller than that in Figure (B)] due to R®™) C C*, but in this case the controller can be designed with a
shorter horizon, and hence lower computational burden.

6.2 | Control of Variable Refrigerant Flow Air Conditioner

The second case study is inspired by the compressor control of a variable refrigerant flow air conditioner (VRF-AC). The model
is a simplification of that in®3, obtained by first principles and data acquired in experiments, where only one room is active, and
the two flow valves and the fan speeds are kept constant at their setpoints, since these are either measured disturbances, or are used
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(a) Using IAMPC for control. (b) Using nominal MPC with external protection logic.

FIGURE 5 Simulation results of VRF-AC regulation by IAMPC. Time trajectories (solid) constraints (dash), setpoint (dot).

to achieve control objectives that are not considered here. The resulting 4/ order model is centered around the setpoint (x,, u,,
where xi = [22 8 60 22], u,, = 45, and the states are chosen as x = [T, T, T, t]’, T,[deg] is the room temperature, T,[deg] is
the evaporator temperature, T,[deg] is the compressor discharge temperature, 7 is a state related to the internal conditions of the
air conditioner, and the control input is the compressor frequency u = Cr[Hz]. We consider uncertainty in the thermal mass of
the room by +35% and in the efficiency of the energy transfer from the evaporator to the room by +20%, obtaining (&), which
is then reformulated as 1)) with £ = 4. We first consider a regulation problem, where the controller must enforce upper and
lower bounds on state, (x — x ) = [3 6 10 20], (x — x) = —[0.5 —4 —10 —20], and input u = 24, u = —6. We design the same
parameter estimator as in the previous case study and the IAMPC with N = 10, T, = 1min, N,, = 3. The simulation results
for the same tests as in the numerical example in Section[6.]] i.e., initial condition of the estimator £(0) = 1/# -[1 ... 1]’, initial
state just in the interior of C, from each of the 42 vertexes, and, for each, 4 different realizations of the uncertainty, both random
values and extremal values with equal probability, are shown in Figure (5(2)), where we show the temperatures with significant
constraint activations. The constraints are enforced despite the uncertainty and the system is ISS which empirically verifies the
theoretical results we presented in this paper. In fact, the system is eventually AS after the estimator converges close enough
to a correct value. For comparison in Figure @] we show the behavior of a nominal MPC where, if constraints are violated,
the compressor is set to its minimal frequency to avoid damage, which may emulate the equipment protection logic. It can be
noticed that, for the nominal MPC case, the room temperature converges more slowly, and that in a number of simulations there
is a bias due to the constraint violation activating the protection logic.

As an additional investigation, we show the case where we modify the design as discussed in Section [§]to allow for piecewise
constant setpoint tracking. The results are shown in Figure[fl where one can once again see constraint satisfaction, ISS and AS
for piecewise constant references. For the segment where the reference ramps up, the closed-loop system is ISS with respect to
the reference rate of change.

For this application where the computational resources are limited*2, IAMPC is appealing because it solves QP similar in
nature to those of a nominal MPC, but provides guarantees in the presence of uncertainty which are not provided by nominal
MPC. QP solvers such as#¢4* are feasible for implementation in the air conditioner microcontroller®3, as opposed to the LMI
solvers required by robust MPC approaches such as22 The worst case controller execution time is less than 7ms, including the
function overhead, and the offline design procedure executes in less than 30s.
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FIGURE 6 Simulation results of VRF-AC tracking by IAMPC. States T,, T,, T, and input C I (solid, black), room temperature
reference rp (dash-dot, red) and constraint bounds (dash, red).

7 | CONCLUSIONS AND FUTURE WORK

We have proposed an indirect adaptive MPC that exploits a priori model knowledge to ensure system safety in terms of constraint
satisfaction, and online data to improve closed-loop performance in terms of stabilization. The method guarantees robust con-
straint satisfaction, recursive feasibility, and ISS with respect to the parameter estimation error, and yet retains a computational
load similar to nominal MPC. The proposed method achieves a separation principle between control and parameter estimation
and hence allows for independent design of controller and estimator, without imposing restriction on the estimation algorithm
to be used.

After deriving the design conditions that ensure the desired properties for the case of a general nonlinear system, we provided
a constructive procedure for the case of uncertain constrained linear systems. Furthermore we showed several extensions to
account for uncertainty in the input matrix, to exploit non-maximal yet simpler RCI sets, and to tracking problem. Including
additive disturbances or uncertain offsets is straightforward, by combining the invariant set computations for pLDIs with the
ones for additive disturbances see, e.g.,%3, and possibly learning also the additive disturbances, if they are constant or slowly
varying.

Future work will involve adjusting the invariant sets in a computational feasible manner for our target embedded applications
as the confidence in the parameter estimate increases, and possibly the integration with concepts from dual objective control to
guarantee persistency of excitation, thus ensuring estimator convergence.
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APPENDIX

A PROOFS OF LEMMAS AND COROLLARIES

Proof of Lemmalll The lower and upper bounding K, functions can be derived exactly as for a standard MPC!, namely
a,(IIx1l) = &, ([Ix]}) < Lx,w) and ay(1x]]) = peap(l1x])). for some p, > 0 (scel: Prov- 215),

Since atany t € Z,,, & (?) is known, for all 1 € Ry, , &, = &(t+ k), k € Z| ), and x(7 + 1) = x},. As another consequence,
at & 41 = Spprppo forall k € Zyg yy, t € Ry, As discussed on Remark [Tl the constraint satisfaction, i.e., recursive feasibility, is
affected by &y 41, -+ » &y —1)r» and the cost decrease is affected by &y ... Thus at time 7 + 1 the terminal constraint is affected by
the value of &(f + N), which had no effect on the dynamics at the previous step, and the terminal cost is affected by the value of
E(t+ 1+ N).

Consider an arbitrary (x(¢), &y (F)) € X; for which @) is feasible, and any £(r + 1 + N) € E. Let Uy (#)* be the optimal
control sequence and X 5 (¢)* = [x:‘)| [ x;‘wt] be the optimal state trajectory at time ¢. Consider the input sequence Uy (t + 1) =

E(t + N))], the corresponding state trajectory )?N(t +1) =[x* .x*Nll fr:(l+N)(xjv|t’ K(xf\,lt, E(t+ N)))]

K( e

* * ES
[, ooty KXo 3
and the resulting cost V; ,,1)(x(t + 1)).

Fork € Z\g n_ops K15 Uppe1) = (x,tHlt,uile k € Zy n_ 1s satisfied. Since Xy _y;4; =
Xy € Xy, (XN_”,H,K(x’]‘V_”HI,é(t + N))) € C,,, and xy,;; € Xy are satisfied based on Assumption NIl This proves
recursive feasibility for any £(f + N), i.e., invariance of Xg for any update of & (t — 1) based on ().

Because of Assumption for any £(r + 1 + N) € E, which is known based on the assumptions,

Ve i+ 1) < Vs (x(0) = a, (IxO]),
where L(x,u) < a; (]|x(?)|]). This proves that (I2)) recursively holds for any update of &y (¢) based on (@). O

) and hence (%41, dgry1) € C

xu’

Proof of Corollary[ll Since the closed-loop is ISS with respect to the estimation error ||| which is bounded, the system has
an ultimate bound, Xub(||§||) ={x: V¢N x) < p(JIEID}, where p € Ky If ||§0|,|| < ¢,, there exists ¢, € R such that X,,(¢,) C
int(&,)) and hence there exists f € Z,,, such that for all # > £, x(f) € &},. Since by the assumptions ||V§N (x@+1)— VSN eyl <
C3V5N (g,) + c4V§N (xy,), taking é, = min{c,, ¢, }, for €]l < é,, from (I9) and VEN (xyp,) < VéN (x(®)),

AV, < —ap(lIxID) + 3V, (e) + €4 Ve, ()

< —ay (lIx]) + ezar0r (N1 + cqap(x)
< —ap([IxID) + eza07 (G Ix]]) + cqan(x)
< =1 = cpay(lx]D)
for all x € X,,, which proves asymptotic stability for an estimation error that is sufficiently small, yet finite. o

Proof of Lemma[2l We prove that Conditions [NT] [N2] hold so that we can apply the result of Lemma [l Since X, = R”,
C,, = X XU = R"" condition [NT] is trivially satisfied. By designing P(&), k(&) using (26), condition [N2]is also satisfied.
Thus, all the assumptions of Lemma/[Ilhold, and hence the closed-loop is AS. Specifically, by the steps of Lemma [I] we obtain

that for any & (1) such that &, = &(t + k) for all k € Z, v, the Lyapunov function Vé‘“(’tc)(x(t)) satisfies
> N

Var (x(t + 1) = Vor (x(0)) £ =X(O0X(0) £ A Q)X = a5 (Ix(D)]]) € K.
O

Proof of Corollary[2l We need to prove that the conditions of Corollary [Tl hold. Since 0 € int(X), in a neighborhood of the
origin X, C &, the constraints are inactive and the value function is quadratic V; = x' Hx where we dropped the subscript

&y from H for the simplicity of notation, as here we only consider values in the same time interval, i.e., for a fixed &,. Let
e = X, — X,, then for every € > 0

Ve, (x+e) =V, Ol =X, Hx, = X, Hx, || = |l He +2¢'Hx|| < |l He + 2—1£x’Hx+ %e’He”

3 1
<II(1 + z)e’He + Zx’HxH <V (o) + ¢,V (x)
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where ¢; = 1 + % ¢, = i Finally, a,(||x]|) = (H)||x||> end hence for any ¢, € R, the condition (1 +

imax

%)xlmx(H)(ycz||x||)2 + iAmaX(H)llxll2 < ¢;X'0x < A,;,(0)]|x||?, can be satisfied by choosing & large enough, and ¢, small
enough, yet finite. Thus conditions of Corollary[lhold. O

Proof of Lemma[3] We need to show that[NT] [N2] are satisfied, so that the result follows from Lemmal[ll Because of the chosen
P(&),[N2is satisfied as in Lemmal2l Choosing X, = X* which is PI for (34), ensures that given any x € X, £ € E, we have
Y[E1,(A; + BK))x € Xy and (x, k(£)x) € C,, € X x U'. Thus[NTlis satisfied. AS follows by the same arguments of Lemma[2]
with V; —as Lyapunov function, and with Xg as domain of attraction. o

Proof of LemmaHd Due to (33, if x € X%, Zf=1[§]i(Aix + BK,)x € X, for all £ € E. Due to the assumptions, K; = K for
alli € Z;, ;, and hence x(&)x = Kx. Thus, if x € X*, for & = Sope §0|l € E, we have that (Zle o + §0|l],-A,-x) + BKx =
(Zil (o + §0|I]iAix) + (Zle (o + §0|¢],~BKX) = Zle o + §0|,]i(Aix + BK;)x € X>. O
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