MITSUBISHI ELECTRIC RESEARCH LABORATORIES
http://www.merl.com

Variational Bayesian Symbol Detection for Massive MIMO
Systems with Symbol-Dependent Transmit Impairments
Wang, P.; Koike-Akino, T.; Orlik, P.V.; Pajovic, M.; Kim, K.J.
TR2019-139

December 09, 2019

Abstract
In this paper, we propose a variational Bayesian inference approach for a low-complexity
symbol detection for massive MIMO systems with symbol-dependent transmit-side impairments. This study is motivated by observations that realworld communication transceivers
are often affected by the hardware impairments, such as non-linearities of power amplifiers,
I/Q imbalance, phase drifts due to non-ideal oscillators, and carrier frequency offsets. Particularly, symbol-dependent perturbations are fully accounted into the designed hierarchical
signal model as unknown model parameters. The developed variational Bayesian symbol detector is able to learn the unknown perturbations in an iterative fashion. Numerical evaluation
confirms the effectiveness of the proposed approach.
IEEE Global Communications Conference (GLOBECOM)

This work may not be copied or reproduced in whole or in part for any commercial purpose. Permission to copy in
whole or in part without payment of fee is granted for nonprofit educational and research purposes provided that all
such whole or partial copies include the following: a notice that such copying is by permission of Mitsubishi Electric
Research Laboratories, Inc.; an acknowledgment of the authors and individual contributions to the work; and all
applicable portions of the copyright notice. Copying, reproduction, or republishing for any other purpose shall require
a license with payment of fee to Mitsubishi Electric Research Laboratories, Inc. All rights reserved.
Copyright c Mitsubishi Electric Research Laboratories, Inc., 2019
201 Broadway, Cambridge, Massachusetts 02139

Variational Bayesian Symbol Detection for Massive MIMO
Systems with Symbol-Dependent Transmit Impairments
Pu Wang, Toshiaki Koike-Akino, Philip V. Orlik, Milutin Pajovic, Kyeong Jin Kim
Mitsubishi Electric Research Laboratories (MERL)
Cambridge, MA 02139, USA
e-mail: pwang@merl.com

Abstract—In this paper, we propose a variational Bayesian
inference approach for a low-complexity symbol detection for
massive MIMO systems with symbol-dependent transmit-side
impairments. This study is motivated by observations that realworld communication transceivers are often affected by the
hardware impairments, such as non-linearities of power amplifiers, I/Q imbalance, phase drifts due to non-ideal oscillators,
and carrier frequency offsets. Particularly, symbol-dependent
perturbations are fully accounted into the designed hierarchical
signal model as unknown model parameters. The developed
variational Bayesian symbol detector is able to learn the unknown
perturbations in an iterative fashion. Numerical evaluation confirms the effectiveness of the proposed approach.
Index Terms—Massive MIMO systems, hardware impairments, BPSK, variational Bayesian inference.

I. I NTRODUCTION
Massive multiple-input multiple-output (MIMO) is a
promising technology to meet the ever growing demands
for higher throughput and better quality-of-service of nextgeneration wireless communication systems. Massive MIMO
systems are equipped with a large number of antennas at
base station (BS) simultaneously serving a number of singleantenna users sharing the same time-frequency slot. By exploiting the asymptotic orthogonality among channel vectors
associated with different users, the massive MIMO system can
achieve almost perfect inter-user interference cancelation with
a simple linear precoder and receive combiner, and thus have
the potential to enhance the spectrum efficiency by several
orders of magnitude [1].
Despite all these benefits, the massive MIMO system poses
new challenges for system design and hardware implementation. For example, the hardware cost and power consumption
become prohibitively high as the number of antennas at the
BS is large and high-resolution analog-to-digital convertors
(ADCs) are employed. Extensive studies have considered
channel estimation and symbol detection for the massive
MIMO system with low-resolution ADCs (e.g. 1-3 bits) [2],
[3]. In addition, transmit impairments have been recently
received attention for the massive MIMO system. In fact, realworld communication transceivers are often affected by the
hardware impairments such as non-linearities of power amplifiers, I/Q imbalance, phase drifts due to non-ideal oscillators,
and carrier frequency offsets [4]–[17].
In this paper, symbol-dependent perturbations due to transmit impairments are modeled as unknown parameters [4], [6],

Fig. 1. The signal model of symbol detection for massive MIMO systems
with transmit-side impairments.

[11], [18]. Specially, we introduce a truncated Gaussian mixture prior distribution to effectively transmitted symbols. As
shown in Section IV, this prior distribution has the capability
to push the solution towards unknown but fixed boundaries
which can be used for later symbol detection. As a result, a
hierarchical Gaussian mixture signal model on the perturbed
transmitted symbol is used to enforce the finite alphabet
nature, and the framework of variational Bayesian inference
is employed to develop an iterative detection algorithm. One
key challenge here is that, to update the model parameters
such as the unknown boundaries, we need to compute the
expectation of the logarithm of the normalization factor over
the posterior distribution, which is difficult to derive in a
closed-form expression. To address this issue, we propose an
approximate, closed-form updating rule by finding the optimal
the adjustment of the two boundaries for the next iteration.
The performance is numerically evaluated by using the MonteCarlo simulation.
The remainder of this paper is organized as follows. In
Section II, the signal model of the massive MIMO system
is introduced to account for the hardware impairment. We
briefly review the boxed-LASSO approach in Section III. The
iterative Bayesian approach with a new scheme of updating
boundary parameters is proposed in Section IV. Simulation
results are provided in Section V, followed by the conclusion
in Section VI.
II. S IGNAL M ODEL
Consider a massive MIMO system with Nt transmit and Nr
receive antennas. The transmitted symbols take values from a
finite constellation set A (e.g., PSK or QAM). Without loss
of generality, we assume A = {±1}. Let s ∈ ANt denote
the nominal transmitted vector and H ∈ C Nr ×Nt denote

B. Decorrelator
A simple relaxation of the ML decoder is to relax the
feasible set to the N dimensional space RNt
x̂ = arg min ky − Hxk2 ,
x∈RNt

(5)

which essentially removes the constraints and converts the
discrete optimization problem into a continuous one. It is easy
to show that
z = (HT H)−1 HT y

(6)

and the decorrelator takes the sign of the above solution as
Fig. 2. An example of symbol-dependent perturbations on the transmitted
symbol due to transmit-side impairments on BPSK modulation, where u1 =
−0.1 and u2 = −0.2.

ŝ = sign{z}

(7)

C. Box Relaxation
the channel gain matrix, whose entries are assumed to be
independent and identically distributed (i.i.d.) Gaussian with
zero mean and unit variance. The received vector y ∈ C Nr ×1
is given by
y = Hx + v = H(s + e) + v,

(1)

where x is the effectively transmitted vector due to the
transmit impairment, e is the transmit perturbation vector, and
v is the Gaussian distributed noise with zero mean and an
unknown variance β −1 , i.e., v ∼ N (0, β −1 INt ). Moreover,
the nominal transmitted symbol sn ∈ {−1, 1} follows a
Bernoulli distribution,
(1+sn )/2

p (sn ; π) = (π)

(1−sn )/2

(1 − π)

,

(2)

where π = 0.5. Moreover, the transmit hardware impairment
introduces a symbol-dependent permutation vector e,
(
u1 sn = 1
en =
,
(3)
u2 sn = −1
where u1 and u2 are unknown variables.
The problem of interest is, given the received vector y, to
detect the symbol s by taking into account the binary nature
of s and in the case of unknown symbol-dependent transmitimpairments e.
III. P RIOR A RTS
In the following, we briefly review existing approaches for
symbol detection for massive MIMO systems.
A. The Maximum-Likelihood Decoder
The maximum likelihood (ML) decoder maximizes the
probability of error (assuming {1, −1} are equally likely) is
given by
x̂ = arg

min

x∈{±1}Nt

ky − Hxk2 ,

(4)

which is often computationally intractable, especially when
the dimension Nt is large.

The constraint set of (4) consists of corner points of the unit
hypercube (box). Another solution is to relax the constraint
set to cover the whole hypercube and convert (4) to a convex
programming problem
x̂ = arg

min

x∈[−1,1]Nt

ky − Hxk2 .

(8)

Both the cost function and the constraint set in (8) are convex.
Thus, it has a unique minimum. However, the optimum point
does not have a closed form and one should use iterative methods to find the solution. Then the solution to (8) (denoted as
x̂BR ) is hard-thresholded to produce the final binary estimate.
ŝ = sign{x̂BR }.

(9)

Numerous low-complexity implementations of (8) have been
proposed in the literature.
IV. P ROPOSED VARIATIONAL BAYESIAN S YMBOL
D ETECTION
In this section, we propose a low-complexity symbol detector for the massive MIMO system with symbol-dependent
transmit impairments. Specifically, we utilize the variational
Bayesian inference (VBI) framework to recover x with a
special design of the hierarchical prior on the binary vector
x and introduce a new scheme to update unknown boundaries
of the effectively transmitted symbols.
A. Hierarchical Signal Model
It is noted that the element of x takes either of the binary
values {v2 = −1 + u2 , v1 = 1 + u1 }. In order to explore
this binary nature, we impose independent truncated Gaussian
mixture prior distributions on the elements of x,
p (xn |αn1 , αn2 , cn ; v1 , v2 ) , xn ∈ [v2 , v1 ],
(10)
"
 #1−cn
 #cn "
−1
−1
N xn ; v1 , αn1
N xn ; v2 , αn2
·
,
=
ηn1
ηn2
where cn ∈ {0, 1} is a binary label variable for the n-th
√
element xn , and ηn1
 = 0.5 − Φ −2v αn1 and ηn2 =
√
−0.5 + Φ 2v αn2 are the normalization factors with v =
1 + (u1 − u2 )/2 and Φ(·) denoting the cumulative distribution
function of the standard normal distribution.

Fig. 3. Truncated Gaussian mixture prior p(xn ) for the effectively transmitted
symbol xn ∈ [v2 = −1.5, v1 = 0.9] with different prior precisions α1 and
α2 , when u1 = −0.1, u2 = −0.5 and π = 0.5.

In addition, the binary label vector c = [c1 , . . . , cN ]T
follows an i.i.d. Bernoulli distribution with parameter π,
cn

p (cn ; π) = (π)

1−cn

(1 − π)

.

(11)

With (10) and (11), the prior distribution of xn is given as
p (xn |αn,1 , αn,2 ; v1 , v2 )
X
=
p (xn |αn,1 , αn,2 , cn ; v1 , v2 ) p (cn ; π)
cn ∈{0,1}

=π

N

−1
xn ; v1 , αn1

ηn1


+ (1 − π)

N

−1
xn ; v2 , αn2



ηn2

(12)

where xn ∈ [v2 , v1 ]. Fig. 3 shows the truncated Gaussian
mixture prior p(x) when the symbol-dependent perturbations
are given as u1 = −0.1 and u2 = −0.5 (resulting in
[v2 , v1 ] = [−1.5, 0.9]) with different prior precisions α1 and
α2 . As shown in the figure, larger prior precisions (α1 and
α2 ) push the prior distribution of xn towards its boundaries
and hence it captures the binary nature of xn .
Furthermore, we treat the perturbation precision, αn1 and
αn2 , as i.i.d. random variables and specify the the Gamma
distribution as hyperpriors over these precision variables,
p (α1 , α2 ; ζ1 , ζ2 ) =

2 Y
N
Y

Gamma (αni |ζ1 , ζ2 ) ,

(13)

i=1 n=1

where α1 = [α11 , . . . , αN 1 ]T , α2 = [α12 , . . . , αN 2 ]T , and
−1

Gamma (α|ζ1 , ζ2 ) = Γ (ζ1 )

ζ2ζ1 αζ1 −1 e−ζ2 α

(14)

with ζ1 and ζ2 are set as small values, e.g., ζ1 = ζ2 =
10−6 , for non-informative hyperpriors on α1 and α2 . Overall,
the hierarchical truncated Gaussian mixture model can be
described in a graphical representation shown in Fig. 4,
where hidden random variables (red circles) are given as
{x, c, α1 , α2 }, unknown model parameters include the two
unknown boundary parameters {v1 , v2 } and noise variance
β −1 , and pre-determined hyperparameters include the prior
symbol probability of π = 0.5 and the hyper-prior parameters
ζ1 = ζ2 = 10−6 .
B. Variational Bayesian Symbol Detection
According to the above hierarchical signal model, we utilize
the variational Bayesian inference for the posterior distributions of hidden random variables {x, c, α1 , α2 } and updating

Fig. 4. A graphical representation of the signal model for the massive MIMO
system with symbol-dependent impairments. y, the measurement at the
receiver side, is an observable random variable denoted by blue circles. Red
circles represent hidden random variables including the effectively transmitted
symbol x, the nominal symbol c and the precision parameters of impairmentinduced perturbation α1 and α2 . Squares denote the unknown deterministic
model parameters including the perturbation boundaries {v1 , v2 } and the
noise variance β −1 . And diamonds denote pre-determined hyperparameters,
i.e., the prior probability of the nominal symbol π = 0.5 and the hyper-prior
parameters ζ1 = ζ2 = 10−5 .

rules for unknown model parameters, i.e., the deterministic
perturbation parameters {v1 , v2 } and noise variance β −1 .
Decoupled Transmit-Channel-Based Likelihood Function: The receiver-channel-based likelihood function of y is
given by
p (y|x; β) =

1
(2πβ −1 )Nr

e−
/2

βky−Hxk2
2
2

,

(15)

where the measurement ym at each receive channel includes contributions from all effectively transmitted symbols
t
{xn }N
n=1 due to the mixing channel matrix H. In order to
derive the posterior distributions, it is necessary to factorize
the receiver-channel-based likelihood function to a decoupled transmit-channel-based likelihood function. This can be
done by using the GAMP framework which approximates
the likelihood function as a product of approximate marginal
likelihoods:
Nt
Y

Nt
Y

(xn −r̂n )2
1
e− 2τ̂n .
2πτ̂n
n=1
n=1
(16)
As a result, the receiver-channel-based likelihood function is
approximately decoupled in the transmit-channel sense (with
respect to the transmitting antenna index n). For each transmitchannel, we have an equivalent Gaussian marginal likelihood
with mean r̂n and variance τ̂n . The detailed derivation of mean
and variance can be found in Appendix. It is worth noting
that this decoupling process of (16) has been used in the
massive MIMO symbol detection [1], [14], [19] and the peakto-average power ratio reduction for MIMO-OFDM systems
[20].
Posterior Distributions of Hidden Random Variables:
Then, with the decoupled likelihood function of (16), the
variational expectation-maximization (EM) algorithm is used
to derive the posterior distribution of the hidden random
variables, i.e., {x, α1 , α2 , c}.

p (y|x; β) ≈

p(xn |r̂n , τ̂n ) =

√

Posterior of the effectively transmitted symbol x: We first
start with the derivation of the posterior distribution of the
effectively transmitted symbol vector x. With (10) and (16)
and by only keeping terms related to xn , we have
ln q (x) = hln p (y, x, α1 , α2 , c; θ)iq(α1 )q(α2 )q(c) + const

Similarly, the posterior distribution of α2 can be factorized
into independent Gamma distribution, i.e.


q (αn2 ) = Gamma αn2 |ãn2 , b̃n2 ,
(25)
where

=hln [p(y|x; β)p(x|α1 , α2 , c; v1 , v2 )]iq(α1 )q(α2 )q(c) + const
Nt
 −1
1X
τ̂ (xn − r̂n )2 + hcn ihαn1 i(xn − v1 )2
=−
2 n=1 n

+(1 − hcn i)hαn2 i(xn − v2 )2 + const

b̃n2 = ζ2 + 0.5(1 − hcn i)h(xn − v2 ) i.

ln q (c) = hln p (y, x, α1 , α2 , c; θ)iq(x)q(α1 )q(α2 ) + const
=hln [p(x|α1 , α2 , c; v1 , v2 )p(c)]iq(x)q(α1 )q(α2 ) + const

if xn ∈ [v2 , v1 ],
(17)

where v1 = v + b and v2 = −v + b. This implies the posterior
distribution of x can be factorized into independent truncated
Gaussian distribution,
(
2
N (µ̃n ,σ̃n
)
xn ∈ [v2 , v1 ]
η̃
n
,
(18)
q (xn ) =
0
elsewhere
where the posterior mean µ̃n and variance σ̃n2 are given as

µ̃n = τ̂n−1 r̂n + hcn ihαn1 iv1 + (1 − hcn i)hαn2 iv2 σ̃n2 ,
(19)
−1
2
−1
σ̃n = τ̂n + hcn ihαn1 i + (1 − hcn i)hαn2 i
,
(20)
(21)

Posterior of precision variables {α1 , α2 }: With (13) and
(16) and by only keeping terms related to αn1 , we have
ln q (α1 ) = hln p (y, x, α1 , α2 , c; θ)iq(x)q(α2 )q(c) + const
= hln [p(x|α1 , α2 , c; v1 , v2 )p(α)]iq(x)q(α2 )q(c) + const
=

Nt
X

[(0.5hcn i + ζ1 − 1) ln αn1

n=1



− 0.5hcn ih(xn − v1 )2 i + ζ2 αn1 − hcn i ln ηn1 + const,
≈

Nt
X

(27)

Posterior of the label variable c: For the last class of hidden
variables, the binary label variable c ∈ {0, 1}, its posterior
distribution can be inferred as

Nt

1X
τ̂n−1 + hcn ihαn1 i + (1 − hcn i)hαn2 i x2n
2 n=1

− 2 τ̂n−1 r̂n + hcn ihαn1 iv1 + (1 − hcn i)hαn2 iv2 xn

with the normalization factor


η̃n = Φ σ̃n−1 (v1 − µ̃n ) − Φ σ̃n−1 (v2 − µ̃n )

(26)
2

=−

+ const,

ãn2 = ζ1 + 0.5(1 − hcn i),

=

Nt
X

(`n1 − `n2 )cn + const,

where `n1 = ln π + 0.5hln αn1 i − hln ηn1 i − 0.5hαn1 ih(xn −
v1 )2 i and `n2 = ln(1 − π) + 0.5hln αn2 i − hln ηn2 i −
0.5hαn2 ih(xn −v2 )2 i. The computation of the posterior quantities hln ηn1 i and hln ηn2 i is quite involved and can be replaced
(t)
(t)
by their updated values ln ηn1 and ln ηn2 from the previous
iteration. As a result, c has independent posterior Bernoulli
distribution with the parameter π̃n = (1 + e`n2 −`n1 )−1
cn

q (cn ; π̃n ) = (π̃n )

n=1



− 0.5hcn ih(xn − v1 )2 i + ζ2 αn1 + const,
(t)
ln ηn1

to replace ln ηn1
where we have used the updated value
and make it irrelevant to the posterior distribution of αn1 . As
a result, the posterior distribution of α1 can be factorized into
independent Gamma distribution, i.e.


q (αn1 ) = Gamma αn1 |ãn1 , b̃n1 ,
(22)
where
ãn1 = ζ1 + 0.5hcn i,

(23)

b̃n1 = ζ2 + 0.5hcn ih(xn − v1 )2 i.

(24)

1−cn

(1 − π̃n )

.

(29)

Compared with the prior distribution of cn in (11), the posterior distribution is no longer identical since the parameter π̃n
is now dependent on the index n.
Computation of Posterior Quantities: To update the above
posterior distributions, we need to compute the following
posterior quantities:
 



σ̃n
v1 − µ̃n
v2 − µ̃n
hxn i = µ̃n −
φ
−φ
,
η̃n
σ̃n
σ̃n
x2n = µ̃n hxn i + σ̃n2





σ̃n
v1 − µ̃n
v2 − µ̃n
−
v1 φ
− v2 φ
,
η̃n
σ̃n
σ̃n
hαn1 i = ãn1 /b̃n1 , hαn2 i = ãn2 /b̃n2
hln αn1 i = ψ (ãn1 ) − ln b̃n1 ,
1
,
hcn i =
1 + e`n2 −`n1

[(0.5hcn i + ζ1 − 1) ln αn1

(28)

n=1

hln αn2 i = ψ (ãn2 ) − ln b̃n2

where φ(x) is the standard normal probability density function
at the value of x, and ψ (a) = ∂ ln Γ (a)/∂a is the digamma
function [21].
Update of Deterministic Model Parameters: In the following, we obtain the updating rules for three deterministic
parameters θ = {β, v1 , v2 }. The general rule is to maximize
the Q-function with respect to the unknown parameters [22]
 NEW
θ
= argmax hln p (y, x, α1 , α2 , c; θ)iq(x)q(α1 )q(α2 )q(c)
θ

where the Q-function is obtained as the expectation of the
logarithm of the complete likelihood function (y, x, α1 , α2 , c)

with respect to the posterior distributions of all hidden variables {x, α1 , α2 , c}.
First, the corresponding Q-function of β can be expressed
as
Q(β, β (k) ) =

Nr
X

hln p(ym |dm ; β)ip(dm |y;β) + const, (30)

m=1

where ym = dm + vm and dm is the m-th element of the
noiseless measurement d = Hx whose posterior distribution
p(dm |y; β) can be found in Step 2 of the Appendix. In
other words, the equivalent variable d can summarize all
contributions from the hidden variables {x, α1 , α2 , c}. Then
it is straightforward to show that
Q(β, β (k) ) = −

Nr
X

1
[ln β + βh(ym − dm )2 i] + const, (31)
2 m=1

Fig. 5. Recovered transmitted symbol xn ∈ [−0.3, 1.5] with u1 = 0.5,
u2 = 0.7 using various methods when SNR = 20 dB.

which yields
β (k+1) =

Nr
Nr
P

,

(32)

h(ym − dm )2 i

m=1

where the expectation is taken over the posterior distribution
of dm .
Next, to update the two unknown boundary values {v1 , v2 },
the corresponding Q-function of {v1 , v2 } is difficult to find
a closed-form expression. Alternatively, we consider a leastsquare updating procedure. Specifically, we minimize the
following cost function
[∆b̂, ∆v̂] = arg min ky − A(x̂(k) + ∆b1 + ∆vh)k22 (33)
∆b,∆v

(k)

where 1 is the all-one vector and hn = h(n) = 1 if xn > b̂(k)
(k)
(k)
(k)
or hn = −1 if xn ≤ b̂(k) with b̂(k) = (v̂1 + v̂2 )/2
denoting the estimated middle point of the unknown interval
at the k-th iteration. It can be seen that the updating rule of
{v1 , v2 } is converted to the updating of the middle point b
and the marginal distance v to the current estimate of bounds
by finding the optimal adjustments {∆b, ∆v}. More precisely,
(33) minimizes the data fitting error using the current estimate
of x, i.e., x̂(k) , the adjustment of the mean ∆b and its marginal
distance ∆v to the two boundaries. The exact solution of
{∆b, ∆v} is given as
 (k+1) 
−1 T
∆b
= QT Q
Q (y − Ax̂(k) )
(34)
∆v (k+1)
where Q = A[1, h]. Finally, the two boundaries {v1 , v2 } can
be updated as
(k+1)

= v1 + (∆b(k+1) + ∆v (k+1) ),

(k+1)

= v2 + (∆b(k+1) − ∆v (k+1) ).

v1

v2

(k)

(k)

(35)

(a)

(b)

Fig. 6. Performance comparison in terms of (a) BER and (b) normalized
MSE as a function of SNRs.

V. N UMERICAL R ESULTS
In this section, numerical results are provided to evaluate
the proposed symbol detector. Specifically, we consider the a
MIMO system of Nt = Nr = 32 transmit and receive antennas
with BPSK modulation. The symbol-dependent perturbation is
u1 = 0.5 and u2 = 0.7 which results in [v2 , v1 ] = [−0.3, 1.5].
The channel matrix is generated as the Gaussian matrix with
zero mean and unit variance. The SNR is defined on a basis
of per receive-antenna, i.e., SNR = kAxk2 /(M σ 2 ). We
compare the proposed symbol detector with the boxed-LASSO
approach of (8) with 1) under-relaxed bounds [−1, 1], 2)
over-relaxed bounds [−2, 2], and 3) known bounds [−0.3, 1.5]
which serves as the performance benchmark for all methods.
Fig. 5 shows an illustrative example of the recovered
transmitted signal xn for all considered methods when SNR =
20 dB. It is shown that the boxed-LASSO approach with
mismatched bounds gives more fluctuating estimates of xn
over the proposed estimates. On the other hand, the proposed
variational Bayesian symbol detection gives similar results to
those of the boxed-LASSO with known bounds.
Fig. 6 (a) shows the bit error rate (BER) for all considered
methods when SNR varies from 10 dB to 30 dB. It is clear
that the boxed-LASSO approach with known bounds provides
the best performance while the ones with mismatched (underrelaxed and over-relaxed) bounds give worse performance.
The proposed VBI approach gives better performance than
the boxed-LASSO with either under-relaxed or over-relaxed
bounds. Fig. 6 (b) shows the normalized MSE kx̂ − xk22 /kxk22

for all considered methods. Similar observations can be made
from the normalized MSE criterion.
VI. C ONCLUSION
In this paper, we proposed the variational Bayesian symbol
detection for the massive MIMO system which is subject
to symbol-dependent transmit-side impairments. Specifically,
we imposed a truncated Gaussian mixture prior distribution
to the perturbed transmitted symbol to capture the binary
nature. With a hierarchical signal model, we obtained the posterior distributions of all hidden variables, e.g., the effectively
transmitted symbols, and closed-form updating formulas for
unknown model parameters, e.g., the unknown impairmentinduced perturbation parameters.
VII. A PPENDIX
To get the approximate likelihood function of (16), we
need to compute the approximate mean r̂n and variance
τ̂n , which can be obtained by using the GAMP algorithm
[23] with inputs from the means x̂n = hxn iq(xn ) , variances
τnx = h(xn − x̂n )2 iq(xn ) , and the noise variance β −1 . Particularly, to compute the decoupled likelihoods N (xn |r̂n , τ̂n )
and the posterior likelihood of the noiseless measurement
w
), we follow the steps below:
N (dm |dˆm , τ̂m
• Initialize ŝm = 0,
m = 1, · · · , Nr ;
• Step 1: for all m = 1, · · · , Nr :
X
X
x
2
x
τ̂m
=
Hmn
τnx , p̂xm =
Hmn x̂n − τ̂m
ŝm ,
n

•

n

where Hmn is the (m, n)-th element of H.
Step 2: for all m = 1, · · · , Nr , compute the posterior mean and variance of dm with respect to
x
p(dm |ym , τ̂m
, p̂xm ), i.e.,
x ,p̂x ) ,
dˆm = hdm ip(dm |ym ,τ̂m
m
d
2
τ̂ = h(dm − dˆm ) ip(d |y

m

m

x
x
m ,τ̂m ,p̂m )

,

and update
ŝm =
•

dˆm − p̂xm
,
x
τ̂m

s
τ̂m
=

d
x
1 − τ̂m
/τ̂m
,
x
τ̂m

Step 3: for all n = 1, · · · , Nt , compute the mean and
variance of the decoupled likelihood function
!−1
X
X
2
s
τ̂n =
Hmn τ̂m
, r̂n = x̂n + τ̂n
Hmn ŝm .
m

m
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