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Abstract
Fiber non-linearity has become a major limiting factor to realize ultra-high- speed optical communications. We propose a fractionally-spaced equalizer which exploits a trained high-order
statistics (mean, variance, skewness, etc.) to deal with data-pattern dependent nonlinear impairments in fiber- optic communications. The computer simulation reveals that the proposed 3-tap
equalizer improves Q-factor by more than 2 dB for long-haul transmissions of 5,230km distance
and 40 Gbps data rate. We also demonstrate that the joint use of a digital back propagation
(DBP) and the proposed equalizer offers an additional 12 dB performance improvement due to
the channel shortening gain. A performance in beyond 100 Gbps high-speed transmissions is
evaluated as well.
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光ファイバ通信において超高速通信を実現するには非線形歪を補償することが重要である．非線形歪は送

信信号データに依存することが知られており，本稿ではこれを利用した等化方式を提案している．本方式は光ファイ
バ入出力応答の多次元高次統計量（平均・分散・歪度など）を適応的に学習し，データ依存のある非線形歪を効率よ
く補償する分数間隔等化を適用している．提案方式の利用により 40 Gbps の伝送速度・5,230 km の伝送距離において

2 dB 以上の特性改善効果が得られることを計算機シミュレーションで明らかにする．また，デジタル後方伝搬を等化
器の前段に用いることで伝搬路応答のメモリ長を短縮し，1–2 dB のさらなる特性改善が可能であることを示す．また，

100 Gbps 超の高速通信時における特性改善効果も議論する．
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Abstract Fiber nonlinearity has become a major limiting factor to realize ultra-high-speed optical communications. We propose a fractionally-spaced equalizer which exploits a trained high-order statistics (mean, variance,
skewness, etc.) to deal with data-pattern dependent nonlinear impairments in ﬁber-optic communications. The
computer simulation reveals that the proposed 3-tap equalizer improves Q-factor by more than 2 dB for long-haul
transmissions of 5,230 km distance and 40 Gbps data rate. We also demonstrate that the joint use of a digital
backpropagation (DBP) and the proposed equalizer oﬀers an additional 1–2 dB performance improvement due to
the channel shortening gain. A performance in beyond 100 Gbps high-speed transmissions is evaluated as well.
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1. Introduction

ing (DP-PSK) and quadrature-amplitude modulation (DPQAM). However, ﬁber nonlinearity can signiﬁcantly degrade

Digital coherent optical transmissions have a potential

the advantage of coherent transmission systems over conven-

to increase data rates with dual-polarized phase-shift key-

tional non-coherent transmission systems as such spectrally
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eﬃcient modulation formats require higher signal power
which causes higher nonlinear distortion [1], [2]. Therefore,
to mitigate ﬁber nonlinearity has been of great importance
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図 1 コヒーレント光通信システムにおける非線形歪の高次統計量を

quires high-complexity processing based on split-step Fourier

用いた分数間隔等化器．
Fig. 1 Fractionally-spaced statistical sequence equalizer (FS-

methods (SSFM). Although there exist several reduced-

SSE) which exploits high-order statistics of nonlinearity

complexity methods [5]〜[8], the performance is susceptible

distortion in coherent ﬁber-optic systems.

to the ampliﬁed spontaneous emission (ASE) noise and the
polarization mode dispersion (PMD). Moreover, the SSFM
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parameters used in DBP should be manually adjusted to
achieve the best performance in general.

1

sequence equalizers (SSE), studied in [9], [10], which mitigates data-pattern-dependent nonlinearity. In the scheme
presented in [10], the ﬁrst-order statistics (i.e., the mean of
the the nonlinear distortion) is trained ﬁrst for some possible data patterns, and the pattern matching is performed to

Quadrature-Phase

We focus on an alternative method based on statistical
100
101
300
301

0.5

000
001
102
103
200
201
302
303

0

002
003
202
203

R2

-0.5
R1

equalize the nonlinearity. The statistical sequence equalizer

R3

achieves good performance with low complexity for short-1

memory channels, and could be combined with other methods including DBP and frequency-domain equalizer (FDE).
-1.5
-1.5

In this paper, we extend the original SSE in several di-

-1

-0.5

0

0.5

1

1.5

In-Phase

rections: i) we propose the use of second-order statistics

非 線 形 歪 の あ る 受 信 I-Q 信 号 例（ 送 信 電 力 −4 dBm，波長

(i.e., not only mean but also covariance), ii) we adopt a

図 2

fractionally-spaced signal processing, iii) we use an excess

1551 nm，ファイバ長 5,230 km）．
Fig. 2 Examples of received I-Q constellation with nonlinear dis-

window size for pattern matching, and iv) we introduce a cascaded equalizer which employs a reduced-complexity DBP to

tortion (launching power: −4 dBm, wavelength: 1551 nm,
ﬁber distance: 5,230 km).

shorten the channel memory in conjunction with a statistical
equalizer to suppress the residual nonlinearity.
Through the computer simulations, we obtain more than
2 dB improvement using the proposed equalizer for coherent optical communications with 40 Gbps non-return-to-zero
(NRZ) DP-QPSK or diﬀerential QPSK (DP-DQPSK) signals
after 5,230 km transmissions. The achieved performance is
better than that of the DBP in low local dispersion channels,
and is comparable to the DBP in high local dispersion channels. We also demonstrate that the joint use of DBP and
SSE enjoys an additional 1–2 dB gain. A performance improvement of the cascaded equalizer is evaluated for beyond
100 Gbps high-speed transmissions as well.

2. Nonlinear Equalizer
Fig. 1 shows the schematic of the proposed statistical sequence equalizer in coherent optical communications. The
digital data sk at the time instance k is transmitted through
the nonlinear ﬁber by using the coherent optical transceiver.
The received data may be ﬁrst processed by several pre-

equalization units, including timing recovery, FDE for chromatic dispersion compensation, PMD compensation, DBP
for nonlinear compensation, and so on. The pre-processed
signal is fed into a shift register which accepts fractionallyspaced (or, oversampled) data. Those signals are also analyzed to obtain the statistics of the ﬁber nonlinearity. The
oversampled data is then equalized by a maximum-likelihood
sequence estimation (MLSE) detector which employs the
Viterbi algorithm based on the ﬁber statistics.
2. 1 Statistical Sequence Equalizer (SSE)
As discussed in [10], intra-channel nonlinear distortion
highly depends on the transmitted data pattern. The statistical sequence equalizer (SSE) in [10] ﬁrst acquires such
data-pattern-dependent distortion characteristics by averaging the received sequence with training data or on-line learning process. The trained mean signals are then used to equalize the nonlinear distortion by searching for a pattern with
the minimum Euclidean distance from the received sequence.
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Fig. 2 illustrates an example of the received I-Q (In-

appeared in the past. The notations R, ℜ[·] and ℑ[·] are

phase/Quadrature-phase) constellations distorted by the

a real-number set, the element-wise real part and imaginary

ﬁber nonlinearity for a launching power of −4 dBm over

part operations, respectively. The main reason to expand the

5,230 km long-haul transmissions (corresponding to 8 dBQ

complex-valued vector rj to a double-size real-valued vector

with a 1-tap phase compensator).

r′j is to model the circular asymmetry illustrated in Fig. 2.

Here, we plot 4,000

sample-spaced receiving signals of a random DQPSK se-

With the trained statistics, the expected likelihood of the

quence. To show the data-pattern-dependent nonlinearity,

received signals rk given a data pattern s is calculated by

we also present the averaged signal points of the k-th re-

the circularly-asymmetric Gaussian model as follows:

ceived signal E[rk ] conditioned on the consecutive 3-symbol
data pattern sk = [sk−1 , sk , sk+1 ], where E[·] denotes the
expectation. There are 64 points in the ﬁgure since the to3

tal number of the diﬀerent data patterns is 4 = 64 from

Pr(rk | s) = √

1
[
]
det 2πΣ(s)

)
)
)T
1( ′
−1 ( ′
exp − rk − µ(s) Σ(s)
rk − µ(s) .
2
(

(3)

sk = [0, 0, 0] to [3, 3, 3] for a 3-tap data sequence. It can be
seen from Fig. 2 that the mean of the received signal (e.g. for
the data pattern [0, 0, 0]) diﬀers from that for another (e.g.
[0, 0, 2]). The SSE exploits such a data-pattern-dependent

Its log-likelihood is then expressed as
)T
(
)
1( ′
rk − µ(s) Σ(s)−1 r′k − µ(s)
2
[
]
1
− ln det 2πΣ(s) .
2

ln Pr(rk | s) = −

distortion to compensate the nonlinearity.
2. 2 High-Order Statistics
In this paper, we propose the use of higher-order statistics (variance, skewness, etc.) in addition to the ﬁrst-order
statistics (mean) to mitigate residual nonlinear noise as well.
As shown in Fig. 2, the residual (out-of-memory) nonlinear
distortion performs as an eﬀective noise which also depends
on the data pattern; speciﬁcally, the distribution of the residual distortion around the region “R1” is diﬀerent from that
of the region “R3.” More importantly, the distribution is not
circularly symmetric (i.e., ellipsoidal rather than circular).
To take the pattern-dependent residual nonlinearity into
account properly, we introduce a model based on a circularlyasymmetric Gaussian distribution. We consider a window
size of N receiving samples centered around the target
transmission data to establish an empirical statistics. Let
rk = [rk−⌊(N −1)/2⌋ , . . . , rk , . . . , rk+⌊N/2⌋ ]T ∈ CN denote the
received signal sequence in the shift register of window size
N , where ⌊·⌋, [·]T , and C denote a ﬂoor function, a transpose
operation, and a complex-number set, respectively. A statistics analyzer obtains the empirical mean vector and the covariance matrix of the received signals for each transmission
data pattern s = [sk−⌊(M −1)/2⌋ , . . . , sk , . . . , sk+⌊M/2⌋ ] ∈ NM ,
where N denotes the natural number set (positive integers).
Letting s be one of the 4

M

Note that it reduces to a simpliﬁed function of the Euclidean
distance, ∥r′k − µ(s)∥, when no information of the covariance is available. The beneﬁt of the second-order statistics
is twofold: i) less-noisy samples are prioritized via diagonal variance information and ii) correlated nonlinear noise
is eﬀectively whitened via oﬀ-diagonal correlation information. The extension to the use of the third-order statistics
(skewness) is rather straightforward by using the multivariate skew-normal distribution [12].
2. 3 Statistics Updating
The empirical mean in (1) and the empirical covariance in
(2) can be updated periodically or continuously with a predeﬁned training sequence or a hard-decision data. To track
the time-varying statistics, one can use an exponentiallyweighted mean and covariance as µ(s) ← νµ(s) + r′j and
(
)(
)T
Σ(s) ← νΣ(s) + r′j − µ(s) r′j − µ(s) with an appropriate normalization of (1 − ν) where 0 < ν < 1 is referred to
as a forgetting factor. Note that the determinant and the
inverse of the covariance matrix, those of which are required
for the likelihood calculations as in (4), can be eﬃciently
updated by the Sherman-Morrison formula [11] as follows:
[
]
[
]
ln det Σ(s) ← ln det Σ(s) + 2N ln ν + ln c,

possible data patterns (for 4-

Σ(s)−1 ←

ary data), the empirical mean vectors µ(s) ∈ R2N and the
covariance matrices Σ(s) ∈ R2N ×2N are expressed as follows:
µ(s) =

Σ(s) =

1
N (s)

∑

r′j ,

(1)

j : sj = s

1
N (s) − 1

where we deﬁne

r′j

)(
)T
∑ ( ′
rj − µ(s) r′j − µ(s) ,

≜

ℜ[rT
j

]

]T
, ℑ[rT
j ]

1
1
Σ(s)−1 − bbT ,
ν
c

(5)
(6)

where we deﬁne
b≜

(
)
1
Σ(s)−1 r′j − µ(s) ,
ν

(
)
c ≜ 1 + bT r′j − µ(s) . (7)

It reduces the computational complexity from the cubic or(2)

j : sj = s

[

(4)

der O[(2N )3 ] to the square order O[(2N )2 ] for the matrix
inversion, where O[·] denotes the complexity order.

∈ R

2N

. Here, N (s)

is the total number of occurrences that the data pattern s

2. 4 Excess Window Size
The window size M for the transmission data sk should
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be optimized to deal with the memory length of the ﬁber
3000

channel. However, the total number of possible patterns inmay need to use a restricted window size in practice, for example M = 3 taps. On the other hand, the computational
complexity just increases linearly with the window size N for
the receiving data rk . We propose to use an excess window
size, where we can use N > M to enhance the performance.
Doing so, we can keep the computational complexity low
while a longer channel memory is considered with its cross
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creases exponentially with the window size M . Hence, we
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correlation in Σ(s).
2. 5 Fractionally-Spaced Processing
Furthermore, we introduce a fractionally-spaced processing to improve the performance by exploiting the correlation over the symbol transition.
pling factor.

図 3 光ファイバの波長分散マップ（波長 1551 nm，1561 nm）．

Fig. 3 Fiber channel dispersion maps (wavelength: 1551 nm and
1561 nm).

Let P be an oversam-

The received signal sequence is stored as

rk = [rkP −⌊(N −1)/2⌋ , . . . , rkP , . . . , rkP +⌊N/2⌋ ]T ∈ CN in the
N -sample shift register. The fractionally-spaced statistical
sequence equalizer (FS-SSE) has an advantage especially
when the transceiver ﬁlters have an inter-symbol interference due to the non-ideal Nyquist ﬁltering. In addition, the
symbol timing error is absorbed by oversampling.
2. 6 Cascading with DBP
Since the proposed equalizer cannot use a large window
tap size M due to the complexity issue in practice, an FDE
to compensate the chromatic dispersion is useful as a preprocessing unit to shorten the eﬀective channel memory.
To shorten the channel memory more eﬀectively, we can
adopt some nonlinear compensation techniques including the
DBP [3], [4] as a pre-processor. For such a cascaded use, the
DBP partly inverts the ﬁber nonlinearity, and the residual
distortion with limited memory is dealt with by the FS-SSE.
As we can see later, by using a reduced-complexity DBP
with a small number of steps for SSFM computations, an
equalizer cascaded with DBP and FS-SSE can enjoy a significant performance improvement while the overall complexity
is maintained to be reasonably low for practical applications.
Although we focus on the hard-decision MLSE equalizer
in this paper, the equalizer can be readily extended to a
soft-decision equalizer including a soft-output Viterbi algorithm (SOVA) and a maximum a posteriori (MAP) equalizer. In [13], the authors extended the proposed statistical
equalizer to the MAP receiver for a turbo equalization in
the system employing a soft-input soft-output decoder for
forward error correction (FEC) codes.

is a 10 Gbaud NRZ DP-QPSK or DP-DQPSK signal with
a center wavelength of 1551.32 nm or 1561.01 nm. Fig. 3 illustrates the dispersion maps of both channels, where we
can see a low local dispersion for 1551 nm and high local
dispersion for 1561 nm. After pre-dispersion compensation,
the signal is propagated through 5 loops of 18 spans of nonzero dispersion shift ﬁber (NZ-DSF) and 3 spans of standard
single-mode ﬁber (SSMF) with compensating erbium-doped
ﬁber ampliﬁers (EDFAs) (5 dB noise ﬁgure), post-dispersion
compensation and an optical ﬁlter (4-th order Gaussian ﬁlter
with a bandwidth of 2.5×10 GHz). Coherent detection is performed using a hybrid mixer and balanced photo-detectors.
The electric transmit ﬁlter uses a 25 ps rise-time Gaussian
pulse, and the receiver uses a 4-th order Bessel ﬁlter with
a cutoﬀ of 75 % of the symbol rate. After digitizing to 8
samples per symbol the residual dispersion is removed using
a linear frequency-domain equalizer (FDE) and the P -times
oversampled signal is fed into the statistical sequence equalizer. The ﬁber distance per loop is 1,046 km. The Q-factor
is calculated by bit error counting. We assume no PMD in
simulations, and use a circular polarization basis so that two
parallel equalizers for each polarization work individually.
3. 2 Q versus Launching Power
Figs. 4(a) and 4(b) show the simulation results of Q-factor
for DP-DQPSK in low local dispersion channels (1551.32 nm
wavelength) and high local dispersion channels (1561.01 nm
wavelength) respectively, after 5 loops (5,230 km).

Here,

“1Tap” denotes a 1-tap equalizer which performs as a phase
compensation ﬁlter with no memory. The notation of “3Tap”
stands for the proposed fractionally-spaced statistical sequence equalizer with M = 3 taps, N = 9 excess window and

3. Performance Evaluations
3. 1 Fiber Plant Configuration
For simulations, we use the ﬁber link conﬁguration corresponding to the experimental setup used in [6]. The channel

P = 2 oversampling. “DBP” denotes the DBP using manually optimized SSFM parameters. “Conv. 3Tap” denotes the
conventional 3-tap statistical equalizer [10] without using the
second-order statistics, excess window, and oversampling.
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Fig. 4 Simulation results of Q-factor performance as a function of launching power and
ﬁber distance for 40 Gbps DP-DQPSK and DP-QPSK.

Comparing to 1-tap phase compensation method, one can

further from 5,230 km to 10,460 km by 1,046 km loop each.

see that an improvement of higher than 2 dB in Q is achieved

The Q performance degrades with the ﬁber distance. Com-

by the proposed fractionally-spaced equalizer with 3 taps. It

pared to the 1-tap equalizer, the proposed statistical se-

should be noted that such a large gain is not obtained when

quence equalizer still obtains 1 dBQ improvement even at

we use the conventional statistical equalizer [10] with such

10,460 km for low local dispersion case, whereas the improve-

a small number of taps, since the scheme does not exploit

ment is considerably reduced for high local dispersion case.

the second-order statistics and oversampled signals. More-

It suggests that such a small tap equalizer should work with

over, the proposed equalizer can outperform the DBP (which

channel shortening methods for long-haul transmissions. The

uses 1 step per span, requiring 210 Fourier transform opera-

DBP itself works well for long-haul transmissions. And it is

tions), in low local dispersion channels as shown in Fig. 4(a).

observed that the cascaded equalizer using both the DBP

Even for high local dispersion channels shown in Fig. 4(b),

and FS-SSE achieves the best performance; more than 4 dB

the fractionally-spaced 3-tap equalizer achieves comparable

gain from the 1-tap equalizer at 10,460 km. The cascaded

performance in peak Q factor to the DBP. More importantly,

equalizer exhibits more robust performance against the local

the proposed equalizer oﬀers an additional 1–2 dBQ improve-

dispersion diﬀerence in long-haul transmissions.

ment when the DBP is used as a pre-processor. The analo-

3. 4 Beyond 100 Gbps Transmissions

gous behavior is seen in Figs. 4(d) and 4(e) where DP-QPSK
signals are used.

We evaluate the performance for higher-speed data rates
beyond 100 Gbps in Fig. 5, where we assume a baud rate of

3. 3 Q versus Fiber Distance

28 GHz, resulting into 112 Gbps with DP-DQPSK. Since the

Figs. 4(c) and 4(f) show Q values as a function of the

channel memory increases as approximately 3 times large as

ﬁber distance for DP-DQPSK and DP-QPSK at a launch-

that of the 40 Gbps case in Fig. 4, the 3-tap FS-SSE itself

ing power of −7 dBm, with increments of the ﬁber distance

has no performance gain against the 1-tap equalizer. Never-
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Fig. 5 Simulation results of Q-factor performance as a function of launching power and
ﬁber distance for 112 Gbps high-speed DP-DQPSK.

theless, the 3-tap FS-SSE cascaded with DBP can improve
the Q-factor by around 1ḋB compared to the DBP alone.

4. Summary
We proposed the fractionally-spaced statistical sequence
equalizer (FS-SSE) which exploits the second-order multivariate statistics of the ﬁber nonlinearity to mitigate nonlinear impairments that depend on a transmission data pattern.
Through the computer simulations, a signiﬁcant performance
improvement of more than 2 dBQ was obtained for 40 Gbps
coherent ﬁber-optic communication systems over 5,230 km.
It was veriﬁed that oversampling with higher-order statistics
can provide a signiﬁcant gain compared to the existing statistical equalizer. More importantly, a short-memory equalizer
with just 3 taps could achieve better performance than the
DBP in low local dispersion conditions. We also demonstrated that the joint use of DBP and FS-SSE achieves an
additional 1–2 dB gain due to the channel shortening eﬀect.
Even higher statistics including skewness and kurtosis can be
readily introduced in the proposed method for further accurate nonlinearity modeling. The extension to the system with
the inter-channel nonlinearity in wavelength-division multiplexing remains as a future work.
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