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Abstract
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for a self-positioning system with a limited battery life, it might be necessary to limit the number
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TW-ToA based positioning systems and also facilitate positioning with fewer packet transmissions; hence, it can prolong battery life on average. The maximum likelihood estimator is obtained for the cooperative technique and the limits on the positioning accuracy are quantified in
terms of the Cramer-Rao lower bound (CRLB). Simulation results are provided in order to show
performance improvements.
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Abstract— Two-way time-of-arrival (TW-ToA) is a widely used
ranging protocol that can provide the distance between two
devices without time synchronization. One drawback of the TWToA is poor positioning accuracy in the absence of a sufficient
number of reference ranging devices. Also, for a self-positioning
system with a limited battery life, it might be necessary to
limit the number of transmissions while satisfying accuracy
constraints. In this paper, a cooperative positioning protocol [1]
is studied, which can improve positioning accuracy compared
to the conventional TW-ToA based positioning systems and also
facilitate positioning with fewer packet transmissions; hence, it
can prolong battery life on average. The maximum likelihood
estimator is obtained for the cooperative technique and the
limits on the positioning accuracy are quantified in terms of
the Cramer-Rao lower bound (CRLB). Simulation results are
provided in order to show performance improvements.
Index Terms– Cooperative positioning, time-of-arrival (ToA),
maximum likelihood, Cramer-Rao lower bound (CRLB).

I. I NTRODUCTION
An increasing number of applications benefit from location
awareness [2]-[5]. While the Global Positioning System (GPS)
offers positioning accuracy on the order of several meters, it
is not a viable solution for indoor scenarios due to blocked
satellite signals leading to severe non-line-of-sight (NLoS) errors and long acquisition times [2]. Various real-time location
systems (RTLSs) are commercially available for indoor applications [6], [7]. These systems adopt time-difference-of-arrival
(TDoA) based positioning scheme, and consist of transmitonly tags and time synchronized anchors. Synchronization can
be handled either via transmitting periodic beacons wirelessly
from a designated device so-called the coordinator, or wiring
all the reference devices (or, anchors) and feeding them with
a common clock [6]-[8].
The two-way time-of-arrival (TW-ToA) based positioning
system offers better positioning accuracy than the TDoA, given
the same number of reference devices [9]. In addition, the
TW-ToA does not have the stringent time synchronization requirement. However, it generates more air traffic (i.e., employs
more packets) and increases overall energy consumption of the
RTLS network. Traffic volume and energy inefficiencies of the
TW-ToA need to be lowered in order to make TW-ToA based
systems commercially attractive. To that aim, a cooperative
positioning algorithm is proposed in [1], which involves cooperation between reference nodes (RNs) in order to reduce
the signaling overhead, but optimal position estimators and
theoretical performance limits have not been studied.
For most of the cooperative localization schemes in the
literature, the particular emphasis is to increase the accuracy of
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initial position estimates either via information sharing among
nodes that are being located [10], [11] or data fusion of multiple received signal strength (RSS), angle-of-arrival (AoA)
and ToA measurements at multiple nodes [12], [13]. In [14],
a cooperative non-parametric belief propagation algorithm is
developed to determine the infrastructure map. Even though
the approach suffers from mobility, it complements the study
in [1], which assumes that the locations of the anchor nodes are
known a-priori. Another complementary work [15] introduces
a distributed algorithm to mitigate propagation of anchor
location estimation errors. It is possible to use the position
estimates obtained by means of cooperative algorithms in
initializing the algorithms in [14] and [15].
In this paper, the cooperative positioning algorithm in [1] is
studied from a theoretical perspective. First, a mathematical
model is obtained for the measurements that are obtained
at various RNs, and the statistics of measurement errors are
specified. Then, the optimal maximum likelihood estimator
is obtained for position estimation based on ToA and time
difference measurements at different RNs. In addition, the
Cramer-Rao lower bound (CRLB) is derived in order to
quantify the performance limits. It is also shown via simulations that the cooperative positioning algorithm improves
positioning accuracy with respect to the conventional TWToA, and is capable of estimating target positions with fewer
numbers of transmissions than the TW-ToA. The reduction
in the number of transmissions is useful especially for selfpositioning (navigation) systems under power constraints [9].
The remainder of the paper is organized as follows: Section
II describes time-of-flight (equivalently, distance) estimation
in the conventional TW-ToA ranging protocol. Section III
provides a detailed description of the cooperative positioning
algorithm and provides closed form expressions for both
the maximum likelihood position estimator and performance
bounds. In Section IV, simulation results are presented, followed by concluding remarks in Section V.
II. TW-T OA R ANGING P ROTOCOL
In this study, we adopt the terminology used in the IEEE
802.15.4a standard [16], and refer to a ranging capable device
and the signals used for ranging as RDEV and RFRAME, respectively. The range between two RDEVs can be determined
simply via two-way exchanging of RFRAMEs and tracking
their arrival times. This particular method is called the twoway time-of-arrival (TW-ToA) ranging protocol [17].
Assume that RDEV A wants to perform ranging with RDEV
B, and that they remain stationary. The true elapsed time, Tr ,
between the departure of the outgoing RFRAME from A and
the arrival of the reply RFRAME from B is given by Tr =

B
2Tf + Tta
, where Tf is the one-way time-of-flight (ToF) of
B
the signal, and Tta
is the turn-around time introduced at B.
It is possible to measure the time instant that the outgoing
frame leaves the transmit antenna via loop-back tests and time
calibrations. Therefore, transmit time-stamps can be assumed
to be very close to their true values. Thus, in practice, any
error in detecting the ToA of an incoming frame determines the
B
. Timing
accuracy of the estimate of the turn-around time, T̂ta
imperfections even in the order of nanoseconds, multipath
fading and NLoS propagation can easily induce undesirably
large positive bias in a range estimate (30 cm per nanosecond).
In [18], the ToA based range estimation error ni is modeled
as a zero mean Gaussian random variable with variance
σi2 ; that is ni ∼ N (0, σi2 ), where N (x1 , x2 ) represents a
Gaussian random variable with mean x1 and variance x2 . ToA
estimation errors at two different devices are independent.
The round-trip-time T̂r , measured at A, is then given by
B
T̂r = 2Tf + Tta
+ nA , where the random variable nA is added
due to ToA estimation at A.
In practice, B obtains an estimate of the turn-around time,
B
, by calculating the difference between the estimated arrival
T̂ta
time of the incoming frame and recorded departure time of
B
the outgoing frame. Then, B reports T̂ta
to A. Note that the
B
estimation of T̂ta at B involves the ToA estimation of the
incoming frame and the measurement of the time instant that
the outgoing frame leaves the transmit antenna. As discussed
above, ToA estimation is accompanied with a zero mean
2
), whereas the recorded
Gaussian error, namely, nB ∼ N (0, σB
departure time can be considered as the true value since it
can be accurately determined via loop-back tests and time
calibrations. Therefore, the estimate of the turn-around time
B
B
2
∼ N (Tta
, σB
). Finally, A estimates the
is modeled as T̂ta
B
one-way ToF as T̂f = (T̂r −T̂ta )/2 . Then, it can be obtained
σ 2 +σ 2
that T̂f ∼ N Tf , A 4 B .

III. T HE C OOPERATIVE P OSITIONING P ROTOCOL
The TW-ToA and TDoA based techniques are two common
ranging protocols to determine target positions in RTLSs [4].
TDoA based RTLSs require an infrastructure of synchronized
readers. The target to be located transmits a beacon, and
each reader that receives the beacon records its arrival time.
As all the receivers are driven by a common clock, the
difference of the arrival times at any two readers specifies
a hyperbola. Similarly, in ToA based RTLSs, each TW-ToA
measurement with a reader specifies a circle. Intersection of
multiple circles in the TW-ToA or, of multiple hyperbolas in
the TDoA is searched, and claimed as the target position [9].
With four readers and one target, the TDoA RTLS generates
one wireless transmission, whereas for the TW-ToA RTLS it
is eight. This provides some insight into the traffic inefficiency
of the latter. In dense networks with multiple targets, the TWToA may become inoperable due to collisions. On the other
hand, the main disadvantage of the TDoA based scheme is
the need and cost for synchronization and calibration among
reference devices. In this section, a cooperative positioning
protocol is studied, which does not require synchronization
among reference devices, but offers improved accuracy and/or
reduced complexity compared to the conventional TW-ToA
based scheme [1].

In the cooperative positioning system, three types of devices
are defined: Primary reference node (RN), secondary RN,
and target node. The target node is the device the position
of which is to be estimated. A primary RN is an RN that
performs TW-ToA ranging with the target node. On the other
hand, a secondary RN listens to the signals transmitted both
from the target and the primary reference nodes during TWToA ranging, and then calculates the difference between the
arrival times of those signals. Overall, the position is estimated
based on range information obtained from TW-ToA operations
by the primary RNs and the TDoA information obtained
from secondary RNs. It is important to note that the TDoA
information used in the considered cooperative technique is
quite different from the one in conventional TDoA systems
described above. For conventional TDoA calculations, the RNs
that are involved in TDoA calculation must be synchronized,
whereas there is no such a requirement in the cooperative
scheme since the TDoA is defined for one RN. It should also
be noted that in the cooperative technique, secondary RNs do
not need any additional transmissions from the main network;
they just utilize the signals that are already being transmitted
by the target node and the primary RNs during TW-ToA based
ranging. In addition, the TW-ToA and TDoA measurements
are correlated in the cooperative positioning protocol.
The cooperative positioning algorithm described above can
be applied to both remote-positioning (tracking) and selfpositioning (navigation) systems [9]. For example, in a tracking scenario, the primary RN initiates the ranging protocol
with the target node by transmitting a signal (Fig. 1). The
target, upon reception of the signal, sends back a reply, thereby
completing a TW-ToA signal exchange. A secondary RN that
is capable of hearing both signals records the difference between their arrival times and passes the TDoA information to
the primary RN. By this way, both ToA and TDoA information
is obtained, which can be used in the position estimation of
the target node as studied in Section III-B.

Fig. 1. Illustration of the cooperative positioning protocol. The primary RN
R0 initiates the positioning protocol by sending a range request message. The
target transmits a range reply. The secondary RNs R1 and R3 record the arrival
times of the range request and reply messages, and report them back to R0.

A. Measurements Model
First, consider a conventional TW-ToA estimation protocol,
in which N primary RNs are exchanging messages with the
target node. As discussed in Section II, each ToA estimate
obtained by this protocol includes two noise terms related to
ToA estimations at the related two nodes. Therefore, the ToA
estimates (measurements) can be expressed as
ni,T
nT,i
−
,
(1)
zi = ri +
2
2

for i = 1, . . . , N , where ri = (xi − xT )2 + (yi − yT )2 is
the distance between the ith primary RN and the target, ni,T
is the error due to ToA estimation at the target node for the
signal transmitted from the ith primary RN, and nT,i is the
error due to ToA estimation at the ith primary RN for the
signal transmitted from the target node.
For the cooperative positioning technique, consider a scenario in which there are N primary RNs and M secondary
RNs. The primary RNs are implementing the TW-ToA protocol with the target node; hence, they provide N measurements
as in (1). In addition, some secondary RNs can hear the
signals that are employed in the TW-ToA protocols and
provide additional position information. For each primary RN
that initiates a TW-ToA protocol with the target node, M
additional measurements are obtained by the secondary RNs.
Specifically, when the ith primary RN is performing a TWToA protocol with the target node, the jth secondary RN first
hears the signal sent by the ith primary RN and estimates its
arrival time according to its local clock. Note that this signal
arrives at the jth secondary RN after rij /c seconds, where
rij is the distance between the ith primary RN and the jth
secondary RN, and c is the speed of light. When the signal
arrives at the target node (after ri /c seconds), the target node
prepares a reply message and sends it back to the ith primary
RN. The jth secondary RN also listens to this signal, and
estimates its arrival time. Note that this signal arrives at the
secondary RN after ri /c + Tta + r̃j /c seconds, where Tta
is the turn-around time and r̃j is the distance between the
target and the jth secondary RN. Then, the jth secondary
RN calculates the difference between the arrival times of the
signals it receives from the target and the ith primary RN,
and sends this information to the ith primary RN. This time
difference information can be modeled as1
zij = ri + r̃j + ñi,T,j − ni,T − ñi,j ,

(2)

for j = 1, . . . , M , where ni,T is as in (1), and ñi,T,j and ñi,j
represent the errors due to ToA estimation at the jth secondary
RN for the signals transmitted from the target node and from
the ith primary RN, respectively. Note that ni,j and nl,k (ñi,j
and ñl,k ) are independent for (i, j) = (l, k), and ni,j and ñl,k
are independent for ∀i, j, l, k. In multipath channels, typically
the first arriving path refers to the direct distance. However, in
some channels the first arriving path may not be the strongest.
Therefore, a search-back for the leading path is needed after
acquisition [19]. Depending on the signal-to-noise ratio (SNR)
and available processing gain, some timing error is induced in
1 Since the positions of the RNs are known, r
ij is a known value; hence,
it is not included in (2) for convenience. In addition, the turn-around time is
compensated at the ith primary RN as it gets the turn-around time information
from the target node.

the result of the search-back. The noise parameters in (1) and
(2) are used to model such errors. From (1) and (2), the vector
of observations for the cooperative positioning algorithm can
be expressed as


1
M T
· · · zN
.
z = z1 z2 · · · zN z11 · · · z1M z21 · · · z2M · · · zN
(3)
B. Position Estimation
In this section, the maximum likelihood estimator (MLE)
for the target position is derived. To that aim, the probability
density function (PDF) of z in (3) should be obtained first.
Note that the components of z are not independent due
to the presence of the noise terms at the target node (i.e.,
ni,T ). However, conditioned on those noise components; that
is, given nT = [n1,T · · · nN,T ], the components of z are
independent; hence, the PDF of z can be calculated easily
based on the following expression:

(4)
pθ (z) = pθ (z|nT )fθ (nT )dnT ,
where fθ (nT ) is the PDF of the noise components due to the
measurements at the target node. After some manipulation, the
PDF can be obtained and the MLE for the target position is
expressed as (please see Appendix A)
M

(zij − ri − r̃j )
[x y]
4σ̃j2
i=1
j=1

M
M
(zi − ri )  (zij − ri − r̃j )  (zij − ri − r̃j )2
−
+
, (5)
ai σi2 j=1
2σ̃j2
4σ̃j2
j=1

arg min

N


2
1
−
σi2
ai σi4

(zi − ri )2 −

1
ai

M
.
where ai = 2σ12 + 2σ1 2 + j=1 4σ̃1 2 .
i
j
T
Note that the result in (5) can be considered as an extension of the nonlinear least-squares (NLS) estimator for the
cases of independent and identically distributed measurements
[9]. In addition, as σ̃j → ∞, the MLE in (5) reduces
N (zi −ri )2
to arg min
i=1 σ 2 +σ 2 , which is the conventional NLS
[x y]

i

T

estimator for the TW-ToA based positioning algorithm [9].
C. Performance Limits
Theoretical lower bounds on position estimation are studied
in terms of the CRLB. The derivation of a closed-form CRLB
expression is useful also for network planning, which can
optimize placement of primary and secondary RNs to meet
certain accuracy requirements. The CRLB is calculated from
inverse of the Fisher information matrix, which is derived from
the conditional distribution of the observation vector z given
the target coordinates vector θ = [xT yT ] [20]. The conditional
distribution of z given θ can be obtained from (1)-(3) as
z|θ ∼ N (μ(θ), C) ,

(6)

where μ(θ) is the mean of the observation vector, and C ∈
S(N +1)M represents the covariance matrix5 . From (1)-(3), the
mean vector can be obtained as

μ(θ) = r1 r2 · · · rN (r1 + r̃1 ) · · · (r1 + r̃M )
T
(7)
· · · (rN + r̃1 ) · · · (rN + r̃M ) ,
5 The set of all m-by-n real matrices are denoted by S
n,m for m = n,
and by Sn for n = m.

2


where
ri =
(xi − xT )2 + (yi − yT )2 and rj =

2
(x̃j − xT ) + (ỹj − yT )2 with [x̃j ỹj ] denoting the position
of the jth secondary RN. Similarly, the elements of C can be
computed from (1) and (2) as
E

E







zi − E{zi } zj − E{zj }



zi − E{zi } zjk − E{zjk }



2
σi2 +σT

=

0,



2
σT
2

=

4

,

,

i=j
i = j

i=j
i = j

14

(9)




C11 C12
Let C be partitioned as C =
with C11 ∈
C21 C22
SN , C12 = CT21 ∈ SN,M N , and C22 ∈ SN M . These submatrices can be obtained from (8)-(10) as
 2

σ1 + σT2
σ 2 + σT2
,..., N
C11 = diag
,
(11)
4
4

C12

1 1 ··· 1 0 0··· 0 ···
2 ⎢ 0 0··· 0
1 1 ··· 1 ···
σ
= T ⎢
..
..
..
⎣
2
.
.
.
0 0··· 0 0 0··· 0 ···

⎤
0 0··· 0
0 0··· 0 ⎥
⎥,
..
⎦
.

1 1 ··· 1

(12)
⎡

C22

B
⎢ Z
=⎢
⎣ ..
.

Z
B
..
.

Z

Z

···
···
..
.

···

⎤
Z
Z ⎥
.. ⎥
⎦,
.

(13)

B

for m, n = 1, 2, or equivalently
[I(θ)]mn

hij

j=1 i=1

∂[μ(θ)]i ∂[μ(θ)]j
,
∂θm
∂θn

(16)



where hij = C−1 ij and L = N (M + 1).
From (7), an explicit expression of the elements of
∂μ(θ)/∂θ
after some manipulation as (note
. m can be obtained
.
that θ1 = xT and θ2 = yT )




∂μ(θ)
∂xT
∂μ(θ)
∂yT



i

i = 1, . . . , N
(xT − xi )/ri ,
xT −xf (i)
xT −x̃g(i)
+
,
i
= N + 1, . . . , N (M + 1)
r
r̃

i

(yT − yi )/ri ,
yT −yf (i)
y −ỹ
+ Tr̃ g(i) ,
r

f (i)

g(i)

(17)
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Fig. 2. The MLEs and CRLBs for the cooperative and the conventional
algorithms.

where f (i) = (i−N )/M and g(i) = (i−N −1) mod M +1.6
Then, the CRLB on the MSE of an unbiased position estimator
θ̂ is given by
E{ θ̂ − θ 2 } ≥

[I(θ)]11 + [I(θ)]22
.
[I(θ)]11 [I(θ)]22 − [I(θ)]212

(19)

In the conventional TW-ToA based positioning scheme with
N reference nodes, the elements of the N × N covariance
matrix Ctw are given by
[Ctw ]ij =

(14)

For the statistical model in (6), the elements of the Fisher
information matrix can be calculated from [21]

T


∂μ(θ)
∂μ(θ)
[I(θ)]mn =
C−1
,
(15)
∂θm
∂θn
L
L 


12

σγ2i , i = j
,
0,
i = j

(20)

where σγ2i = (σi2 + σT2 )/4. Then, the elements of the FIM are
given by

where B, Z ∈ SM , Z = 0M ×M , and
2
}.
B = σT2 1M ×M + 2diag{σ̃12 , . . . , σ̃M

16

(8)

0,
⎧ 2

 ⎨σT + 2σ̃k2 , i = j, k = m
 k
k  m
m 
i = j, k =
 m
E zi − E{zi } zj − E{zj }
= σT2 ,
⎩
0,
i = j
(10)

⎡

MLE − Conv. (N=3)
MLE − Coop. (N=2, M=2)
MLE − Coop. (N=3, M=1)
CRLB − Conv. (N=3)
CRLB − Coop. (N=2, M=2)
CRLB − Coop. (N=3, M=1)

18

RMSE (m)



20

i = 1, . . . , N
i = N + 1, . . . , N (M + 1)
(18)

[I(θ)]11 =

N

1 (x − xi )2
,
σ2
ri2
i=1 γi

(21)

[I(θ)]22 =

N

1 (y − yi )2
,
σ2
ri2
i=1 γi

(22)

[I(θ)]12 =

N

1 (y − yi )(x − xi )
.
2
σ
ri2
i=1 γi

(23)

IV. S IMULATION R ESULTS
For the simulations, four reference nodes (RNs) are placed
at the corners of a 100m×100m square, and they are labeled as
RN-1, RN-2, RN-3 and RN-4, which are at positions (50,-50),
(50,50), (-50,50) and (-50,-50), respectively (all in meters).
The target nodes are located inside the square over a grid of
19 × 19 (i.e., 5-meter spacing in each direction). For each
analysis, the average error values are obtained by taking an
average over various target positions and 100 independent
noise realizations for each target position. In addition, the
noise variances at different nodes are taken to be the same.
6 x represents the smallest integer that is larger than or equal to x, and
x mod y denotes the remainder of the division of x by y.
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Fig. 3. CRLB vs. standard deviation for the cooperative and the conventional
algorithms for various noise levels at the secondary RN (N = 3, M = 1).

In Fig. 2, the performance of the MLEs and the CRLBs
are illustrated for both the conventional TW-ToA based and
the cooperative positioning algorithms. For the TW-ToA, RN1, RN-2 and RN-3 are used to locate the targets (N = 3),
whereas two different cases are considered for the cooperative
algorithm. In the first case, RN-1, RN-2 and RN-3 are used as
the primary RNs and RN-4 acts as a secondary RN (N = 3,
M = 1). In the second case, RN-1 and RN-3 are used as the
primary RNs and RN-2 and RN-4 are used as the
Fig. 2 show that the accuracy can be increased significantly
with the cooperation of RN-4 (about 2 meters for large noise
variances). The additional message overload to the system
(compared to the conventional algorithm) is just 3 messages
in that case. In the second case (N = 2, M = 2), the
target node can obtain position information by sending only
2 messages (considering a self-positioning scenario), which
increases the battery life of the device. From Fig. 2, it is clear
that the performance of the cooperative positioning algorithm
for N = 2 and M = 2 is still better than the conventional
one, despite using only 2 transmissions (3 transmissions are
required in the conventional one). In addition, for all cases,
it is observed that the MLEs get quite close to the CRLBs
especially for small noise variances [20].
Next, the effects of the reliability of the measurements provided by the secondary RNs are quantified for the cooperative
positioning. The scenario considered for Fig. 2 is assumed
with N = 3 and M = 1, and the standard deviation of the
measurement noise related to the secondary RN (i.e., RN-4)
is assumed to be ρ times that of the measurement noise at the
target node or at the primary RNs. Fig. 3 plots the CLRBs
against the standard deviation of the noise at the target (or the
primary RNs) for various values of ρ. Note that as ρ increases,
the measurements related to the secondary RN becomes more
noisy, and the errors increase. For very large ρ values, the
secondary RN cannot provide any useful position information;
hence, the performance of the cooperative algorithm converges
to that of the conventional (“non-cooperative”) one. In order to
observe the effects of ρ more explicitly, Fig. 4 plots the CRLBs
against ρ for two different noise standard deviations values
related to the measurements at the target and the primary

CRLB − Coop.
CRLB − Conv.
3

0

5

10

15

20
ρ

25

30

35

40

Fig. 4. The CRLB versus the noise coefficient ρ for the measurement noise
at the secondary RN (N = 3, M = 1).

RNs. It is again observed that as the amount of noise in
the measurements related to the secondary RN increases, the
performance of the cooperative algorithm falls down to that
of the conventional one.
Finally, the cooperative and the conventional algorithms
are compared in terms of positioning accuracy and communications cost for various scenarios. An environment is
considered in the presence of 6 RNs located at (50, −50),
(50, 50), (−50, 50), (−50, −50), (−50, 0) and (50, 0) (all in
meters). In Table I, the RMSEs of the MLEs, as well as
the CRLBs, are calculated for the two algorithms in various
scenarios, assuming a noise standard deviation 10 m. for all
the measurements. In addition, the total number of packets
that are employed in the position estimation protocol are
listed. Each scenario corresponds to N primary RNs and M
secondary RNs, where the first N of the positions (50, −50),
(50, 50), (−50, 50), (−50, −50), (−50, 0) and (50, 0) are
selected as the primary RN positions and the next M of
them are selected as the secondary RN positions. Table I
reveals various advantages of the cooperative approach. First,
the cooperative approach provides position estimates even in
the cases of 1 or 2 primary RNs by cooperating with the
secondary RNs, whereas the conventional TW-ToA protocol
needs at least 3 primary RNs. Second, positioning accuracy
can be increased via the cooperative protocol at the expense
of using more packets by cooperating with secondary RNs.
As an example, for N = 4, the RMSE of the MLE for the
TW-ToA algorithm, which is equal to 7.28 m., can be reduced
to 6.10 m. by cooperating with 2 secondary RNs (M = 2).
Third, in self-positioning (navigation) scenarios, the number
of packets transmitted by the target node can be the important
factor in determining the power consumption at the target
node. In both algorithms, N represents the number of packets
that are transmitted by the target node. Hence, the cooperative
algorithm can achieve similar (or, better) performance than the
conventional one by consuming less power (i.e., using smaller
number N of primary RNs). For example, the RMSE of the
MLE for the TW-ToA algorithm is equal to 9.03 m. for N = 3,
whereas it is equal to 8.79 m. for the cooperative algorithm

TABLE I
C OMPARISON OF COOPERATIVE AND CONVENTIONAL RANGING
PROTOCOLS FOR VARIOUS NODE CONFIGURATIONS .

N
N
N
N
N
N
N
N
N
N
N
N
N
N

Scenario
= 1, M = 2
= 1, M = 3
= 1, M = 4
= 1, M = 5
= 2, M = 1
= 2, M = 2
= 2, M = 3
= 2, M = 4
= 3, M = 1
= 3, M = 2
= 3, M = 3
= 4, M = 1
= 4, M = 2
= 5, M = 1
N =6

MLE (m.)
17.3/–
13.0/–
12.0/–
11.1/–
11.6/–
8.79/–
8.16/–
7.61/–
7.78/9.13
7.28/9.13
6.63/9.13
6.71/7.28
6.10/7.28
5.95/6.59
5.96/12

Cooperative/TW-ToA
CRLB (m.)
16.8/–
12.5/–
11.5/–
10.7/–
11.4/–
8.74/–
8.12/–
7.53/–
7.70/9.03
7.22/9.03
6.55/9.03
6.65/7.25
6.04/7.25
5.93/6.55
5.93/5.93

After some manipulation
 π b2 /a and using that fact that
=
for a > 0, the value of the
a e
target position [x y] that maximizes the PDF in (25) can be
obtained as in (5). 
2
∞
e−ax −2bx dx
−∞

# Packets
4/–
5/–
6/–
7/–
6/–
8/–
10/–
12/–
9/6
12/6
15/6
12/8
16/8
15/10
12/12

for N = M = 2.
V. C ONCLUDING R EMARKS
The cooperative positioning scheme introduced in [1] has
been investigated, which can provide improved accuracy by
utilizing passive routers (secondary RNs) and offer position
estimates with fewer numbers of transmissions than the conventional TW-ToA. Both the MLE and the CRLB have been
derived in order to analyze the performance of the cooperative
scheme, and simulation results have been presented to illustrate the improvements provided by the cooperative technique.
A PPENDIX
A. Derivation of the MLE in (5)
In order to calculate the MLE based on (4), the expression
for pθ (z) will be obtained first.
It is observed from (1) and (2) that given nT =
[n1,T · · · nN,T ], the components of z are independent. Hence,


N

2
2 
ni,T 2
√
pθ (z|nT ) =
exp − 2 zi − ri +
σi
2
2π σi
i=1

N 
M
2

1
1  j
√
×
exp − 2 zi − ri + r̃j + ni,T
.
4σ̃j
2 π σ̃j
i=1 j=1
(24)
The noise samples due to the target node, nT =
[n1,T · · · nN,T ], are independent and identically distributed
zero mean Gaussian variables with variance σT2 . Therefore,
the PDF in (4) can be calculated from (24) as
N  ∞

2 
ni,T 2
exp − 2 zi − ri +
pθ (z) = k
σi
2
i=1 −∞

M
2 n2
 1  j
T,i
−
zi − ri − r̃j + ni,T − 2 dni,T , (25)
2
4σ̃
2σ
i
T
j=1
where k is a constant that is independent of the measurements
and the target position.
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