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Abstract

Graphical models are used in many scientific disciplines, including statistical physics, machine
learning, and error-correcting coding. One typically seeks the marginal probability of selected
variables (nodes of the graph) given observations at other variables. Belief propagation (BP) is
a fast marginalization method, based on passing local messages. Designed for singly-connected
graphs, BP nonetheless works well in many applications involving graphs with loops, for rea-
sons that were not well understood. We characterize the BP solutions, showing that BP can only
converge to a stationary point of an approximate free energy, known as the Bethe free energy
in statistical physics. This understanding lets us for construct new message-passing algorithms
based on improvements to Bethe’s approximation introduced by Kikuchi and others. The new
generalized belief propagation (GBP) algorithms are much more accurate than ordinary BP for
some problems, and permit solutions to Kikuchi approximations for otherwise intractable inho-
mogeneous systems. We illustrate GBP with a spin-glass example and an error-correcting code,
showing dramatically improved estimates of local magnetizations and decoding performance
using GBP.
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Abstract

Graphicalmodelsare usedin manyscientificdisciplines,ncludingstatisticalphysicsma-
chinelearning anderror-correctingcoding Onetypically seekshemarminal probability of
selectedrariables(nodesof the graph) givenobservationst othervariables.Beliefprop-
agation(BP) is a fastmarginalizationmethodpasedon passingocal messges.Designed
for singly-connectedjraphs,BP nonethelessvorks well in manyapplicationsinvolving

graphswith loops,for reasonghat were notwell undeistood.

We characterizethe BP solutions showingthat BP canonly corveme to a stationarypoint
of an approximatefreeenegy, knownasthe Bethefreeenegy in statistical physics.This
undestandinglets us constructnen messge-passingalgorithmsbasedon improvements
to Bethes approximationintroducedby Kikuchi and others [1, 2]. The new genealized
beliefpropagation (GBP) algorithmsare mud more accurate than ordinary BP for some
problemsandpermitefficientsolutionsto Kikuchi approximationgor inhomaeneousys-
tems.We illustrate GBP with a spin-glassexampleand an error-correctingcode showing
dramaticallyimprovedestimate®f local magnetizationsand decodingperformanceausing

GBP



Recentdevelopmentsin the areaof graphical modelsare having significantimpactin
mary areasof computerscience engineeringand applied mathematicsGraphicalmod-
els, referredto in variousguisesas “Bayesiannetworks; “Markov randomfields; “fac-
tor graphs, or “structuredstochasticsystems, are an elegantmarriageof graphtheory
probability theory and decisiontheory They provide a system-theoreticcomputational
framework in whichto do probabilityandstatisticsjustifying andunifying mary classical

techniquedor inference Jearning,anddecision-makingand providing a firm foundation

onwhichto designnew systemsj|3]

Figurel shavsasimpleexampleof anundirectedyraphicaimodel.Eachcirclerepresenta
randomvariableor anobsenationandthestructureof thegraphdenoteshejoint statistical

dependencbetweerthevariables.

We may seekthe mamginal probability at a node.This could correspondo thelocal mag-
netizationof a spinin a magneticspin model,the probability of a particularobjectshape
explaining an imagefor a vision problem,or the optimal decodingof a bit in an error

correctingcode.

For mary problemsof practicalsize, direct maginalizationis intractable.Monte Carlo
methodsare sometimegoo slow while variationalmethodg4] requirediscovering good

approximatingunctionals.

Belief propagationBP) is an appealinglocal message-passirajgorithmwhich is guar
anteedto corveme to the correctmaiginal probabilitiesin singly-connectedjraphs[5].
However, for generalgraphswith loops,the situationis lessclear For someproblemsjn-
cluding decodingTurbo codesand somecomputervision problems,BP works very well
[6, 7, 8, 9]. For othergraphswith loops,BP may give poor resultsor fail to corverge [9].
Little hasbeenunderstoodboutwhatapproximatiorBP representfor ageneralraph,or

how it mightbeimproved.



Herewe provide suchanunderstandinggandintroduceasetof nev andmoreaccuratenfer-
encealgorithmsfor graphicalmodels We show thatBP is thefirst in aprogressiorof local
message-passiragorithms eachgiving equivalentresultsto a correspondingpproxima-
tion from statisticalphysicsknown asthe“Kikuchi” approximatiorto thefreeenegy. The
new algorithmscan be much more accuratethan ordinary BP, and may corverge when

ordinaryBP doesnot.

For the purpose®f exposition,we concentrat@n undirectedyraphswith pairwisepoten-
tials (compatibility functions);the generalizatiorto higherordertensorialinteractionsis

straightforvard. The stateof eachnodei is denotedy x;, andthejoint probabilityis
P(X1, X2, - - ., Xn) = a [ i (%, %) [T %i(%) (1)
ij i

where;i(x) is the local “evidence”for nodei [10], (X, %) is the compatibility matrix

betweemodes andj, anda is anormalizationconstant.

The standardBP updatedor the messageandthe maginal probabilitiesasa function of

othermessageare:
bi(x) + ai(6) JT ma(x) (2)
keN()
my(g) < ad> P06 x)wi) T max) 3)
X keN@)\j

wherea denotesa normalizationconstantandN(i)\j meansall nodesneighboringnode
i, exceptj. Heremj(x) is the messagehat nodei sendsto nodej andbji(x;) is the be-
lief (approximatemaiginal probability) at nodei, obtainedby multiplying all incoming
messageo that nodeby the local evidence.Similarly, we candefinethe belief bj(x;, X)
at the pair of nodes(x;,x;) asthe productof the local potentialsand all messagesn-
comingto the pair of nodes:by(x, %) = adjj(X, %) [Tkengy M%) ITiengyi M;(4), where
B3 (%, %) = Ui (X, %) (%) (%)



Thebeliefsaresubjectto the normalizationandmaiginalizationconstraintsy_, bi(x) =1
>ox bij(%i, %) = bj(x). Figure 2 (a)-(c) shavs graphicallyhow the mamginalization con-

straintscombinedwith the belief equationdeadto the BP messagepdaterules.

Claim 1: Let {my;} beasetof BP messageandlet {b;, b} bethe beliefscalculatedrom
thosemessagesThenthe beliefsarefixed-pointsof the BP algorithmif andonly if they

arezerogradientpointsof theBethefreeenegy, Fg [11, 12]:

Rl = b.J(X. X)
Fg({h,,b,}) ;%buoﬁ Xj)ln ¢|J(X| )(j)

bi(x)

D) (4)

- Y@= Db S
|
(gi is thenumberof neighborsof nodei.)

ThefactthatFz({bj, b }) is boundedbelow impliesthatthe BP equationsalwayspossess
a fixed-point(obtainedat the global minimum of F). To our knowledge,this is the first
proof of existenceof fixed-pointsor a generalgraphwith arbitrarypotentialgsee[13] for
a proof for a specialcase).The free enegy formulationclarifiesthe relationshipof BP to

variationalapproachesyhich alsominimizeanapproximatdreeeneny. [14, 4, 15].

TheBetheapproximationfor whichtheenepgy andentrofy areapproximatedby termsthat
involve at mostpairsof nodes,is the simplestversionof the Kikuchi “cluster variational
method”[1, 2]. In a generaKikuchi approximationthefree enegy is approximatedsa
sumof thefree enegiesof basicclustersof nodesminusthe free enegy of over-counted
clusterintersectionsminusthe free enegy of the over-countedintersectionsf intersec-

tions,andsoon.

Thechoiceof basicclustersdetermineshe Kikuchi approximation—fothe Betheapprox-
imation, the basicclustersconsistof all linked pairsof nodes.Let x; be the stateof the
nodesin regionr andb;(x.) bethe “belief” in x.. We definethe potentialof a region by

e (%) by: (%) =TT ¥ (%, %) IT; 41 (%) wherethe productsareover all interactionscon-



tainedwithin theregion r. For modelswith higherthanpair-wise interactionsthe region

potentialis generalizedo includethoseinteractionsaswell.

TheKikuchi freeenegy is

_ br (%)
Fk = ;cr ; b (%) In ey (5)

wherec; is the over-countingnumberof regionr, definedby: ¢; = 1 — Y csupeqr) Cs Where
supelr) is thesetof all supefregionsof r. We have ¢, = 1 for thelargestregionsin the set
of all regions,R. The belief b,(«,) in regionr hasseveral constraintsit mustsumto one
andbe consistentvith the beliefsin regionswhich intersectwith r. In generalincreasing
the size of the basicclustersimprovesthe approximationone obtainsby minimizing the

Kikuchi freeeneny.

Justasthe Bethefree enegy canbe minimizedby the BP algorithm,we introducea class
of analogougienerlizedbeliefpropagation (GBP)algorithmsthatminimizeanarbitrary
Kikuchi freeenegy. Therearein factmary possibleGBP algorithmswhichall correspond
to the sameKikuchi approximation We presenta “canonical”’ GBP algorithmwhich has
the nice propertyof reducingto ordinary BP at the Bethelevel. We introducemessages
ms(Xs) betweerall regionsr andtheir “direct sub-rgjions” s [16]. It is helpful to think of
this asa messagérom thosenodesin r but notin s (which we denoteby r\s) to thenodes
in s. Intuitively, we want messageto propagatenformationthat lies outsideof a region
into it. Thus,for a givenregion r, we wantthe belief b, () to dependon exactly those
messagesyy that startoutsideof the region r andgo into the region r. We definethis
setof messageM(r) to bethosemessagent ¢ (xy) suchthatregionr’\s hasno nodesin

commonwith regionr, andsuchthatregion s’ is asub-rgjion of r or the sameasregionr.

ThecanonicalGBP updaterulesare:



br(%) « ar(x) JI mus(xe) (6)

Mg €M(r)

bs(xs) = D br(x) (7)

Xr\s
The mamginalizationconstraint,eq. (7) implicitly definesmessageipdaterules.Figure2
(d)-(h) shaws graphicallyhow the mamginalizationconstraintover theregion probabilities

leadsto the message-passirmgjuationgor a particularchoiceof Kikuchi clusters.

Marny differentmessage-updatchedulesrepossible but it is a goodideato updatethe
messagemto thesmallestregionsfirst. Onecanthenusethenewly computedmessagems

the productover messagemto largerregions.Empirically, this helpscorvergence.

Claim 2: Let {ms(xs)} bea setof canonicalGBP messageandlet {b;(x;)} bethebeliefs
calculatedfrom thosemessagesThenthe beliefs are fixed-pointsof the canonicalGBP
algorithmif andonly if they arezerogradientpointsof theconstrainedikuchi freeenegy

Fi [17,18].

We usethe new algorithmsin two well-understoogroblemsFigure3 shavs GBP usedto
calculatethe local magnetizationsf arow of spinsin aspinglass[19]. Thisis equivalent
to performinginferencen a2-d Markov randomfield, asusedn computewnisionproblems
[20]. BP works poorly for this example,andMonte Carlo simulationsarevery slow. The
new GBPalgorithmresultsarefastandnearlyexact. This exampleillustrateshow the GBP
algorithmimprovesoverthestandarBethe/AP [21] approactio disorderedgspinsystems
from statisticalphysics,by providing an efficient way to minimize Kikuchi free enegies

for inhomogeneousystem®on realisticlattices.

BP decodingvorksspectacularlyvell for TurboCodesandGallagercodes[7] Mostexplo-
rationsfor new codesarenow focusedon thosethatcanberepresentetdy graphswithout

smallloops,to insurethatthe BP algorithmwill work well. But thisrestrictionmayprevent



us from finding good codeswhich do have shortloopsin their graphicalrepresentations.
Figure4 is agraphicalrepresentationf a smalltoy (20,8,6)parity checkcodewith mary
shortloops (inspired by [22]). GBP decodeghis codessignificantly better (by arounda
decibelor more dependingon the clusterchoice)than ordinary BP, illustrating that the
GBP algorithmcan be usedto decodemary codesthat BP could not decodewell. This
codeis suficiently smallsothatthe BP and GBP algorithmscould be comparedvith ex-
act(maximumlik elihood)methodsWhenwe decodedtherparity checkcodeswith short
loopsin their graphicalrepresentationthat weretoo large to be tractableby maximum
likelihood decoding,we obtaineda qualitatvely similar improvementin decodingusing
GBP comparedP. GBP algorithmsshouldhave mary otherapplicationsn otherscience

andengineeringpplicationghatinvolve inferencein graphicalmodels.

Footnotes

[1] R. Kikuchi. Phys.Rev., 81:988,1951.
[2] Specialissueon Kikuchi methods.Progr Theor Phys.Suppl.,vol. 115,1994.
[3] M. I. Jordangditor Learningin graphicalmodels MIT Press1998.

[4] M.I. JordanZ. Ghahramani]. Jaaklola, andL. Saul. An introductionto variational
methoddor graphicalmodels.In M.1. Jordangditor, Learningin GraphicalModels MIT
Press1998.

[5] J. Pearl.Probabilisticreasoningn intelligentsystemsnetworksof plausibleinference

MorganKaufmann,1988.

[6] B. J.Frey. GraphicalModelsfor Machine LearningandDigital CommunicationMIT
Press1998.

[7] R.J. McEliece,D.J.C.MacKay, and J.FE Cheng. Turbo decodingas an instanceof



Pearls ‘belief propagation'algorithm. IEEE J. on Sel. Areasin Comm, 16(2):140-152,
1998.

[8] W. T. FreemanE. C. PasztorandO. T. Carmichael Learninglow-level vision. Intl. J.

Computension, 40(1):25-472000.

[9] K.P. Murphy, Y. Weiss,andM.I. Jordan. Loopy belief propagatiorfor approximate

inferenceanempiricalstudy In Proc. Uncertaintyin Al, 1999.
[10] Notethatwe aresubsumingary fixedevidencenodesnto our definitionof ;(x;).

[11] Proofof claim 1: we add Lagrangemultipliersto form a LagrangiarnL: A;j(X) is the
multiplier correspondindo the constraintthat bj(x, ) mamginalizesdown to b;(x), and
Yii» Vi aremultiplierscorrespondin@thenormalizatiorconstraintsTheequatio% =

0 gives:Inby(x, %) = In(ei (X, %)) + Xij (%) + A (%) + i — 1. Theequation%&) =0 gives:
(@ — 1)(Inbi(x) + 1) = Inehi(x) + Zjengy i () + 7. Setting Aij(%) = In [Teengypi M)
and using the maginalization constraintswe find that the stationaryconditionson the
Lagrangiarareequialentto theBP fixed-pointconditions (Empirically, we find thatstable
BP fixed-pointscorrespondo local minimaof the Bethefreeenepy, ratherthanmaximaor
saddle-points.Kabashimaand Saad24] have previously pointedout the correspondence
betweerBP andthe Betheapproximatiorfor somespecificgraphicalmodelswith random

disorder

[12] Bayesiametworks are directedgraphsin which the conditionalprobability over all

hiddennodess:
1
P(xly) = 5 [T Px[Para)P( %), (8)
i
wherePar(x) meanghe parentsf x;, andwe have assumedhatevery hiddennodex; has

anobserednodey; connectedo it. Thenthe Bethefreeenegy is:

Fs = =2 > b(fi) InP(x|Par(q)) — > > b(x) In P(yi|x)
X

i i



+> Zf: b(fi) Inb(f) — > (q — 1) Z)q: b(x) In b(x) (9)

wheref; denoteghe stateof the “family” of x: fi = (x;, Par(x)) andq; is the numberof

familiesanodeparticipatesn.

[13] T. J. Richardson.The geometryof turbo-decodinglynamics.IEEE Trans.Info. The-
ory, 46(1):9-23,Jan.2000.

[14] TheBP freeenegy is afunctionof one-nodéeliefsb;(x) aswell astwo-nodebeliefs
bj (%, %), while the variationalmeanfield free enegy, Fye, ordinarily dependsonly the
one-nodebeliefs. It is easyto shawv that the BP free enepy is exact for treeswhile the
meanfield oneis not. Furthermordhe optimizationmethodsaredifferent:typically Fyr is
minimizeddirectly in the primal variables{b;} while Fz is minimizedusingthemessages,

which area combinatiornof the dualvariables{ \; (x)}.

[15] D. J.C.MacKay Freeenegy minimizationalgorithmfor decodingandcryptanalysis.

ElectronicsLetters, 31(6):446—-4471995.

[16] Definethe setsuly(r) of direct sub-rgionsof r to be thoseregions that are sub-
regionsof r but have no superfregionsthatarealsosub-rgionsof r, andsimilarly for the

setsupey(r) of “direct supefregions”

[17] Outline of proof of claim 2: We add Lagrangemultipliers: +, to enforcethe normal-
ization of b, and A\;s(Xs) to enforcethe consisteng of eachregion r with all of its direct
sub-rgionss. We thenrotateto anothersetof Lagrangemultipliers yus(xs) of equaldimen-
sionality which enforcea linear combinationof the original constraintsy,s(xs) enforces
all thoseconstraintsnvolving maginalizationsby all directsupefregionsr’ of sinto s ex-
ceptthatof regionr itself. Therotationmatrixis in a block form which canbe guaranteed
to be full rank. We canthenshaw thatthe yu,s(Xs) constraintscan be written in the form

Hrs(Xs) v eRius) G 2ox, b(x) whereR(us) is the setof all regionswhich receve the mes-



sagey,s in the belief updaterule of the canonicalalgorithm.We re-arrangeghe sumover
all y’'sinto a sumover all regions,which hastheform 3=, g ¢ 3=, by (%) 3, cemq) trs(Xs)-
(M(r) is asetof ups in one-to-onecorrespondenceith themyy in M(r).) Finally, we dif-
ferentiatethe Kikuchi free enegy with respecto b, (r), andidentify p,s(Xs) = In ms(Xs) to

obtainthe canonicalGBP beliefupdaterules,Eq. 6.

OtherGBPmessageassinglgorithmsarealsoequialentto theKikuchi approximationlf
onewritesary setof constraintsvhicharesufficientto insuretheconsisteng of all Kikuchi
regions,onecanassociat¢he exponentiated.agrangemultipliersof thoseconstraintsith

asetof messages.

[18] The GBP algorithmswe have describedsolve exactly thosegraphswhich have the
topologyof atreeof basicclustersThisis reminiscenpf Pearls methodof clustering[5],

whereinonegroupsclustersof nodesinto “supernodes, andthenappliesa belief propa-
gationmethodto theequvalentsupernodegraph.We canshaw thattheclusteringmethod,
usingKikuchi clustersassupernodes givesresultsequivalentto the Kikuchi approxima-
tion whenthe overcountingnumberc, < O for all intersectionsub-rgjions. For those
graphsandclusterchoicesnvhichdonotobey this conditionPearls clusteringmethodmust
be modifiedby addingadditionalupdateconditionsto agreewith the GBP algorithmand

theKikuchi approximation.

[19] M. Mezard,G. Parisi, andM. A. Virasoro. Spinglasstheoryand beyond World
Scientific,1987.

[20] S. GemanandD. Geman.Stochastiaelaxation,Gibbsdistribution, andthe Bayesian

restoratiorof images.IEEE Pattern Analysisand MachineIntelligence 6:721-741,1984.

[21] D. J. ThoulessP. W. AndersonandR. G. Palmer Solutionof 'solvablemodelof a
spinglass’. Phil. Mag., 35:593-6011977.

10



[22] D. J.C. MacKay. InformationTheory InferenceandLearningAlgorithms

. http://wol.ra.phycam.ac.uk/mackay/Book.htn2000. Figure1.18.
[23] R. G. Gallager Low-densityparity ched codesvolume21. MIT Press1963.

[24] Y. KabashimandD. Saad.Belief propagatiorvs. TAP for decodingcorruptedmes-

sagesEuro. Phys.Lett, 44.668,1998.

We thankD. Forney andM. Jordarfor helpful discussions.

11



Figure 1. Exampleundirectedgraphicalmodel. Graphnodesrepresentandomvariables,
which maybe continuousor discrete LinesindicatestatisticaldependenciedVe typically

wantto find the maginal probabilityata node.
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Figure 2: Marginal probabilities(beliefs) and associatednessagaipdateequationsfor
BP and GBP on a grid Markov randomfield, such as Fig. 3 (a). BP lllustration of
Eq. (2) for the belief at nodei: bi(x) oc 4i(x)myi ()mMki(x)mi (X)Mmi(x), where j,
k, m, and n are the neighboringnodes;m,(x) is a messagdrom node a to nodei;
and #i(x) is the local evidence at nodei. (b) Belief at nodesi and j, bj(x,%) o<
11 ()9 (% )b (% 5 )Mii (% )i () Mini (% )My (% )Mo (%)M (%), wheren, o, andp are neigh-
borsto nodej. Requiringthat by (x;, X)) maginalize down to bi(x) givesthe BP message
updateequation Eq. (2), shawvn in (c). Opencircle indicatesa nodewhich is mamginalized
over. GBP, using4-nodeKikuchi clusters.Depictionof the beliefsat a node(d), pair of
nodes(e), andat a clusterof 4 nodes(f) in termsof GBP messagesTheseareinstances
of Eq. (6). Redarrows arethe singleindex messagealsousedin ordinaryBP. Brown s&y-
mentsindicatethe double-indged messagesf this GBP approximationgorrectiondo the
BP messagesThe requirementhat (e) mamginalize down to (d) leadsto one GBP update
equation(q); that(f) mustmaginalizedowvn to (e) leadsto theother (h). Bothareinstances
of messageipdateequationgderived using Eq. (7). Fixed pointsof thesemessageipdate
equationgyive beliefsthatare stationarypoints(empiricallyminima) of the corresponding

Kikuchi approximatiorto the freeenepy.
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Figure 3: Solution of squarelattice Ising spin glassin a randommagneticfield using
GBP. Nearestneighbornodesconnectedoy a compatibility matrix of the form ; =
exp(dj)  exp(—Jj)

exp(—Jj) exp(Jj)
Similarmodelsareusedn computewision andimageprocessingroblemdq20]. To instan-

andlocalevidencevectorsof theform ¢ = (exp(h;); exp(—hy)).

tiate a particularlattice, the J; andh; parametersire choserrandomlyandindependently
from zero-mearGaussiamprobability distributionswith standardieviationsJ andh respec-
tively. Thefollowing resultsarefor n by n latticeswith toroidal boundaryconditionsand
with J = 1, andh = 0.1. This model,with mary smallloops,conflictinginteractionsand
weakevidence shavs the weaknessesf ordinaryBP, which performswell for mary other
networks. We startedwith randomizedmessageand only steppedhalf-way towardsthe
computedvaluesof the messageat eachiterationin orderto help convergence We found
thatcanonicalGBP took abouttwice aslong asordinary BP periteration,but would typi-
cally reacha givenlevel of convergencein mary fewer iterations.In fact, for the majority
of the dozensof sampleghat we looked at, BP did not converge at all, while canonical
GBP alwayscorvergedfor this modelandalwaysto accurateanswers(We foundthat for
the zero-field3-dimensionakpin glasswith toroidal boundaryconditions,canonicalGBP
with 2x2x2 cubicclusterswould alsofail to converge). For n = 20 or larger, it wasdifficult
to make comparisonsvith ary otheralgorithm,becaus@rdinaryBP did not converge and
Monte Carlosimulationssufferedfrom extremelyslow equilibration.However, generalized
belief propagatiorconvemgedreasonablyapidly to plausible-lookingoeliefs.For smalln,
we could comparewith exactresults foundby clusteringsetsof n nodesinto a chain.For
then = 10 lattice shawvn in (a), BP did corverge andwe compareBP, GBP, andthe exact
local magnetization$or onerow of the spins,plottedin (b). BP seriouslyexaggerateshe

magnetizationsyhile GBPfindsthemnearlyexactly.
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Figure 4: Graphicalrepresentationf a (20,8,6)parity checkcode.The codeis obtained
from adodecahedron—eachrnerof thedodecahedrofrepresentetly aredcircle)is abit
in the codeand eachfaceof the dodecahedrofrepresentedby a blue square)is a parity

checkof the bits on the cornersof that face.This codehasa reasonablyarge minimum

distanceof 6 bits betweencodewords,but hassmallloopsin its graphicalrepresentation.

We usedthe additive white Gaussiamoisechannelandmonitoredthe percentag®ef suc-
cessfullydecodedcodewords (over 4000 transmittedwords) at various noiserates.We
compareheresultsof four decodingmethodsmaximumlik elihood(for sucha smallcode
table-lookugs tractable) BP (Gallagerdecodind23]), GBPusingclustersof thefive nodes
includedin a singleparity check,andGBP usingclustersof thetennodesncludedin three
adjacentparity checks.The BP and GBP algorithmswere eachrun for 100 iterationsfor
eachblock, andthe GBP messagewereupdatedso asto move half-way to their updated
valuesat eachiteration. We find that GBP decoding,even using the small clustersof 5
nodes,improvesthe decodingperformanceby nearly a decibelin termsof the signalto

noiseratio necessaryo achieve a givendecodingsuccessate.
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