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Abstract
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variables (nodes of the graph) given observations at other variables. Belief propagation (BP) is
a fast marginalization method, based on passing local messages. Designed for singly-connected
graphs, BP nonetheless works well in many applications involving graphs with loops, for rea-
sons that were not well understood. We characterize the BP solutions, showing that BP can only
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based on improvements to Bethe’s approximation introduced by Kikuchi and others. The new
generalized belief propagation (GBP) algorithms are much more accurate than ordinary BP for
some problems, and permit solutions to Kikuchi approximations for otherwise intractable inho-
mogeneous systems. We illustrate GBP with a spin-glass example and an error-correcting code,
showing dramatically improved estimates of local magnetizations and decoding performance
using GBP.
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Abstract

Graphicalmodelsareusedin manyscientificdisciplines,includingstatisticalphysics,ma-

chinelearning, anderror-correctingcoding. Onetypicallyseeksthemarginalprobabilityof

selectedvariables(nodesof thegraph)givenobservationsat othervariables.Beliefprop-

agation(BP) is a fastmarginalizationmethod,basedonpassinglocal messages.Designed

for singly-connectedgraphs,BP nonethelessworkswell in manyapplicationsinvolving

graphswith loops,for reasonsthatwere notwell understood.

WecharacterizetheBPsolutions,showingthatBPcanonlyconverge to a stationarypoint

of an approximatefreeenergy, knownas theBethefreeenergy in statisticalphysics.This

understandingletsusconstructnew message-passingalgorithmsbasedon improvements

to Bethe’s approximationintroducedby Kikuchi and others [1, 2]. Thenew generalized

beliefpropagation(GBP)algorithmsare much more accuratethanordinary BP for some

problems,andpermitefficientsolutionsto Kikuchi approximationsfor inhomogeneoussys-

tems.We illustrateGBPwith a spin-glassexampleandan error-correctingcode, showing

dramaticallyimprovedestimatesof local magnetizationsanddecodingperformanceusing

GBP.

1



Recentdevelopmentsin the areaof graphical modelsare having significant impact in

many areasof computerscience,engineeringandappliedmathematics.Graphicalmod-

els, referredto in variousguisesas“Bayesiannetworks,” “Markov randomfields,” “f ac-

tor graphs,” or “structuredstochasticsystems,” arean elegantmarriageof graphtheory,

probability theory and decisiontheory. They provide a system-theoretic,computational

framework in which to doprobabilityandstatistics,justifying andunifying many classical

techniquesfor inference,learning,anddecision-making,andproviding a firm foundation

onwhich to designnew systems.[3]

Figure1 showsasimpleexampleof anundirectedgraphicalmodel.Eachcirclerepresentsa

randomvariableor anobservationandthestructureof thegraphdenotesthejoint statistical

dependencebetweenthevariables.

We mayseekthemarginal probabilityat a node.This couldcorrespondto the local mag-

netizationof a spin in a magneticspinmodel,theprobabilityof a particularobjectshape

explaining an imagefor a vision problem,or the optimal decodingof a bit in an error-

correctingcode.

For many problemsof practicalsize,direct marginalizationis intractable.Monte Carlo

methodsaresometimestoo slow while variationalmethods[4] requirediscoveringgood

approximatingfunctionals.

Belief propagation(BP) is an appealinglocal message-passingalgorithmwhich is guar-

anteedto converge to the correctmarginal probabilitiesin singly-connectedgraphs[5].

However, for generalgraphswith loops,thesituationis lessclear. For someproblems,in-

cluding decodingTurbocodesandsomecomputervision problems,BP works very well

[6, 7, 8, 9]. For othergraphswith loops,BP maygive poor resultsor fail to converge[9].

Little hasbeenunderstoodaboutwhatapproximationBPrepresentsfor ageneralgraph,or

how it mightbeimproved.
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Hereweprovidesuchanunderstanding,andintroduceasetof new andmoreaccurateinfer-

encealgorithmsfor graphicalmodels.Weshow thatBPis thefirst in aprogressionof local

message-passingalgorithms,eachgiving equivalentresultsto acorrespondingapproxima-

tion from statisticalphysicsknown asthe“Kikuchi” approximationto thefreeenergy. The

new algorithmscan be muchmore accuratethan ordinaryBP, and may converge when

ordinaryBPdoesnot.

For thepurposesof exposition,we concentrateon undirectedgraphswith pairwisepoten-

tials (compatibility functions);the generalizationto higher-ordertensorialinteractionsis

straightforward.Thestateof eachnodei is denotedby xi, andthejoint probabilityis

P(x1, x2, . . . , xN) = ���
ij

�
ij (xi, xj) �

i

�
i(xi) (1)

where
�

i(xi) is the local “evidence”for nodei [10],
�

ij (xi, xj) is the compatibilitymatrix

betweennodesi andj, and � is anormalizationconstant.

ThestandardBP updatesfor themessagesandthemarginal probabilitiesasa functionof

othermessagesare:

bi(xi) � � � i(xi) �
k � N(i)

mki(xi) (2)

mij (xj) � ���
xi

�
ij (xi, xj)

�
i(xi) �

k � N(i) � j mki(xi) (3)

where � denotesa normalizationconstantandN(i) 	 j meansall nodesneighboringnode

i, except j. Here mij (xj) is the messagethat node i sendsto node j and bi(xi) is the be-

lief (approximatemarginal probability) at node i, obtainedby multiplying all incoming

messagesto that nodeby the local evidence.Similarly, we candefinethe belief bij (xi, xj)

at the pair of nodes(xi, xj) as the productof the local potentialsand all messagesin-

comingto the pair of nodes:bij (xi, xj) = ��
 ij (xi, xj) � k � N(i) � j mki(xi) � l � N(j) � i mlj (xj), where


 ij (xi, xj) 
 �
ij (xi, xj)

�
i(xi)

�
j(xj).
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Thebeliefsaresubjectto thenormalizationandmarginalizationconstraints:� xi
bi(xi) = 1,

� xi
bij (xi, xj) = bj(xj). Figure 2 (a)-(c) shows graphicallyhow the marginalizationcon-

straintscombinedwith thebeliefequationsleadto theBPmessageupdaterules.

Claim 1: Let � mij � bea setof BP messagesandlet � bij , bi � bethebeliefscalculatedfrom

thosemessages.Thenthe beliefsarefixed-pointsof the BP algorithmif andonly if they

arezerogradientpointsof theBethefreeenergy, F � [11, 12]:

F � ( � bij , bi � ) = �
ij

�
xi ,xj

bij (xi, xj) ln
bij (xi, xj)
 ij (xi, xj)

� �
i

(qi
� 1) �

xi

bi(xi) ln
bi(xi)�

i(xi)
(4)

(qi is thenumberof neighborsof nodei.)

Thefact thatF � ( � bij , bi � ) is boundedbelow impliesthat theBP equationsalwayspossess

a fixed-point(obtainedat the global minimum of F). To our knowledge,this is the first

proofof existenceof fixed-pointsfor ageneralgraphwith arbitrarypotentials(see[13] for

a proof for a specialcase).Thefreeenergy formulationclarifiestherelationshipof BP to

variationalapproaches,whichalsominimizeanapproximatefreeenergy. [14, 4, 15].

TheBetheapproximation,for whichtheenergy andentropy areapproximatedby termsthat

involve at mostpairsof nodes,is the simplestversionof the Kikuchi “clustervariational

method”[1, 2]. In a generalKikuchi approximation,thefreeenergy is approximatedasa

sumof thefreeenergiesof basicclustersof nodes,minusthefreeenergy of over-counted

clusterintersections,minusthe free energy of the over-countedintersectionsof intersec-

tions,andsoon.

Thechoiceof basicclustersdeterminestheKikuchi approximation–fortheBetheapprox-

imation, the basicclustersconsistof all linked pairsof nodes.Let xr be the stateof the

nodesin region r andbr(xr) be the “belief” in xr . We definethe potentialof a region by�
r(xr) by:

�
r(xr) = � ij

�
ij (xi, xj) � i

�
i(xi) wheretheproductsareover all interactionscon-
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tainedwithin the region r. For modelswith higherthanpair-wise interactions,the region

potentialis generalizedto includethoseinteractionsaswell.

TheKikuchi freeenergy is

FK = �
r � R

cr �
xr

br(xr) ln
br(xr)�

r(xr)
(5)

wherecr is theover-countingnumberof region r, definedby: cr = 1 � � s� super(r) cs where

super(r) is thesetof all super-regionsof r. Wehavecr = 1 for thelargestregionsin theset

of all regions,R. Thebelief br( � r) in region r hasseveralconstraints:it mustsumto one

andbeconsistentwith thebeliefsin regionswhich intersectwith r. In general,increasing

the sizeof the basicclustersimprovesthe approximationoneobtainsby minimizing the

Kikuchi freeenergy.

JustastheBethefreeenergy canbeminimizedby theBP algorithm,we introducea class

of analogousgeneralizedbeliefpropagation (GBP)algorithmsthatminimizeanarbitrary

Kikuchi freeenergy. Therearein factmany possibleGBPalgorithmswhichall correspond

to the sameKikuchi approximation.We presenta “canonical”GBPalgorithmwhich has

the nice propertyof reducingto ordinaryBP at the Bethelevel. We introducemessages

mrs(xs) betweenall regionsr andtheir “direct sub-regions” s [16]. It is helpful to think of

this asa messagefrom thosenodesin r but not in s (which we denoteby r 	 s) to thenodes

in s. Intuitively, we want messagesto propagateinformationthat lies outsideof a region

into it. Thus,for a given region r, we want the belief br(xr) to dependon exactly those

messagesmr � s� that startoutsideof the region r andgo into the region r. We definethis

setof messagesM(r) to bethosemessagesmr � s� (xs� ) suchthatregion r ��	 s� hasno nodesin

commonwith region r, andsuchthatregions� is asub-regionof r or thesameasregion r.

ThecanonicalGBPupdaterulesare:
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br(xr) � � � r(xr) �
mr � s� � M(r)

mr � s� (xs� ) (6)

bs(xs) = �
xr � s br(xr) (7)

The marginalizationconstraint,eq. (7) implicitly definesmessageupdaterules.Figure2

(d)-(h)showsgraphicallyhow themarginalizationconstraintsover theregionprobabilities

leadsto themessage-passingequationsfor aparticularchoiceof Kikuchi clusters.

Many differentmessage-updateschedulesarepossible,but it is a goodideato updatethe

messagesinto thesmallestregionsfirst. Onecanthenusethenewly computedmessagesin

theproductovermessagesinto largerregions.Empirically, thishelpsconvergence.

Claim 2: Let � mrs(xs) � bea setof canonicalGBPmessagesandlet � br(xr) � bethebeliefs

calculatedfrom thosemessages.Thenthe beliefsarefixed-pointsof the canonicalGBP

algorithmif andonly if they arezerogradientpointsof theconstrainedKikuchi freeenergy

FK [17, 18].

Weusethenew algorithmsin two well-understoodproblems.Figure3 showsGBPusedto

calculatethelocal magnetizationsof a row of spinsin a spinglass[19]. This is equivalent

to performinginferencein a2-dMarkov randomfield,asusedin computervisionproblems

[20]. BP workspoorly for this example,andMonteCarlosimulationsarevery slow. The

new GBPalgorithmresultsarefastandnearlyexact.Thisexampleillustrateshow theGBP

algorithmimprovesover thestandardBethe/TAP [21] approachto disorderedspinsystems

from statisticalphysics,by providing anefficient way to minimizeKikuchi freeenergies

for inhomogeneoussystemson realisticlattices.

BPdecodingworksspectacularlywell for TurboCodesandGallagercodes.[7] Mostexplo-

rationsfor new codesarenow focusedon thosethatcanberepresentedby graphswithout

smallloops,to insurethattheBPalgorithmwill work well. But thisrestrictionmayprevent
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us from finding goodcodeswhich do have shortloopsin their graphicalrepresentations.

Figure4 is a graphicalrepresentationof a small toy (20,8,6)parity checkcodewith many

short loops (inspiredby [22]). GBP decodesthis codesignificantlybetter(by arounda

decibelor more dependingon the clusterchoice)than ordinaryBP, illustrating that the

GBP algorithmcanbe usedto decodemany codesthat BP could not decodewell. This

codeis sufficiently smallsothat theBP andGBPalgorithmscouldbecomparedwith ex-

act(maximumlikelihood)methods.Whenwedecodedotherparitycheckcodeswith short

loops in their graphicalrepresentationsthat were too large to be tractableby maximum

likelihooddecoding,we obtaineda qualitatively similar improvementin decodingusing

GBPcomparedBP. GBPalgorithmsshouldhave many otherapplicationsin otherscience

andengineeringapplicationsthatinvolve inferencein graphicalmodels.
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0 gives:ln bij (xi, xj) = ln( 
 ij (xi, xj)) + � ij (xj) + � ji (xi) + �
ij
� 1. Theequation � L� bi (xi )

= 0 gives:

(qi
� 1)(lnbi(xi) + 1) = ln

�
i(xi) + � j � N(i) � ji (xi) + �

i. Setting � ij (xj) = ln � k � N(j) � i mkj(xj)
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�
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F � = � �
i

�
fi
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i

�
xi

b(xi) ln P(yi � xi)
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fi
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i
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Figure 1: Exampleundirectedgraphicalmodel.Graphnodesrepresentrandomvariables,

which maybecontinuousor discrete.Linesindicatestatisticaldependencies.We typically

wantto find themarginalprobabilityatanode.
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(a) (b)
(c)

(d) (e) (f) (g) (h)

Figure 2: Marginal probabilities(beliefs) and associatedmessageupdateequationsfor

BP and GBP on a grid Markov randomfield, such as Fig. 3 (a). BP Illustration of

Eq. (2) for the belief at node i: bi(xi) �  i(xi)mji (xi )mki(xi)mli (xi)mmi(xi), where j,

k, m, and n are the neighboringnodes;mai(xi) is a messagefrom node a to node i;

and  i(xi) is the local evidence at node i. (b) Belief at nodes i and j, bij (xi ,xj) �
 i(xi)  j(xj)  ij (xi ,xj)mki(xi)mli (xi )mmi(xi)mnj(xj)moj(xj)mpj(xj), wheren, o, andp areneigh-

borsto nodej. Requiringthat bij (xi ,xj) marginalizedown to bi(xi) gives the BP message

updateequation,Eq. (2), shown in (c). Opencircle indicatesa nodewhich is marginalized

over. GBP, using4-nodeKikuchi clusters.Depictionof the beliefsat a node(d), pair of

nodes(e), andat a clusterof 4 nodes(f) in termsof GBP messages.Theseareinstances

of Eq. (6). Redarrows arethesingleindex messagesalsousedin ordinaryBP. Brown seg-

mentsindicatethedouble-indexedmessagesof thisGBPapproximation,correctionsto the

BP messages.Therequirementthat (e) marginalizedown to (d) leadsto oneGBPupdate

equation,(g); that(f) mustmarginalizedown to (e) leadsto theother, (h).Bothareinstances

of messageupdateequationsderived usingEq. (7). Fixedpointsof thesemessageupdate

equationsgive beliefsthatarestationarypoints(empiricallyminima)of thecorresponding

Kikuchi approximationto thefreeenergy.
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(a)

(b)

Figure 3: Captiononnext page.
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Figure 3: Solution of squarelattice Ising spin glassin a randommagneticfield using

GBP. Nearestneighbornodesconnectedby a compatibility matrix of the form  ij =!"
# exp(Jij ) exp( $ Jij )

exp( $ Jij ) exp(Jij )

%'&
( andlocalevidencevectorsof theform  i = (exp(hi); exp( $ hi)).

Similarmodelsareusedin computervisionandimageprocessingproblems[20]. To instan-

tiatea particularlattice, theJij andhi parametersarechosenrandomlyandindependently

from zero-meanGaussianprobabilitydistributionswith standarddeviationsJ andh respec-

tively. The following resultsarefor n by n latticeswith toroidalboundaryconditionsand

with J = 1, andh = 0.1. This model,with many small loops,conflictinginteractions,and

weakevidence,shows theweaknessesof ordinaryBP, whichperformswell for many other

networks. We startedwith randomizedmessagesandonly steppedhalf-way towardsthe

computedvaluesof themessagesat eachiterationin orderto helpconvergence.We found

thatcanonicalGBPtook abouttwice aslong asordinaryBP per iteration,but would typi-

cally reacha given level of convergencein many fewer iterations.In fact,for themajority

of the dozensof samplesthat we looked at, BP did not converge at all, while canonical

GBPalwaysconvergedfor this modelandalwaysto accurateanswers.(We foundthat for

thezero-field3-dimensionalspinglasswith toroidalboundaryconditions,canonicalGBP

with 2x2x2cubicclusterswouldalsofail to converge).For n = 20 or larger, it wasdifficult

to make comparisonswith any otheralgorithm,becauseordinaryBP did not convergeand

MonteCarlosimulationssufferedfrom extremelyslow equilibration.However, generalized

belief propagationconvergedreasonablyrapidly to plausible-lookingbeliefs.For smalln,

we couldcomparewith exactresults,foundby clusteringsetsof n nodesinto a chain.For

then = 10 latticeshown in (a), BP did converge andwe compareBP, GBP, andtheexact

local magnetizationsfor onerow of thespins,plottedin (b). BP seriouslyexaggeratesthe

magnetizations,while GBPfindsthemnearlyexactly.
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(a)

(b)

Figure 4: Graphicalrepresentationof a (20,8,6)parity checkcode.The codeis obtained

from adodecahedron–eachcornerof thedodecahedron(representedby aredcircle) is abit

in the codeandeachfaceof the dodecahedron(representedby a blue square)is a parity

checkof the bits on the cornersof that face.This codehasa reasonablylarge minimum

distanceof 6 bits betweencodewords,but hassmall loopsin its graphicalrepresentation.

We usedtheadditive white Gaussiannoisechannel,andmonitoredthepercentageof suc-

cessfullydecodedcodewords (over 4000 transmittedwords) at variousnoiserates.We

comparetheresultsof four decodingmethods:maximumlikelihood(for sucha smallcode

table-lookupis tractable),BP(Gallagerdecoding[23]), GBPusingclustersof thefivenodes

includedin asingleparitycheck,andGBPusingclustersof thetennodesincludedin three

adjacentparity checks.The BP andGBP algorithmswereeachrun for 100 iterationsfor

eachblock, andtheGBPmessageswereupdatedsoasto move half-way to their updated

valuesat eachiteration.We find that GBP decoding,even using the small clustersof 5

nodes,improves the decodingperformanceby nearlya decibelin termsof the signal to

noiserationecessaryto achieve agivendecodingsuccessrate.
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