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Abstract

Texture mapping using trilinearly filtered mip-mapped data is efficient and looks much
better than point-sampled or bilinearly filtered data. These properties have made it
ubiquitous: trilinear filtering is offered on a $129 Nintendo 64 video game unit and on a
multimillion dollar SGI InfiniteReality. But trilinear filtering represents the projection
of a pixel filter footprint from screen space into texture space as a square, when in reality
the footprint may be long and narrow. Consequently, trilinear filtering severely blurs
images on surfaces angled obliquely away from the viewer.

This paper describes a new texture filtering technique called Feline (for Fast Elliptical
Lines). Like other recent hardware anisotropic filtering algorithms, Feline uses an under-
lying space-invariant (isotropic) filter with mip-mapped data, and so can be built on top
of an existing trilinear filtering engine. To texture a pixel, it uses this space-invariant
filter at several points along a line in texture space, and combines the results. With a
modest increase in implementation complexity over earlier techniques, Feline more ac-
curately matches the desired projection of the pixel filter in texture space, resulting in
images with fewer aliasing artifacts. Feline’s visual quality compares well against Ellip-
tical Weighted Average, the best efficient software anisotropic texture filtering algorithm
known to date, but Feline requires much less setup computation and far fewer cycles for
texel fetches. Finally, since it uses standard mip-maps, Feline requires minimal extensions
to standard 3D interfaces like OpenGL.

This report is a superset of Feline: Fast Elliptical Lines for Anisotropic Texture Mapping, published in
Proceedings of SIGGRAPH 1999

*Compaq Computer Corporation, Western Research Laboratory
TMERL
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1. Introduction

Ideally, computing a texured \elue for a pixé in-
volves perspective projecting a ilter from screa space
(indexed by x ard y coordiretes) iro textue space(in-
dexed by u ard v coordnates) to obtain a warped prefilter.
Since he textue data are discretersples, we also reqire
areconstruction filter to interpolate ketween texel sanples.
For methematicaly tractable varped aml recorstruction
filters, we cen canbine the wo to create aunified filter in
texture space. Eachtexel inside he urified filter's foot-
print is weighted accordingto the urified filter’'s corre-
spording value in screenspace the weighted samples are
accunulated, an the sum is divided ly the filter's volume
in texture space.

Figure 1, insgred by Lansdhle [8], gives an intuitive
view of this process. Apixel filter is a “window” onto a
portion of the texture mep; the window’s opaciy at each
point carespnds to the flter’'s weight. The grid repre-
serts a texture map; the $aded rectagie the screa. We
view an elliptical portion of the texture map through a
round pixel filter. (In degenerate casea circle pojects to
an arbitrary conic sectim, but for or purposesan ellipse
suffices.) Since the pixel “window” can display a shge
blob of color, the fundamental problem of texture mapping
is to canpute a represdative color at eaclpixel.

Figure 2 shows a ypicd pixel filter in screenspace—

a Gaussian with weighting € %**¥) truncated to zero be-
yond a radus of ore pixel, ard with ana of 2. Tick marks
onthex ard y axes are at op pixel intervals; the x-y grid is
at Yo pixel intenals. Fgure 3 slows an exemplary per-
spective projection of this filter into texture space,where
the tidk marks a the u ard v axesare spaced at entexl
intervds, andthe gridis at %2 teel intervds. Nde the ds-
torted filter profile: eachcontour line is an ellipse, hut the

Figure 1 Viewing an elliptical texture
area tihough a circdar pixel window.
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ellipses repesentng lower sanple weights are mcreasimgly
offsetfrom the flter center.

(In this and all other graphs of texture space flters, we
normalize the filter volume to one, axd highly exaggerate
the vertical axis by a corstant scde factor. This allows
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Figure 3:A pergpecive projecion of a
Gaussian filter into textue space.
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Figure 4:An affine projecton of a
Gaussian filter into textue space.
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direct conparisons beteengrapts.)

Mapping the texel psitions in Figure 3back intopixel
positionsin Figure2 (let alme creatilg a wified filter), so
that relatve weights can hen be applied to the texelvalues,
is a guesome affair. Rather than using a perpecive pro-
jection, Heckbert and Greene [4][6] suggstusng alocally
parallel (afine) pojection, as shan in Fgure 4 This
drastically smplifies computing the footprint and weights
of the pojectedfilter. This sinplification is visudly insig-
nificant. The nodestweight differerces betweenFigure 3
ard Fgure 4would be exremely hard to detectin anyim-
age. Further, to ge the slight dstortion shown in Figure 3
requres a rarly edge-on view of the sufacebeingtexture
mapped, in which all detail is lost anyway.

Our algaithm approximates tle elliptical filter shown
in Figure 4 by performing several isdropic (e.g. trilinearor
mip-mapped Gausian) filtering qerations, called probes
along the ngjor axis of the ellipse. In conparison to other
hardvare ansotropic filtering methods, Feline better ap-
proximates he elliptical filter by more accuately deter-
mining the length of the line along which probesshould be
placed,spacimg probes at better iarvals, wideningprobes
under certain conditions, and Gaussian weighting the probe
results.

“Simple Felne” uses approximations for the ellipses
major ard minor axes hat, under ordirery perspectie dis-
tortions, yield viswal resuts that are asgood asudng the
exact \elues. Moreextreme perspectiesmay ocaur when
ervironment mapping or otherwise projecing images onto
sufaces m a 3D scea (e.g rerdering light from a staned
glass windows an a floor). Urder such conditions, Simple
Felinés approximations of the ellipse may deviate sub-
startially from the true values,and reailt in noticeable blu-
ring. We thus also describe a ane sophsticatedalgorithm,
“Tade Feline,” which better approximates the ellipse’s
major ard minor axes Both versionsof Feline require just
a few additional camputations over previous algaithms.

In this paper, e first discuss previous work, including
the beg efficiernt software &chnique, am shortcomings of
recen hardware arnsotropic fltering technques. We next
degribe the desred conputations for usng several probes
alorg a line, show how to meke these canputations ae-
nable to hardware, aml discuss techriques to rediwce te
number of probesper pkel. Hnaly, we preent several
pictures conparing the variais methods of filtering.

2. PreviousWork

We first describe Elliptical Weighted Average (EVA),
the most efficient direct conwlution method known for
computing a textured pixel. This provides a quality
berchmark against which to campare other techiques.
(We donot deribe other software dforts like [2] and [3],
aswe feel hat EWA either supersedeshiese ajorithms, or
that they areso slav as to be ima differet clas.) We dis-
cuss trilinear filtering, which is popdar bu blurry. We
delve more deepy into Texram a clip that performs ani-
saropic filtering by repeatedapplications d an isotropic
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filter along a line, anddisciss is weaknesses. We briefly
mention other algorithms apparently similar to Texram, but
which are no described in suficient detail to analyze.

2.1. Elliptical Weighted Average

Paul Hecklert's andNed Greenés Elliptical Weighted
Average (EWA) algorithm [4][6] exactly computes te
size, sham, and orientaton o an elliptical filter like the
one shavn in Figure 4 If the caater d thefilter in texture
space is traslated to (0, 0), thenthe filter in texture space
canbe claracterized as:

d¥(u, v) = Al + Buv + CV

The value d?represets the distarce sgared fom the
centerof the pxel when the texel position is mapped back
into screerspace. Tus, d’canindex a tableof weights that
is unrelated to the affine projecton, but depenls only upon
the pxel filter.

EWA deteminesd? for eachtexel in or rear tfe ellip-
tical footprint. Texels irside the footprint (d° < 1) ae sam-
pled, weighted, aml accunulated. The resit is divided by
the sum of the weights, which is te elligtical filter’s vol-
ume in texture space.

Given the mrtial derivatives ou/ox, ov/ox, ou/dy, ard
ov/dy, which represehthe rates ofchange of u ard v in
texture space relate/to cltanges in x ard y in screa space,
the biquadratic coefitientsfor conputing d” are:

Ann = (OVI0X) % + (OvIdy)*

Bun = —2 *(0u/0x * 0v/ox + ou/dy * ov/dy);
Can = (QU/0X)? + (Qu/dy)?;

F=Aun*Can— Bnn2/4;

A= AnfF;

B = B,/F;

C=C,/F;

Pixels that map to a larg area intexture space aabe
handled by using mip-maps [11], where eachlevel of a
texture’s mip-map is ¥z the height ard width of the previous
level. Hecklert [6] suggests sampling from a sngle mip-
map level in which the minor radus is betweenl1.5 ard 3
texels. He latemnplementedunpublishedcode in which the
minor radus is between2 ard 4 exels, in orderto awid
sultle artifacts.

Even using mip-maps, highly eccetric ellipses may
ercompass anunacceptabl large area. Tis areacan be
limited by computing the ratioof the major radus to the
minor radus, ard if this raio is too large, widening the
minor axis d the ellipse ad computing the caresmnding
coeficients A, B, ard C. The conbination of mip-maps
and ellipse widening allows EWA to compute a textured
pixel with a (large) constant time bound

Choosing a mip-map level and teding for very eccen
tric ellipsesrequires computing the major and minor radi
of the ellise

root= grt((A —C)? + B?);
A’ = (A+C-root)/2;
C' = (A+C+root)/2;
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majorRadius = sgrt(1/A’);
minorRadus = grt(1/C);

Widening a lighly eccettric ellipse regires sewen
multiplies, a square root, an inverse rat, and a dvide.
These setugomputations, plus lagic to visit only texds in
or near the ellipe andcompute d°, have thus far precluded
hardware implementation of EWA.

The anly complaint that ca be leveledaganst EWA’s
visual quality is its choice d a Gawssia filter. Otherfilters
prodice sharperimages without introducing more alasing
artifacts (see Wlberg [12] for an excellent discussia).
However, thesdilters have a radus d two or three [xels,
which increass the work requred to conpute a tetured
pixel by a facor of four or rine. And as Lansdale [8]
points ait, none d thesefilters are asnathematically trac-
table as the Gaussan for unifying the recongruction filter
andprojectedpixel filter (i.e., thewarped prefilter).

2.2. Trilinear Filtering

Trilinear filtering emphasizes simplicity andefficiency
at the cost ofvisual quality. Rather than computing the
shape of the projected fiter footprint, it uses a sqare flter
in texture smce. B blerding two 2x 2 hilinear flters
from adacen mip-map levels, trilinear filterirg crudely
approximates a circulafilter of an arlitrary size. Figure 5
shows a trilinear filter that (poory) approxmatesthe EWA
filter shown in Figure 4 The axs tick marks are spaced
onetexel apart, vhile the grid is spaced at %2 tekintervals.
Strictly speakng, because it bleds tvo 2x 2 bilinear fl-
tering @erations, a trilnear flter sanples a sqare areaf
2" x 2" texels. However, most d the filter vdume resides
inside a circle with the nominal filter radus. In the 2D
pictures lelow, we thus show a trilinearfilter’s footprint as
a circle ofthe rominal radius.

A trilinear filter burs a aliasegexturesapplied to sur-
faces hat are ankpd obliqely away from the viewer.
Theseartifactsarise because theéd shape ofthe trilinear
filter poorly matches the desred elliptical filter footprirt,
and so the trilinear flter sanples data autside the ellipse,
does’'t sample datninside te elipse, or boh.

0.035
0.030
0.025
Sample 0.020
weight 0.015
0.010
0.005
0.000

v axis
u axs

Figure 5 A trilinear filter aproximation to Figure 4.
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2.3. Texram

Texram [10] provides higher \swal quality than
trilinear filtering with less camplexity than EWA. Texram
uses a series btrilinear filter pobes alag a line that ap-
proximates the length and dope of the major axs of
EWA's elliptical footprint.

The Texram auhors corsidered conputation of the el-
lipse paraneterstoo cogly for hardware, aml 0 subgituted
simplified appro¥mations. Thes approxmations under-
estimate the length of themajor axis d the ellipse, casing
aliasing; overestimate the lendgh of the minor axs, cawsing
blurring; ard devate from the slope ofthe major axs,
calsing yet more blurring and alasing. Noretheless these
errors are \sually insignificant under typical perspectie
projecions, asdiscussed further in Secion 3.2 bebw.

Texram has other problems that do manifest them
selves as \sible alissing attifacts. It usually samples along
aline that is much shorter than the elipse, ad canspace
the trilinear probes tooaf apat. Texram always uses 2"
equally weighted probes which causs poor hgh-
freqency rejectionalongthe mgjor axs. These problms
make Texram'’s visual quality noticeably inferior to EWA.

Texram uses he four partial deritives to createvto
vectors intexture space:du/ox, ov/ox) ard (Qu/dy, ov/dy).
The auhors claim to sample roughy the area niside te
paralelogram formed by these two vecbrs by probing
along a line tha has the legth and slope of the lahger o
the two vectors. This line candevate from the slope othe
major axis d EWA's elliptical filter by as much as 45°.
This is nd as lad as it sands. The largest agular erras
are assoiatedwith nearly circuar filters, which are rela-
tively insensitive toerras in aientatian.

Texranis sanpling line canbe shater than the true el-
lipse’smajor axis by nearly a factor offour. Ore factor of
two comes from Texram’'s use of the length of the longer
vecta as the lagth of the sanple line. Note that if or-
thogonal vectas are puggedinto the ellipse egations in
Sectim 21 alove, themgjor radus is the lagth of the
longervedor, and so the ellipsés major diameter is actu-
ally twice the length of this vedor. Texram's erra is ap

Sample
Weight  0.020 ‘

77
0.000 -'-'-..':.-.-.-g,_.

Figure 7. Worst-case Zprobe Texramfilter.
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EWA's elliptical
footprint \
A \ ﬁ
, .
"Bounding" (___ Sampling Texram area

parallelogram line L actually filtered
Figure 6: Texramarea smpled \s. EWA.

parertly due to an older paper byPau Heclbert [5], in
which he siggestedusing afilter diameter hat is realy a
filter radius.

Another facor of two cames from non-orthogonal
vectors. Ifthe wo vectors arenearly parallelard equal in
lengh, the elliptical footprint is vely narrov and hasa nme-
jor radiws nearly twice the length of either vector. Again,
this is not as bad asit sounds: under typical pergpectve
distortions the longer vecbor is at leas 93% the length of
the trwe ellipse radis.

Texram approxmates he radis of the minor axis of
the ellipse by choosing the dhortest d the wo parallelo-
gram dde vecbors ard the two paralelogram diagonals
(Ou/ox + du/dy, av/ox + dv/dy) ard (Qu/ox — Ou/dy, OvIox —
ov/idy). If the side ectors are eparly parallel ad the
shorter is half the length of the longer, this approxmaton
canbe bo wide byan arbirarily large factor.

Onre of the Texram auhors was unsure which values
round up or down in the division tha computes the number
of probes We have asumned valuesin the helf-openinter-
val [1.0 o 15) round to ore probe,valuesin [1.5 to 3)
round to two probes, value in [3 to 6) round to four
probes etc. Texram doesnot adjwst the probe daneter
when it rounds down (asdiscussed in Secion 3.1 below),
ard so canspace probes toarfapart. In this case,Tex-
ram’'s camposite filter looks like a mountain range with
individual peaks. These peak cause aliarg, ard canbeat
against repeated téxre patters to create pdrtom pat-
terns.

Sample
Weight

Figure 8 Best-case 4probe Texramfilter.
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Figure 6 stows an extreme example of these errors, in
which (@u/ox, dv/ox) is (13, 0) aul (Qu/dy, ov/dy) is (12,5).
The areasanpled by EWA is shown as the laige heavily
outlined ellipse, while Texram'’s trilinear filter footprints
are slown as circle.

To approximatethe elliptical filter shown in Figure 4
Texram computes hat it would ideally use 2.97 prabes.
Figure 7 shows the resuting filter if Texram rourds down
to 2 pobes Snce t doesnot widen the trilinear probes
the two mountain peaks are dte distinct, ard texels near
the center 6 the filter are severgl underweighted We
forced anexperimental version of Texram to always rourd
up the number of probesto a pover of two; its images ex
hibited almost as much aliasihg as he orignal version that
rounds upor down. Figure 8shaws the resuting filter if
Texram rounds the 2.97 probesup to 4 probes ard helps
explain why diasing remains. The probegdorit extend far
enaugh along the mgjor axis of the ellise, andthe pobes
are eqally weighted. This creates anesalike filter that
would look at home in Monument Valley, rather than the
smoothly sloped Hawaiian shield volcano filter of EWA.

2.4. Other Hardware Algorithms

Microsoft’'s Talisman [1] usesa filtering algorithm “in
the sprit of” Texram. Details are scant, U aliasing evi-
dert in the examples sugged that they may be haunted by
Texram’s problems. Evans & Sutherland holds U.S Patent
#5,651,104 for using spacenvariart probes alog a line.
The paéent does't degribe how to compute the probeline,
but the diagams imply a line that § at most a sinde pixel
in lengh in screenspace, \ich is orce gain so slort that
it will produce \sible alising artifacts.

3. TheFdineAlgorithm

Like Texram, Feline uses several isotropic probes
along alineL to implement ananisotropic filter. Hawvever,
we compute a more gppropriate lengthfor thesampling line
L, allow the nunber of probesto be anyinteger, dorit
spaceprobestoo far apart, ad weight the probes sing a
Gaussian curve. In saome circunstances we use a mip-
mapped Gausganfilter for the pobes. Feline regires little
additional logic over Texram, yet adieves visibly superior
results.

We first describe the desired computations toyield the
locaions ard weights for a gries of probe paits along a
line. We next desaibe two versions of our algorithm,
which differ only in their approxmatons of the major ard
minor axes 6 the ellipse. “Simple Feline” inherits Tex-
ram’'s approxmations of the nmgjor ard minor radi, after
which it implements the desired computations in a fashion
suitable for hardware. Under highly distorted perpectve
prgecions, which may occu whenenvironment mapping,
Simple Feline's major ard minor radi approxmationsre-
sult in blurring. “Table Feline” wses atwo-dimensional
talbe tocompute the ellipse esmore accuately. We con-
clude with techniques to redwce e nunber ofprobes
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3.1. TheDesred Computations

The combination of multiple isaropic probes shald
closely match the $iape o the EWA filter. Thus,the probe
points $ould occur alog the ngjor axis of the ellipse,the
probes shaild be Gaussia weighted andthe paobe filter
width should be equal tothe nminor axis of the ellipse.

(Ideally, the probe filter width would be relatedto the
width of the ellipseat ead probe position. We initially did
not investigate this becase we didn’'t know how to opti-
mize he tradeeff betveen the probe diamter, probe
weighting, probe pacing, ard the nunber of probes After
implemerting congant diameter probeswe saw no rea®n
to pusue variable diameter probes The “improvement”
was unlikely to be vsible, bu would significantly increag
the nunber ofprobesdue o tighter pacing of small probes
near the eds of the ellipse.)

We conpute majorRadius ard minorRadus as inSec-
tion 2.1 aboe, ard thenthe angle theta of the major axs:

theta= arctaiB/(A-C))/2;

/I If thetais ande of minor axis, make it
/I argle of mgjor axis

if (A > C) theta=theta+ 172;

If minorRadus is less han one pixel (that is, we are
magnifying along the minor axs, ard posibly along the
major axis), the apropriate radii shold be widened—there
is no point in making severa probes to nearly identical
locatiors. Heclberts Mastets Thesk [6] elecartly ad-
dresses tis situation. He unifies the recastuuction and
warped prefilter by using the following computations for A
ard C rather thanthe oresshown in Secion 2.1 aboe:

Aun = (OVIOX)* + (OVIdy)* + 1;
Cpn = (QU/0X)? + (QU/dY)?+ 1;

This makes the filter radiws sgrt(2) texels br a one-to-
one mepping of texels into pixels. (The flter radus ap
proactes one texel as magnification increases.) \hle
theaetically sugerior, this wider filter blurs more than the
radus one trilinear flter conventiondly used for unity
mappings and for magnifications. In orderto match this
convention, and to make hardvare implementdion feasibe,
we instead clenp the radii to aminimum of one teel:

minorRadus = max(minorRadus 1);
majorRadius = max(majorRadius, 1);

The spacenvariant probes alog the major axis have a
nomind radius equd to minorRadus, ard so tke distance
between probesshould also be minorRadus The erd
probesshould be t in from the elipse by a distance of
minorRadus aswell, o that they don't sample dat off the
ends of the ellipse. Therebre, thenumber of probes we'd
like (fProbeg, ard its integer cowunterpart {Probeg, are
derived from the rato of the lengths of the major and minor
radi of the ellipse:

fProbes= 2*(majorRadiugminorRadus) — 1;
iProbes= floor(fProbes+ 0.5);
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To guaantee that texturing apixel occurs in abounded
time, we clamp iProbesto a progammable value max-
Probes An application canuse a snall degee of anisot-
ropy at high frame rates, ash then allow more eccetric
filters for higher visual quality when motion ceases.

iProbes= min(iProbes maxPiobeg;

When iProbes> fProbes becase fProbesis rourded
up, we space probes closeraththeir radits, rater than
blur the mage ly sampling data df the ends of the ellipse.

When iProbes < fProbes either becawse fProbes is
rounded down, or becaseiProbesis clamped, the ellipse
will be probd at fewer points than desred. Spacing the
probesfarther apartthantheir raduus, or gortening the line
L, may cause alasing artifacts. Irsteadwe blur the image
by increasing minorRadusto widen the ellipse, éfectively
redwing its eccetricity to match iProbes Increasng mi-
norRadusincreaseshelevel o detail and thus e naminal
radus d the probefilter.

if (iProbes< fProbeg
minorRadus = 2*majorRadius/ (iProbes-1);
levelOfDetail= log(minorRadus);

Analogous to clamping minorRaduus ard majorRadius
to 1, we also use a sigle probe in the smallest 1 x 1 mip-
map. This redices gcles spen displaying a repeatedex-
ture in he dstance. We don't attempt a similar optimiza-
tion for the 2x 2 or 4x 4 mip-maps. Consider the worst
2 x 2 case,in which a checkerboard ismirror repeated, ah
an ellipsewith aminorRadusof 1 is cetered at a comer of
thetexture mep. Figure 9 depicts this guation, where he

thin lines delineatetexels, andthe hick lines dlineate the

(repeatedP x2 mip-map. The circle onthe Ie€ft usesone
probe to compute an all-white pixel. The ellipse on the
right uses 6 probego compute the darlest possible pixel of
52% white, 48% shacd (The white texels aparently in-
side the ends of the elipse dort contribute to he pixel’s
color, as oty texel centers are sapled.) Shce lorger el-
lipsesconvergeso slowly to an ntermedate cdor, we re-
strict aurseles tothe trivial agustment:

if (levelOfDetail> texturemax_evelOfDetai) {
levelOfDetail= texture.maxLevel@fetail;
iProbes= 1;

}

We conpute the geppirg vector Qu, Av), which is the
distarce betveen eachprobe poihalorg the line:

lineLergth = 2*(majorRadius— minorRadus);

Au = costheta) * lineLergth / (iProbes- 1);

Av = sinthetd) * lineLergth / (iProbes— 1);

(The stepping vector is irrelevant if iProbesis 1) The

sample points are dgtributed symmetricaly abou the mid-
point (Up, V) of the sanpling lineL in the pettern:

(Un» Vo) = (Unw Vi) + V2™ (AU, AV)
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Figure 9 Ellipses smpling a 2x 2 texture map oscillate
arownd a bler of the wo colors as eccénicity increases.

Figure 11: Rsitioning anodd rumber of probes

wheren = 1, 3, #5, ... if iProbesis ewen, asshown in
Figure 10, ad n =0, 2, #4, ... if iProbesis odd, asshown
in Figure 11.

We apply a Gausian weight to ead proben by com
puting the distance squared of the probe ffom the cetter of
the pxel filter in screerspace, tlen exponertiating:

d =n/2 * srt(Au?+ AVP) / mgorRadius;

d? = n?/4 * (AU? + AV?) / majorRadius’;

relativeWeight = " %;

Finaly, we dividethe accumulated probe redts by the
sum of all the weights appled.

This ideal algrithm uses 6 probes tappoximate the
filter in Figure4. The resultingcomposite filter is $i1own
in Figure 12. Itprovidesa renarkably close match.

3.2. Implementing Simple Feline

Simple Feine implements he aboe computations, ex-
cep it uses Exram’s approximations to the ellise xes
rather then computing the exactvalues. W\é use the longer
of the two vectors (0u/ox, ov/idx) ard (Qu/dy, ov/dy) asthe
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Figure 12:The degred Feline conputationsuse 6 probes
for amost excdlent apgproximation to the elligtical filter.

major radus, ard the dortest of those and the two diago-
nds (Qu/ox + ou/dy, ov/ox + ov/dy) ard (Qu/ox — ou/dy,
0v/dx — 0v/dy) asthe minor radius length.

We were surprised that under typical pergpectve pro-
jections, these gpoximations work essatially aswell as
the exact elues. We discowred tlat the wo vectors
(Ou/ox, oviox) ard (Ou/dy, ov/dy) are nore orless orthogo-
nal under typical pergective ditortions. In the images
shown below, the ande betveenthe wo are inthe rang
90° £ 30°. The nost exreme andes occu with very une-
qgual vector lenghs, where tke approimations slightly
overestmate the minor axis lengh but accuately estmate
the mgjor axis. The smple approxmations aretolerably
close tothe true vaies under these caoditions.

We use a two-part linear approdmation for the vector
lengh square r@t. Without loss d generaliy, for a vecto
(a, b) assune thata, b>0ard a>b. The following func-
tion iswithin 1.2% of the true legth sqt(a’ + b?):

if (b < 3a/8) retun a + 50/32
else retun 109%/128 +35b/64

We do mot conpute the gepping vecor with trigono-
metric functions, bu instead scalehe longer vector di-
rectly. Call the longer vector canporents (majorU, ma-
jorV). Either thisvecta describes majorRadius, or ele
iProbesis ore ard the gepping vector is irrelevant. By
subgituting majorUmajorRadius for coshe, ard ma-
JjorV/majorRadiusfor sine, we get:

r = minorRadus/ majorRadius

i =oneOveNMinuOneTable[iProbeg;
Au = 2*(majorU —majorU*r) * i;

Av = 2*(majorV—major\V#r) * i;

Finally, we use a triagularish two-dimensional weight
table to awid conputing ard exporertiating d>. We se
the snaller d fProbestruncded to a caiple fractional kits,
or iProbes asthe weight table’srow index so hat each
row of weights applies to a small range d ellipses. The
column index is floor((abgn)+1)/2). By dividing each of
theraw weightsin arow by the sum of the weightsfor that
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Figure 13:Simple Feline uses5 probes
to nicely approxmate tte eliptical filter.

row, the weights in eachrow sum to 1. Consequently, we
need ot normalize the final accunulated result. Notéhat
if iProbesis odd, he W, entry in a rov should count half as
much asthe otler entries when computing the sum it is
used orce,while the oher weights are ged wice.

Most of the camputations specfic to Feline can use
group scaled nunberswith a precsion of 8 bits. That is,
the rartial derivative with the lagestmagnitude detemrmines
a graup exponert for all four derivatives, which are then
shifted to yield four 8-bit values. Only the derivative with
the larget magnitude is giararteedto be normalized any
or all of the snaller cerivativesmay be denormalized The
small errorsintroduced bylimiting precsion causes sam-
pling along a line at a slghtly differert angle, ard at irter-
vals that areslightly smaller or largr than desired. Tese
errorsare regligible canpared to tle inacarracies cased
by Simple Felinés gress aproximations to the ellipse
axes, or byTable Felire's gnall table size.

Simple Fdine computes 4.97 probes, which it rounds
to 5 probes, to goproximate te filter show in Figure 4.
Figure 13 shows the resuling filter. Simple Feline aver-
agesfewer probes thn the desired coputations. But un-
der odinary perspecties,we coddn’'t seeany visible dif-
fererce betveen images createdwith the desiredFeline
computations and the Simple Feline canputations.

3.3. Implementing Table Feline

Extreme pergpecive distortions may ocaur when pro-
jecting images onto aurfaces ina 3D scee. This includes
ernvironment mapping (projectng fake reflecions of the 3D
scere orto shiny sufaces), practing a film image orto a
screenor pairting light trarsmitted by a staned glass win-
dow onto the floor ard walls of a roan. Under high per-
spective distortions,mismatches betveenthe approimate
and true ellisse @rameters case Simple Feline to blur
images eces$vely. We obtaired more accuate approx-
mations of the ellipse @rameters by using a wo-
dimensional 16x 16 ertry table. The tble ercodesthe
EWA setup camputations of Secion 2.1 aml the trigono-
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metric computations of Secion 3.1. The w&ble ields two
scalingfactors ve apply to the longer vector lengh to yield
minorRadus ard majorRadius, and two values we use
scale ard rotate tle longer vector canporents to yield
(majorU, majorV).

We first map the wo vectors into a camical repre-
sertation: the longer vector becores (1, 0), ad the shorter
vector is represéad as a lent betveen0 ard 1, ard a
cownter-clockwiseande from the longer vector betveen 0°
and90°. To this end we compute the relative lagth of the
shorter \ector to tke longer, aml a represdation of the
argle betveen them. These tvo values index the table.

Represeting the angle betveen the two vectorsre-
quires sane care. V¢ initially usedthe sine, tut were un-
happy abou arcsire's sengitivity when the sne is near 1:
the quantization erra involved in indexing a 16-enry tabe
can resulin a mgjor axis rotated15° from the true value.
This problemwas compounded by the inexact sqare root
length approximation usel as the sinés denominator. We
improved accuacy by using sine for argles betveen 0°
ard 45°, and codne for andes between 45°ard 90° Bu
we gat even better resuls wsing the targent and catangent,
whose inverse fundions ae less sensitive than sine and
cosne, ard whose computation avoided he sjuare root
approxmation.

The first half of the table is indexed by the tangent,
which is the cros prodict divided bythe dotprodict, for
argles betveen0® and 45°. The secod haf of the table is
indexed by the coengert, which is the dotprodict divided
by the cros prodict, for andesbetween 45°ard 90°.

Shorter vecors that are between 270° ard 360° (a.ka.
—90°to 0°) fromthe larger vecor are landled throughposg-
procesing of the table dak. Shorter vecbrs between 90°
ard 270°are mplicitly rotated 1809 ard thus lie between a
—90°ard 90° degees 180° rotation of a vecbr is equva
lent to negaing koth of its coordinaes. Examining the
derivation of the desired ellipse mrameters n Section 21
abowe, we seethat negating either of the two vectors does
not change te ellipse @rameters.

The following cale shows hav to convert the
(ou/ox, ov/ox) ard (Qu/dy, av/dy) vectors to table wices:

xLen= SqgtLenghApprox(ou/dx, ov/ox);
yLen= SqgtLenghApprox(ou/dy, ov/dy);
if (xLen>yLen) {
longU = 0u/ox;
longV=av/ox;
longlen =xLen
ratio = yLen/ xLen
/I if cross poduct positive, short vecta
/l'is caunterclockwise fom long vecta
ccw= True
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}else {
longU = 0u/dy;
longV=av/oy;,
longlen =ylLen
ratio = xLen/ yLen
/l'if cross poduct positive, short vecta
/I is clockwise from longvecbr
ccw= False

}

Il (0u/ox, ov/ox) ® (ou/dy, ov/dy)

Cross =9u/ox * ov/dy —ov/ox * ou/dy;

/I (0u/ox, ov/ox) ¢ (0u/dy, ov/dy)

dot = gu/ox * ou/dy + ov/ox * ov/dy;

ccw= ccw” (cross< 0.0)  @dot< 0.0}

cross= abs€ross;

dot= abs(ot);

if (cross < dof) { // Compute tangent
tanCotan = cross/ dot,

} else { // Compute cotangnt + 1.0
tanCotan = dot / cross+ 1.0

/I Convert intointeger indces br a 16 x 16 tale.
iRatio = (int) (16 * min(0.999,ratio));

/I tanCotanis betveen 0 ard 2, ® usesstepsof 1/8.
iTanCotan = (int) (8 * min(1.999,tanCotan));

We extract valuesfrom the table to conpute the vector
(majorU, minorU) de<ribing majorRadius and to conpute
the urclamped engths majorRadius ard minorRadus

(uvScag, uvSca#90, minorRadiusScak,
majorRadiusScak) =
ellipsePaamTablgiRatio][iTanCotan;

if (ccw) {

/I Composemajor axs from long vector, ad
/I long vector rotated Y0couwnterclockwse.
majorU = longU*uvScak — long\*uvS@le9Q
majorV = long\*uvSale + longU*uvSale9q

}else {

/Il Compose magjor axs from longvecbor,
/I ard long vecbor rotated 9 clockwise.
majorU = longU*uvScak + longV*uvSca¢9o;
majorV = long\*uvSale — longU*uvScakD;

/I Createmajor, minor axs radius lengths
minorRadus = longLen * minorRadiusScak;
majorRadius = longLen* major RadiusScak;

From here, Bble Feline loks just like Smple Feline.

3.4. Increasing Efficiency

We investigated tow far we coud redwce the nunber
of probes by shortening and widening the ellipse, and by
spreading probepoints farther apartthan their radus. We
canshortenthe elipse ushg alengthFacor <= 1:

majorRadius = max(majorRadius* lengthFacbr,
minorRadus);

majorU *= lengthFacbr;

majorV *= lengthFacbr;
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Figure 14: Simple Felinewith blurFactor 1.31
ard aliasFactor effecively 1.26

Sample
Weight

Figure 15:A trilinear flter with anominal radius of sgrt(2)

The code m Secfon 3.1 proportionately widensan el-
lipse more when roundng down a small value of fProbes
than a lage ore. For example, if fProbesis 1.499, rond-
ing down to 1 scalesninorRadus up by 25% if fProbesis
4.499 rownding down to 4 scalesminorRadus up by only
10%. We caninsteadcompute iProbesso that for all val-
ues d fProbes we widen the elipse to atmost ablurFac-
tor times the mnor radus. We also allow stretching the
distance btween probe paositions toat most an aliasFactor
times the pobe filter radus:

f=1/ plurFactor * aliasFactor);
iProbes=
ceiling(f * 2*(majorRadiugminorRadus) — 1;

If iProbesis not clamped to maxPiobes we can ac-
commodat the redwtion of fProbesto iProbesby some
combination of blurring and aliasng within the limits of
blurFactor ard aliasFactor. Fa computationd simplicity,
we blur (widen the ellipse) ly increasng minorRadus by
up to blurFactor:

minorRadus = min(2*majorRadiug(iProbes-1),
minorRadus* blurFactor);
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Figure 16:A mip-mapped Gassian
filter with nominal radus d sqt(2)
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Figure 17:Figure 14 @ing a Gausian probe

The conputations of Au and Av autamatically make
up anyremaining difference betveeniProbesard fProbes
by increasig probe spacin

If iProbesis clamped, we must exeed eiter blur-
Factor or aliasFactor. In this casewe blur (in exces of
blurFactor) to the point where tle canputations ofAu ard
Av will i ncrease mbe spacing ly exactly aliasFactor:

minorRadus = 2 * majorRadius/

((iProbes-1) * aliasFactor);

We chos two sts of parameter values empirically.
The “high-quality” set (lengthFacor .965, blurFactor
1.15&5, aliasFactor 1.153) reducesthe number of probes
by 24% with almost no degadaton of image quality, com
pared o the corstant rourding of Secion 3.1. The “high-
efficiency” set (lengthFacior 09625, blurFactor 1.3125,
aliasFactor 1.3514) wes the same numnber of probesas
Texramto provide imagessuperior to Texram, thoughwith
more artfacts han the high-qudity set.

The high-efficiency aliasFactor allows probesto be
spacedquite far apart, vhich introdwces aliging artifacts.
Figure 14 shavs hav Simple Feline approximates he filter
of Figure 4with the high-efficiercy paraneters. FHgure 15
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shows a detiled picture of a sngle trilinear probe. Na& Simple Feline images use paramters as desribedin
how especially at high weights, a trilinear filter isnaot cir- Secion 3.4 aboe, am a mp-mapped Gausan for the
cularly symmetric: the isacontour lines extend substantially probe filter.

farther alongthe u ard v axes han along the diagnals, ad Mip-mapped EWA samples from a mip-map level
the peakin the center is darp. where the ninor radus is between 1.5 and 3 texels; th

We obtained dightly beter images
by changing the probe filter on eachof
the two adjacert mip-map lewvels from a
bilinear filter to a Gaus&n filter trun-
cated to a X 2 square. We then line-
arly combine the wo Gaussian reallts
using thefractional kts of the level d
detil. FHgure 16 shows a mip-mapped
Gaussian with a nomind radius of
srt(2) texels. The circdar synmetry
ard lack of a darp certral peakreault
in the smoother canposite filter shown
in Figure 17, ad in imageswith fewer
aliashg artifacts. The Gaussia also
makes single-probe  magnifications
look better. Hawever, note tha the
Gausian also slightly reduces the
shapness d images.

The Gassian is the epitane of a
semmrable filter, and so a hardvare
trilinear filter tree is easyl adcaped to
implement Gaussian weightings[9]. A
trilinear filter tree uses the fractional
bits of u ard v directly as filterweights.
The Gatussian requres four copies ofa
small one-dimensional talbe to map the
fractional bits of u ard v before using
themasweights.

4. Comparisonswith
Previous Work

Figure 18 trough Figure 22 show
various algorithms generating apattern
of curved lnes. Hgue 23 through
Figure 26 &ow a floor of bricks, ard
Figure 27 hbrough Figure 30 show
magnified texture-mapped &xt. These
images should not be vewed wth
Adobe Acobat, which uses a redzttion
filter that introduces artibds. Please
grrilme:hem on a hgh-quality ink-jet Figure 21: High-quality Simple Feline mints cuived lineswith few artifacts.

Texramimages se the orignal al-
gorithm in [10]; correcting the erras
de<ribed n Secfon 2.3 abowe reallts
in many more probes and degades
visual quality! Aliasing artifacts
mostly remain, and images dgnifi-
cantly blur due to the equal weighting
of probesalong a long line.

Figure 22:Mip-mapped EWApants curved ines with few arifacts

12
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looks idertical to a radus betveen 2 ard 4,
but samples alout half asmany texels.

Trilinear, Texram and Feline mages
use a raiis 3Lanczas filter to createmip-
maps. EWA images use a boxfilter: the
Lanczos filter cause “blurines banding”
artifacts vhen EWA jumps from using a
large ellipgse n one mip-map to using a small
ellipse in he net highermip-map.

Simple Feline wth high-qudity pa
rameters generates images conparable to [
EWA, bu with dightly stronger Moiré pat =
terrs. The ory exceptionoccus if a box
filter is usedto createmip-maps for textures
like creckerboards. RBcasethe basetextue
and all its mip-maps then contain illegally
high frequencies tat Fdin€s relatively na-
row filter camot remove, Felire dspays
much stronger Moiré artifacts than EWA.
Using a better ifter, sich asthe Lanczos,to
createthe mip-maps nekes Felne display
fewer artifacts han EWA—Feline is more
likely to usefiltered mip-mapped data, rather
than the unfiltered base tewre. Unfortu-
nately, images showing such artifacts are
severely misrerderedby all printers we've
tested

Both sets of Fdine images aremuch
sharper, ad exibit far fewer Moiré arti-
facts, than those generated ly trilinear fl-
tering. Though not showvn here, we note that
Texram, highefficiercy Feline, ard even to
same degee ligh-quality Feine are sibject
to “probe banding” on repeated textures.
Same images show a visible line where the
number of probes igreasesfrom ore value to aother.
(Setting all parameters to 1.0 renoves te banding from
Feline images bu requres many more probeg

Texram images sometimes seema little sharper than
Feline images, bu then, aliased rages always seem
sharper tlan artialiased mages. Repeatedtexture patterrs

Figure 27: Trilinear paints Hurry text.
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Figure 28:Texram pants text with gairstepping.
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Figure 23:Texram pants bricks with herringbore artfads.

Figure 5: High-quality Simple Feline paints bricks with few artifacts.

Figure 26:Mip-mapped EWApants bricks with fewest artifacts

amplify Texram's aliasing problems to create stroniyloiré
patterrs, as bown in the cuved lines ad bricks images.
These pattem are eenmore distubing in moving images,
where they shimmer across th surface. Texram' s aliasing
is more subtle in non-repeatedtextures sich & text. Con-
paring the high-efficiency Feline images to Texram is es-
pechlly intereging: both use the same number of probes

el SN
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Figure 2: High-efficiency Sinple Feine
paints smooth text.
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Figure 30:Mip-mapped EWApants snooth text.
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Figure 31:Simple Feline blurs highly
distorted perpectve prgecions.

Figure 33:Simple Feline usesafew probeghat are bo
wide (ight blue is 2 probesdarkblue is 4 prdoes.

Figure 32:Table Feline is much sharper br
highly distorted perpectve projecions.

but the Feline images ehibit far fewer artifacts. Experi-
ments ow that Felne€'s quality is due to the use ¢ a
Gausian probe filter, the Gausian weighting of probe re-
suts, the widening of the elipse, ad the end-to-end cover-
age d the ellipse.

Under nodes perpectve distortions that feel “nor-
mad,” Simple Fdine and Table Fdine have equivalent vis-
ual quality, as he Simple Felire agroximations resit in
anfProbesthat is only slightly smaller than desired How-
ever, uncer extrene dstations Simple Feline wunderesti-
mates the mgjor axis ard owerestimates the minor axs.
This reallts in blurring, asstown in Figure 31. Tble Fe-
line's approimations aremuch more acarate,resuting in
a slarper mage, as Bown in Figure 32. For swch sceres,
though Table Feline requres many more probes Fgure
33 shows that Simple Feline uses two to four probesper
pixel to paint Figure 31,while Figure 34 fiows that Table
Feline uses asmany as16 probego paint Figure 32.

Higher \iswal quality comes at increasedcomputa-
tional cast for setp and sanpling. Fortunately, Feline's
extra setip is eag to hide in pipe stges, which exact a
chip real estate cost buot a perbrmance cost. In today’s
ASIC techndogy, even Table Feline’s setp logic is quite
acceptable. The ellipe paraneter table reqiues 1024
bytes, and8x 8 multipliers are mall. Sincemuch d Fe-
line's setup canbe perbrmed in paralel with the perpec-
tive dvide pipeline, it increass pipeline length over Tex-
ram by only a few stages. Feline's setp costs ae
sulstantially smaller than mip-mapped EWA's.

The increasedtexel ftching inheren to anisdropic
texture mapping increaseshe oscles requred to texture a
pixel. This cest is mpossible to eliminate,and difficult to
keepsmall without sacrficing visual quality.

Both Felire and Texram access eight texels each
probe. Sirce it is eag to canpute eat probes location
ard efficient trili near fltering is well undergood, we as
sume both algorithms can perform one probeper cycle.
Any higher perbrmance reqires diplicating large portiors
(100k to 200k gates) of the texture mapping logic. Fortu-
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Figure 34:Table Feline ugsmany more probes
(pure geenis 8 probespure red § 16 probes.

natel, probes overlap sulstantially (especially in the
smaller of the wo mip-maps), aml a texel cacte [7][9]
eliminates most redurdant memory fetches. Thus, the de-
mand upon memory system bardwidth doesnot scale dr
recty with the nunber ofprobesper extured piel.

Mip-mapped EWA fetches eachtexel at most orce per
pixel andsanplesa substantially larger area. @ provide a
lower bound on cycles/pxel, we instrumented “ Optimistic
EWA,” which naivdy asumes we can sample 8 tex-
els/gicle onall bu the last gcle for eachpixel. This as-
sumption is quite aggressive. Unli ke probe-based schemes,
we dont know how to desgn hardvare for EWA that
quickly traverses anellipse with perfect dficiercy. Ou
“Realisic EWA” asumes that hardware trawerses te el-
lipse using a 4x 2 texel“stamp” for u-major ellipses, anc
2 x 4 stamp for v-major ellipses. Eachycle several 6 the
stamp’s texels usially lie outside the elipse, averging
about three aitside for highly eccettric ellipses, ad over
four outside for neary circular ellipses. This sulstantially
redwes tle dficiency of an EWA implemertation.

Figure 35 shows how many cycledpixel eat algo-
rithm uses for different viewing andes of one exemplary

16 - -
15 ! /'l
15 i
13 - Realistic EWA ] / [
ﬁ —— Optimistic EWA A
T High-qudity Feline N
21 /0
a9 — Texram .
s 8 — High-efficiencyFeline 7 7/
&1 7
© ¢ A |
e N = /'
: /
3
2 —
1 e =
0 T T T T T 1
0 15 0 45 60 75 0
Viewing Ange
Figure 35:; Rrformance at ircreasingly oblique viewing

angles.
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suface. At 0°, the surfacenormal is parallel to th viewing
argle, axd mip-mapped EWA sanples he same size circle
for eachpixel. We made ths circle’s areathe same as
would be obained by aweraging resuts from randomly
distributed viewing distances This graph should be nter-
pretedlike EPA gasmileage numbers: it isusdul for rela-
tive camparisans, tut mileage will vary depending upon
position on thescreen, prspective dstartion, etc.

Finally, note that if a sce@e wses multiple texures @r
suface, arisotropic texure mapping performance doesrt’
always slow down by these gcles/pkel ratios. For exam:
ple, illumination maps tend to be small, so are usudly
magnified [7], which takes a snge probe. They als tend
to be blurry (that is, contan mostly low frequendes), so
even vihen minified an aplication might limit ill umination
mapping to one or two probeserpixel.

5. Conclusions

Feline provides rearly the visual quality of EWA, but
with much smpler setip andtexel visiting logic, andmany
fewer cycles per texturedpixel. Felne povidesbetter im-
age quality than Texram, especialf for repeatedextures,
evenwhen limited to use the same nunber of probes Fe-
line requires somewhat more setp and texel weighting
logic than Texram, but this cost is small comparedto the
increasen visud quality. Felire canbe built on top of an
exising trilinear flter implementation; for better results,
the trilinear fiter tree canalso permit mip-mapped Gaus-
sianfiltering at little cost. Shce seeral aspcts ¢ Feline
are pararmderized, Felie can gracdully degrade mage
quality in order b keep fame raes high during movement.
This degadation might accetuate aliging for irregular
textures, inorder to preseevimage arpress,and accen
tuate bluring for repeated ragar texures, in order to
awid Moiré artifacts.

Table Feline prowesvisually superior to Simple Feline
only for large perpecive dstortionsoccu when projectng
imagesonto surfaces m a D scer. It reqires anellipse
table ard a Bw pipe $ages over Smple Feline.

In the Sp/Oct 1998 ssue d IEEE Compuker Graphics
and Applications Jim Blinn wrote in his column that “No
one will everfigure aut how to quickly rencer legble an-
tialiasedtext in perspective. Textures in perspective will
always be either too fuzzy or too jaggy. No one will ever
build texture-mepping hardware that uses a 4x4 interpola-
tion kemel o anisdropic filtering.” Felne is simple
enough to implement, yet of high enough visual quality, to
prove him at leat partially wrong.
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