
MITSUBISHI ELECTRIC RESEARCH LABORATORIES
http://www.merl.com

A dCDD-Based Transmit Diversity for NOMA Systems
Kim, Kyeong Jin; Liu, Hongwu; Lei, Hongjiang; Ding, Zhiguo; Orlik, Philip V.; Poor, H. Vincent

TR2020-070 June 09, 2020

Abstract
In this paper, a new transmit diversity scheme for cooperative non-orthogonal multiple access
(NOMA) is proposed without perfect channel state information at the transmitter (CSIT).
To support two users under a near-far user pairing constraint, a distributed cyclic delay
diversity (dCDD) scheme is adjusted into NOMA by dividing a set of remote radio heads
(RRHs) into two groups for multiple cyclic-prefixed single carrier transmissions. Using only
a limited channel relevant information needed to make dCDD work, a new RRH assignment
and power allocation mechanism is proposed. After then, closed-form expressions for the rates
of two users achieved by the proposed RRH assignment and power allocation mechanism are
derived. For various scenarios, link-level simulations verify that superior rates can be achieved
by NOMA with dCDD over the traditional orthogonal multiple access with dCDD.

IEEE International Conference on Communications (ICC)

This work may not be copied or reproduced in whole or in part for any commercial purpose. Permission to copy in
whole or in part without payment of fee is granted for nonprofit educational and research purposes provided that all
such whole or partial copies include the following: a notice that such copying is by permission of Mitsubishi Electric
Research Laboratories, Inc.; an acknowledgment of the authors and individual contributions to the work; and all
applicable portions of the copyright notice. Copying, reproduction, or republishing for any other purpose shall require
a license with payment of fee to Mitsubishi Electric Research Laboratories, Inc. All rights reserved.

Copyright c© Mitsubishi Electric Research Laboratories, Inc., 2020
201 Broadway, Cambridge, Massachusetts 02139





A dCDD-Based Transmit Diversity for NOMA

Systems
Kyeong Jin Kim, Hongwu Liu, Hongjiang Lei, Zhiguo Ding, Philip V. Orlik, and

H. Vincent Poor

Abstract—In this paper, a new transmit diversity scheme for

cooperative non-orthogonal multiple access (NOMA) is proposed

without perfect channel state information at the transmitter

(CSIT). To support two users under a near-far user pairing

constraint, a distributed cyclic delay diversity (dCDD) scheme

is adjusted into NOMA by dividing a set of remote radio heads

(RRHs) into two groups for multiple cyclic-prefixed single carrier

transmissions. Using only a limited channel relevant information

needed to make dCDD work, a new RRH assignment and

power allocation mechanism is proposed. After then, closed-form

expressions for the rates of two users achieved by the proposed

RRH assignment and power allocation mechanism are derived.

For various scenarios, link-level simulations verify that superior

rates can be achieved by NOMA with dCDD over the traditional

orthogonal multiple access with dCDD.

Index Terms—Distributed cyclic delay diversity, NOMA, cyclic-

prefixed single carrier transmission, near-far user pairing, rate.

I. INTRODUCTION

To meet a high spectral efficiency, ultra-reliability, and low-

latency required by tactile Internet, mobile edge computing,

and beyond fifth generation (B5G) networks, non-orthogonal

multiple access (NOMA) has emerged as a key technique for

the upcoming decade of wireless communication evolution [1],

[2]. With the aid of superposition coding in the power-domain,

multiple users are multiplexed on the same time-frequency

resource block with different power levels. To mitigate intra-

cluster interference inherited from NOMA principles, succes-

sive interference cancellation (SIC) is in general applied at the

receiver to recover the signals [3].

To enhance system performance and provide new degrees of

freedom (DoF), various diversity techniques have been applied

to NOMA, including multiple-input multiple-output (MIMO)

antennas techniques and cooperative relaying schemes. Com-

pared to conventional MIMO orthogonal multiple access

(OMA), MIMO-NOMA can achieve a larger diversity order

while serving severing more users [4]. It has been shown in

[4] and [5] that channel gain disparity affects the diversity

order achieved by NOMA users. To achieve full diversity for

NOMA systems, transmit power allocation was proposed in
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[6]. To avoid the sophisticated channel ordering required by

SIC, MIMO-NOMA was decomposed into single-input single-

output (SISO) NOMA with a greatly decreased complexity

[3]. However, power allocation and user ordering in MIMO-

NOMA systems make the system performance evaluation

more challenging over that of SISO-NOMA systems [7]. By

sorting the users according to quality of service (QoS) require-

ments, the impact of relay selection schemes on performance

of cooperative NOMA systems was investigated in [8] and [9],

where two-stage relay selection protocols were proposed for

cooperative NOMA systems with fixed power allocation and

adaptive power allocation, respectively. The results showed

that diversity gain for the two-stage decode-and-forward (DF)

relaying scheme is proportional to the number of relays. The

same results were obtained in [10], where the users were

ordered by channel conditions.

In contrast to existing work, our main contributions can be

summarized as follows.

• To achieve the transmit diversity gain without perfect

channel state information at the transmitter (CSIT), the

distributed cyclic delay diversity (dCDD) scheme [11],

[12] is employed among spatially distributed central unit

(CU), remote radio heads (RRHs), and two users. Fur-

thermore, to support the near-far user pairing for NOMA

[13], the original dCDD scheme is adjusted as follows to

transmit two information signals simultaneously.

– The CU divides a set of available RRHs into two

groups based on the channel magnitudes, so that two

users need to feed back a channel relevant informa-

tion to the CU. This makes the CU control each

group to transmit its own information signal to two

users simultaneously. Thus, the proposed transmission

scheme is different from the existing NOMA scheme

that transmits the superposed signal.

– For two separate groups, the CU allocates a different

power to support the near-far user pairing.

• Due to different geographical locations of two users,

non-identical frequency selective fading channels from

RRHs to two users are considered. Over realistic and

challenging channels, we provide an analytical framework

jointly taking into account a different degree of RRH

cooperation via dCDD protocol and power allocation.

A. Notation

C denotes the set of complex numbers; Im×n denotes the

m × n matrix of ones; and 0m×n denotes the m × n zero

matrix. CN
(
µ, σ2

)
denotes the circularly symmetric complex



Gaussian distribution with mean µ and variance σ2; Fϕ(·)
and fϕ(·), respectively, denote the cumulative distribution

function (CDF) and probability density function (PDF) of

the random variable (RV) ϕ; and
(
n
k

) △
= n!

(n−k)!k! denotes

the binomial coefficient. Cardinalities of a vector a and a

list S are respectively denoted by |a| and |S|. In addition,

subscripts are used to identify an element from a particular set.

For a set of continuous random variables, {x1, x2, . . . , xN},

x〈i〉 denotes the ith largest random variable. For the order

statistics, {x〈1〉, . . . , x〈N〉}, we define the spacing statistics by

the set {y1, . . . , yN}, each of which is defined with y1 = x〈1〉

and yk = x〈k〉 − x〈k−1〉 for 2 ≤ k ≤ K , so that we have

x〈k〉 =
∑k

i=1 yi.

II. SYSTEM AND CHANNEL MODEL
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Fig. 1. Illustration of the proposed dCDD-based cooperative NOMA system
with L RRHs and two users, UE1 and UE2.

Fig. 1 illustrates a block diagram of the cooperative NOMA

system, which comprises a single CU, L RRHs, and two users,

i.e., UE1 and UE2. The set of RRHs, {RRHi}Li=L−M+1,

appears as the first group. Similarly another set of RRHs,

{RRHi}
L−M
i=1 , appears as the second group. Only one antenna

is assumed to be deployed at each of the two users and

RRHs due to hardware and power constraints. It is assumed

that UE1 is farther away than UE2 from the RRHs, so that

UE1 appears as a far user in the considered system. For this

cooperative and distributed system, the CU specifies how to

control L RRHs [11] via dedicated highly reliable backhauls

[14], {bl}Ll=1. The CU forms two independent data signals,

s1 and s2 being transmitted simultaneously to UE1 and UE2.

Half-duplex constraint is assumed for all the users and RRHs.

As a transmit diversity, dCDD is employed [11], [12]. It

has been known that the maximum number of RRHs for

dCDD is limited by the transmission symbol block size1

and the maximum number of multipath components over

channels connected from L RRHs to UE1 and UE2. Thus,

this paper investigates only a finite-sized cooperative NOMA

system comprising a finite number of L RRHs for full dCDD

operation and two users. By employing appropriate channel

sounding schemes or channel reciprocity [15], we further

1Since CP-SC transmission is used in the considered system, transmission
symbols s1 and s2 are composed of B modulated symbols.

assume that each user is able to know the maximum number

of multipath components of the channels connected to itself.

Since the considered system employs intersymbol interference

(ISI)-free cyclic-prefixed single carrier (CP-SC) transmissions

[16], [17], each user needs to feed back the maximum number

of multipath components of the channels connected to itself.

The following channels are assumed in the proposed system.

• Channels from L RRHs to UE1 and UE2: The multipath

channels from the mth RRH to UE1 and UE2 are

respectively given by

gm =
√

(d1,m)−ǫL g̃m and fm =
√

(d2,m)−ǫL f̃m (1)

where g̃m and f̃m identify the mth frequency selective

fading channel with Ng,m
△
= |g̃m| and Nf,m

△
= |f̃m|

multipath components. The distances from the mth RRH

to UE1 and UE2 are respectively given by d1,m and

d2,m. The path loss exponent over channels gm and fm,

assumed to be identical, is denoted by ǫL. In addition,

we assume that d1,m 6= d1,n and d2,m 6= d2,n, ∀m,n.

• The multipath components of all frequency selective

fading channels are assumed to be independent and iden-

tically distributed (i.i.d.) according to CN (0, 1). However,

due to different distances from L RRHs to UE1 and

UE2, a composite frequency selective fading channel

comprising small and large-scale fading is distributed

independently but non-identically distributed (i.n.i.d.) in

the whole system.

A. Summary of dCDD for CP-SC transmissions

1) Limited information fed back by UE1 and UE2:

• Without perfect CSIT of the channels connected

to UE1 and UE2, it is necessary to compute

the maximum number of multipath components,

that is, Ng,CP
△
= max({Ng,m}Lm=1) and

Nf,CP
△
= max({Nf,m}Lm=1). Based on them, the CU

first computes NCP as NCP
△
= max(Ng,CP, Nf,CP).

After then, the CU computes the number of RRHs for

dCDD as K = ⌊B/NCP⌋, where ⌊·⌋ denotes the floor

function. Due to an assumption of an underpopulated

distributed system, the considered system has L ≤ K .

• The channel magnitude of ĝm estimated by UE1 is

given by λm
△
= ‖ĝm‖2. Due to very reliable channel

estimation made by UE1, we assume ĝm ≈ gm, ∀m.

For available L channel estimates, UE1 arranges them as

follows: 0 < λ〈1〉 ≤ · · · ≤ λ〈L〉 < ∞. After then it feeds

back a list, Xg
△
= [〈1〉, 〈2〉, ..., 〈L〉], specifying channel

magnitudes arranged in an ascending order. Based on

NCP and Xg, the CU can divide the whole RRHs into

two groups, after then apply CDD delays.

B. dCDD for CP-SC-NOMA Transmissions

Considering that UE1 and UE2 are respectively far and

near users [13], more transmit power should be allocated

to the signal of UE1 according to the NOMA principal. To



meet these heterogeneous constraints and considering only L
available RRHs, we modify dCDD as follows:

• Based on Xg , the CU divides L RRHs into two groups.

The first group composed of M RRHs, and indexed by

the set S1
△
= [〈L−M+1〉, . . . , 〈L〉] ⊂ Xg , transmits s1.

Similarly, the second group, composed of the remaining

(L − M) RRHs, transmits s2. The second group is

indexed by the set S2
△
= [〈1〉, . . . , 〈L−M〉]

△
= Xg−S1.

• Since S2 is determined by the CU based on the channel

connected to UE1, it should be shared with UE2.

Having applied dCDD, the received signal at UE1 is given by

r1 =
√

α1Ps

L∑

m=L−M+1

(d1,〈m〉)
−ǫL/2G̃〈m〉s̃1,m+

[
√

α2Ps

L−M∑

m=1

(d1,〈m〉)
−ǫL/2G̃〈m〉s̃2,m

]

J1

+ z1 (2)

where Ps is the peak transmission power at all the RRHs, and

G̃〈m〉 denotes the right circulant channel matrix determined

by g̃〈m〉. The additive noise over all the channels is denoted

by z1 ∼ CN (0, σ2
zIB). In addition, α1 and α2

△
= 1 − α1

respectively denote power allocation coefficients for UEi in

transmitting si. The mth transformed block symbols s̃1,m and

s̃2,m are defined as s̃1,m
△
= P∆m

s1 and s̃2,m
△
= P∆m̃

s2,

where m ∈ S1 and m̃ ∈ S2. The permutation shifting matrices

P∆m
∈ CB×B and P∆m̃

∈ CB×B can be obtained from the

identity matrix IB by respectively circularly shifting down by

∆m and ∆m̃. Note that [·]J1
is the interfering signal at UE1.

With the use of permutation matrices, we rewrite (2) as

follows:

r1 =
√

α̃1

L∑

m=L−M+1

(d1,〈m〉)
−ǫL/2G̃〈m〉P∆m

s1+

√

α̃2

L−M∑

m=1

(d1,〈m〉)
−ǫL/2G̃〈m〉P∆m̃

s2 + z1 (3)

where α̃1
△
= α1Ps and α̃2

△
= α2Ps. In addition, G̃〈m〉P∆m

and G̃〈m〉P∆m̃
are right circulant matrices.

Similar to (3), the received signal at UE2 is given by

r2 =
√

α̃1

∑

m ∈ S1,|S1|=M

(d2,m)−ǫL/2F̃mP∆m
s1+

√

α̃2

∑

m ∈ S2,

|S2|=L−M

(d2,m)−ǫL/2F̃mP∆m̃
s2 + z2 (4)

where we assume that z2 ∼ CN (0, σ2
zIB). Since F̃m, deter-

mined by f̃m, is right circulant, F̃mP∆m
and F̃mP∆m̃

are

right circulant matrices as well. From (3) and (4), we can

extract the following facts:

• The order statistics are related to large-scale and small-

scale fading, and the CDD delay assignment for UE1,

so that it is necessary to use them in analyzing the

performance of UE1.

• The selection mechanism for S1 and S2 will be crucial in

achieving the rates of UE1 and UE2 under the near-far

user pairing constraint. However, the CU has only NCP,

Xg, S1, and S2 for controlling the RRHs by the dCDD

protocol.

III. PERFORMANCE ANALYSIS OF CP-SC-NOMA

TRANSMISSIONS WITH DCDD

UE2 first decodes s1, after then decodes s2. According to

(4), the receive SNR in decoding s1 is given by

γ2,s1
=

α1Ps

∑

m ∈ S1,|S1|=M

‖fm‖2

α2Ps

∑

m ∈ S2,|S2|=L−M

‖fm‖2 + σ2
z

(5)

where we have assumed that E{sj} = 0 and E{sj(sj)
H} =

IB, for j = 1, 2. In addition, E{si(sj)H} = IBδi−j′ with

the Kronecker delta function, δl =
{
0 if l 6= 0
1 if l = 0.

After then,

assuming s1 is perfectly decoded, UE2 decodes s2, so that

the SNR in decoding s2 is given by

γ2,s2
= α2

∑

m ∈ S2,|S2|=L−M

‖f̃m‖2/β2,m (6)

where 1/β2,m
△
= PS(d2,m)−ǫL/σ2

z . Based on (6), the PDF

of γ2,s2
is given by

fγ2,s2
(x) =

∑

i3 ∈ S2,

|S2|=L−M

Lg,i3∑

j3=1

θL,L−M(i3, j3)

Γ(j3)(α2)j3
(x)j3−1e−

β2,i3
x

α2

where θL,L−M (i3, j3) denotes the partial fraction coefficients.

According to (3), the SNR for decoding s1 by UE1 is given

by

γ1,s1
=

α1C
L,M
max

α2D
L,L−M
min + 1

(7)

where CL,M
max

△
=

L∑

m=L−M+1

‖g̃〈m〉‖
2/β1,〈m〉, D

L,L−M
min

△
=

L−M∑

m=1

‖g̃〈m〉‖
2/β1,〈m〉, and 1/β1,〈m〉

△
= ρ(d1,〈m〉)

−ǫL . From

(7), we can see that in contrast to the expression for γ2,s1
,

the order statistics are involved in the expression for γ1,s1
.

In addition, due to the use of the order statistics, CL,M
max

and DL,L−M
min are correlated with each other. From these

challenging difficulties, it is necessary to derive their PDFs. We

first derive the PDFs of CL,M
max and DL,L−M

min in the following

Corollary 1.

Corollary 1: Denote Yk
△
= ‖g̃〈k〉‖

2/β1,〈k〉 the kth smallest

instantaneous SNR. Using the spacing statistics [18], [19],

alternative forms for CL,M
max and DL,L−M

min can be derived,

which are uncorrelated with each other. Then, we can compute

the target PDFs as follows:

fDL,L−M

min

(x) =
∑

min

L−M∑

i3=1

νi3+1
∑

j3=1

EminL,L−M (i3, j3)

Γ(j3)
e−ξj3xxj3−1,

fCL,M
max

(x) =
∑

max

M∑

i4=1

µi4
+1

∑

j4=1

EmaxL,M (i4, j4)

Γ(j4)
e−ζi4xxj4−1 (8)



where unspecified terms,
∑

max

,
∑

min

, {ξj3s, νj3s}, and

{ζj4s, µj4s} are defined in Appendix A. In addition,

EminL,L−M (·, ·) and EmaxL,M (·, ·) denote partial fraction co-

efficients.

Proof: See Appendix A.

Based on (8), the PDF of γ1,s1
can be derived as (9), provided

at the top of the next page.

A. Analysis for Achievable Rate

a) Achievable rate of UE2: The achievable rate of UE2

is given by

R2,(L−M) =

∫ ∞

0

log2(1 + x)fγ2,s2
(x)dx. (10)

R2,(L−M) =
1

log(2)

∑

i3 ∈ S2,|S2|=L−M

Lg,i3∑

j3=1

θL,L−M(i3, j3)

Γ(j3)(α2)j3

(β2,i3

α2

)−j3
G1,3

3,2

(β2,i3

α2

∣
∣
∣
1− j3, 1, 1

1, 0

)

(11)

where the Laplace transform of a particular Meijer G-function

[20, eq. (07.34.22.0003.01)], [21, eq. (2.24.3.1)] is used for

the derivation.

b) Achievable rate of UE1: The achievable rate of UE1

is provided in the following Theorem 1.

Theorem 1: The dCDD-based CP-SC-NOMA transmission

provides UE1 with the rate provided by (12), which is pro-

vided at the top of the next page.

Proof: See Appendix B.

In (12), Gm1,0:m2,n2:m3:n3
p1,q1:p2,q2:p3,q3

(

x, y
∣
∣
∣
·
·

∣
∣
∣
·
·

∣
∣
∣
·
·

)

denotes

the generalized bivariate Meijer G-function [20, eq.

(07.34.21.0081.01)] and [22].

IV. SIMULATIONS

We assume the following simulation setting.

• For CP-SC transmissions, we assume that B = 32 and

NCP = 6. Thus, the CU can support up to five RRHs for

dCDD.

• Five RRHs are placed at {(0, 12), (−12, 12), (−3, 12),
(−9, 12), (−16.9145, 6.1564)} in a 2-D plane. When

L < 5 RRHs are selected for dCDD, we choose the first

L RRHs for the simulations.

• The two users, UE1 and UE2, are respectively placed at

(3,−3) and (−3, 3).
• According to [23], we assume that ǫL = 2.09.

• We consider a non-identical number of multipath compo-

nents and a non-identical distance between two nodes in

the system. Thus, non-identical frequency selective fading

is assumed for all the channels in the system.

• We use a fixed Ps = 1 for the whole link-level simula-

tions.

The curves obtained via link-level simulations are denoted

by Ex, whereas analytically obtained performance curves are

denoted by An.

Since the derivation of a closed-form expression for

R1,(L,M), expressed by (12), is challenging in the proposed

system, we first verify its accuracy comparing with the cor-

responding exact rate provided in Fig. 2. The corresponding

rate of UE2 is provided in Fig. 3.

For various combinations of (L,M), α1, α2, and

(Nf,m, Ng,m), Figs. 2 and 3 show that (12) and (11) provide

accurate analysis for the rates of UE1 and UE2.

A. Rate analysis

a) The impact of the cardinality of S1: We use a fixed

α1 = 0.9 and {Ng,m}Lm=1 = 2 to investigate the impact of

the cardinality of set S1 on the rate. In Fig. 4, we use fixed

|S1| = 2 and |S1| = 3 for two values of L. This figure shows

that at a fixed |S1|, more RRHs in S1 results in greater rate

up to a certain SNR. However, in the high SNR region, an

asymptotic rate advantage is determined by the ratio of |S1|
to L. Thus, we can see that R1,(4,3) > R1,(5,3). Similar results

can be seen with |S1| = 2, i.e., R1,(4,2) > R1,(5,2). Form these

observations, a greater |S1| does not guarantee a greater rate

in the asymptotic SNR region.

b) The impact of power allocation to RRHs specified by

S1 and S2: For four RRHs and |S1| = 3, we investigate

the impact of α1 on the rate of UE1 and UE2 in Fig. 5.

In this scenario, only one RRH out of four RRHs is used

to transmit s2. This figure shows that as α1 increases, UE1

achieves a greater rate, whereas UE2 achieve a lower rate since

less power is allocated to RRHs specified by S2. This figure

also shows that R2,(L−M) increases as the SNR increases,

whereas R1,(L,M) is upper bounded by its limit since γ1,s1

is approximated by γ1,s1
≈ α1C

L,M
max

α2D
L,L−M
min

as the SNR increases.

That is, UE1 enters the interference-limited region. From these

observations, the sum rate is like a double-edged sword. If

the pair of (L,M) and the power allocation are not properly

handled, the sum of rate will be dominated by UE2, which

violates the near-far user pairing constraint. Since the CU

knows only Xg and controls α1, every pair of (L,M) is not

possible to meet this constraint. For |S1| = 2, i.e., two RRHs

are assigned to transmit s2, we can see distinctive results in

Fig. 6 comparing with those of Fig. 5. For the considered

scenario, (L = 4,M = 2, α1 = 0.6) and (L = 4,M =
2, α1 = 0.7) are not feasible user pairs. Although other pairs

(L = 4,M = 2, α1 = 0.8) and (L = 4,M = 2, α1 = 0.9) are

feasible, they have limited operating SNR ranges to support the

near-far user pairing. These observations suggest the following

RRH assignment and power allocation mechanism:

• A larger |S1| results in R1,(L,M) > R2,(L−M), so that it

is necessary to assign more RRHs to transmit s1.

• Due to the existence of the interfering signal at UE1, the

CU needs to assign more transmit power to the RRHs

specified by S1.

c) Comparison with OMA with dCDD: For various sys-

tem parameters, Figs. 3 and 4 show that NOMA with dCDD

achieves superior rate comparing with OMA with dCDD for

both users.

V. CONCLUSIONS

In this paper, we have proposed a new transmit diversity

scheme for the two-user CP-SC NOMA system. To support the



fγ1,s1
(x) =

∑

max

M∑

i4=1

µi4
+1

∑

j4=1

∑

min

L−M∑

i3=1

νi3+1
∑

j3=1

EmaxL,M (i4, j4)

Γ(j4)

EminL,L−M (i3, j3)

Γ(j3)

( 1

α1

)j4
j4∑

l=0

(
j4
l

)

(α2)
lΓ(l + j3)e

−
ζi4
α1

xxj4−1
(α2ζi3

α1
x+ ξj3

)−j3−l
. (9)

R1,(L,M) =
1

log(2)

∑

max

M∑

i4=1

µi4
+1

∑

j4=1

∑

min

L−M∑

i3=1

νi3+1
∑

j3=1

EmaxL,M (i4, j4)

Γ(j4)

EminL,L−M (i3, j3)

Γ(j3)

( 1

α1

)j4
j4∑

l=0

(
j4
l

)

(α2)
lΓ(l + j3)(α2)

−l−j3
(ζi4
a1

)
G1,0:1,2:1,1

1,0:2,2:1,1

(ζi3
α1

,
ξj3
α2

∣
∣
∣
1
·

∣
∣
∣

j4, j4
j4, j4 − 1

∣
∣
∣
1− l − j3

0

)

. (12)
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Fig. 2. Achievable rate of UE1 for various system parameters.
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Fig. 3. Achievable rate of UE2 for various system parameters.

near-far user pairing, a new joint RRH assignment and power

allocation mechanism for dCDD based CP-SC transmissions

without requiring perfect CSIT of the whole channels at the

CU has been proposed. For i.n.i.d. frequency selective fading

channels, new closed-form expressions for the rates of two

users have been derived. Its accuracy has also been verified.

By link-level simulations, it has been shown that every pair

of (L,M) is not supported for the whole range of power
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Fig. 4. Achievable rate of UE1 for various pairs of (L,M).
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Fig. 5. Achievable rate of UE1 and UE2 for various values of α1 with
Ng,m = Nf,m = {2, 4, 3, 3}, L = 4, and |S1| = 3.

allocation for the CP-SC NOMA system due to the near-far

user pairing constraint.

APPENDIX A: DERIVATION OF Corollary 3

Let λ̃〈m〉 be defined by λ̃〈m〉
△
= ‖g̃〈m〉‖

2/β1,〈m〉.



0 5 10 15 20 25 30 35 40

0

1

2

3

4

5

6

7

8

Fig. 6. Achievable rate of UE1 and UE2 for various values of α1 with
Ng,m = Nf,m = {2, 4, 3, 3}, L = 4, and |S1| = 2.

a) PDF of DL,L−M
min : The joint PDF of

Y1
△
= λ̃〈1〉, . . . , YL−M

△
= λ̃〈L−M〉 can be written as

fY1,Y2,...,YL−M
(y1, y2, . . . , yL−M ) =

1

M !
Per(AL,L−M

min ) (A.1)

where the permanent matrix, Per(AL,L−M
min ), is defined as

follows:

A
L,L−M
min =








fY1
(y1) . . . fY1

(yL−M ) F̃Y1
(yL−M )

...
...

...

fYL
(y1) . . . fYL

(yL−M ) F̃YL
(yL−M )

1
︸︷︷︸

1
︸︷︷︸

1
︸︷︷︸

M
︸︷︷︸








where F̃Yk
(yk) and fYk

(yk) are the complementary CDF

(CCDF) and PDF of Yk, i.e., the kth smallest SNR. Their

expressions are given by

F̃Yk
(yk) =

γl(Ng,k, β1,kyk)

Γ(Ng,k)
and

fYk
(yk) =

(β1,k)
Ng,k

Γ(Ng,k)
e−β1,kyk(yk)

Ng,k−1 (A.2)

where γl(·, ·) denotes the lower incomplete gamma function.

Furthermore,

[
a1 a2
i

︸︷︷︸
j

︸︷︷︸

]

denotes i copies of a1 and j

copies of a2. The moment generating function (MGF) of

DL,L−M
min can be defined as

MDL,L−M
min

(s) =
∫ ∞

0

∫ ∞

y1

. . .

∫ ∞

yL−M−2

∫ ∞

yL−M−1

IL,L−M
min (s)dyL−M . . . dy2dy1

where IL,L−M
min (s) is given by

IL,L−M
min (s) =

1

(M)!
e−s(

∑L−M
j=1

yj)Per(AL,L−M
min ). (A.3)

Having applied spacing, that is, Yk =
∑k

l=1 Xk, MDL,L−M
min

(s)

can be evaluated as (A.4), provided at the top of the next page.

In (A.4), we have defined βj = β1,j , C1 =

L−M∏

j=1

(βnj
)mnj

Γ(mnj
)

,

C2 =
∏L

j=L−M+1 (βnj
)lj/Γ(lj + 1), m̃min =

∑L
j=L−M+1 lj + mnL−M

− 1, and β̃min =
∑L

j=L−M βnj
.

In addition, C3
△
= (L − M)−ν1−1(L − M −

1)−ν2−1 . . . 2−νL−M−1−1Γ(ν1 +1)Γ(ν2 + 1) . . .Γ(νL−M−1 +
1)Γ(νL−M + 1), ξi = 1

(L−M−i+1)

∑L
j=i βnj

,

νi =

{

mn1
− 1 +

∑L−M
j=2 pj,i for i = 1

∑L−M
j=i pj,i for 2 ≤ i ≤ L−M,

∑

pJ,1,...,pJ,a
∑a

iJ=1
pJ,i=b

denotes the sum of positive integer indices

{pJ,1, . . . , pJ,a} satisfying
∑a

i=1 pJ,i = b. After applying the

partial fraction to A1 in (A.4), and the inverse MGF, the PDF

can be derived as follows:

fDL,L−M

min

(t) =
∑

min

L−M∑

i=1

νi+1∑

j=1

EminL,L−M (i, j)

Γ(j)
e−ξjttj−1. (A.5)

b) PDF of CL,M
max : The joint PDF of

YL−M+1
△
= λ̃〈L−M+1〉, . . . , YL

△
= λ̃〈L〉 can be written as

fYL−M+1,...,YL
(y1, y2, . . . , yM ) =

1

(L−M)!
Per(AL,M

max ) (A.6)

where the permanent matrix, Per(AL,M
max ), is determined as

follows:

AL,M
max

△
=








F1(y1) f1(y1) . . . f1(yM )
...

...
...

...
FL(y1) fL(y1) . . . fL(yM )
L−M
︸ ︷︷ ︸

1
︸︷︷︸

1
︸︷︷︸

1
︸︷︷︸








(A.7)

where Fk(·) = 1 − F̃k(·) denotes the CDF of Yk. The MGF

of CL,M
max can be defined as

MCL,M
max

(s) =

∫ ∞

0

∫ ∞

y1

. . .

∫ ∞

yM−2

∫ ∞

yM−1

IL,M
max (s)dyM . . . dy1

where IL,M
max (s) is given by

IL,M
max =

1

(L−M)!
e−s(

∑

M
j=1

yj)Per(AL,M
max ). (A.8)

After some manipulations, MCL,M
max

(s) is given by (A.9)

provided on the next page. In (A.9), we have defined

D1
△
=

M∏

j=1

(βnj
)mnj

Γ(mnj
)

, k̃l
△
=

mnl
−1

∑

t=0

tkl,t+1, m̃max
△
= mn1

−

1 +

L∑

l=M+1

k̃l, and D2
△
=

(

L∏

j=M+1

Cqj

)

with Cqj =

1∑

qj=0

(
1

qj

)

(−1)qj
∑

kj,1,...,kj,mnj
kj,1+...+kj,mnj

=1

∏mnj
−1

t=0

(βnj
)kj,t+1

(t!)

kj,1! · · · qk,mnj
!

. In

addition, ζi =







(
∑

M
j=1

βnj
+
∑

L
j=M+1

βnj
qj)

M for i = 1
∑M

j=i
βnj

(M−i+1) for 2 ≤ i ≤ M
,

µi =







m̃max +

M∑

j=2

qj,1 for i = 1

∑M
j=i pj,i for 2 ≤ i ≤ M

,D3 = (M)−µ1−1

(M − 1)−µ2−1 . . . 2−µM−1−1Γ(µ1 + 1) . . .Γ(µM + 1). Thus,



MDL,L−M

min

(s) =
∑

n1,...,nL−M
n1 6=n2 6=...6=nL−M

C1

mnL−M+1
−1

∑

lL−M+1=0

. . .

mnL
−1

∑

lL=0

C2

∑

p2,1,p2,2
∑2

i2=1
p2,i2

=mn2
−1

Γ(mn2
)

∏2
i=1 p2,i!

. . .

∑

pL−M,1,...,pL−M,L−M
∑L−M

iL−M=1
pL−M,i=m̃min

Γ(m̃min + 1)
∏L−M

i=1 pL−M,i!
C3

L−M∏

i=1

(

(s+ ξi)
−νi−1

)

=
∑

min

L−M∏

i=1

(

(s+ ξi)
−νi−1

)

︸ ︷︷ ︸

A1

. (A.4)

MCL,M
max

(s) =
∑

n1,...,nM
n1 6=n2 6=...6=nM

D1D2

∑

p2,1,p2,2
p2,1+p2,2=mn2

−1

Γ(mn2
)

∏2
i=1 p2,i!

∑

p3,1,p3,2,p3,3
p3,1+p3,2+p3,3=mn3

−1

Γ(mn3
)

∏3
i=1 p3,i!

. . .

∑

pM,1,...,pM,M
pM,1+...+pM,M=mnM

−1

Γ(mnM
)

∏M
i=1 pM,i!

D3

( M∏

i=1

(s+ ζi)
−µi−1

)

=
∑

max

( M∏

i=1

(s+ ζi)
−µi−1

)

︸ ︷︷ ︸

A2

. (A.9)

after applying the partial fraction to A2 and then the inverse

MGF, the PDF can be derived as follows:

fCL,M
max

(t) =
∑

max

M∑

i=1

µi+1
∑

j=1

EmaxL,M (i, j)e−ζittj−1

Γ(j)
. (A.10)

APPENDIX B: DERIVATION OF Theorem 1

The rate, R1,(M,L−M), is given by

R1,(M,L−M) =

∫ ∞

0

log2(1 + x)fγ1,s1
(x)dx. (B.1)

To compute (B.1), we first express the following functions of

x in terms of meijer-G functions:

log2(1 + x)xj4−1 =
1

log(2)
G1,2

2,2

(

x
∣
∣
∣

j4, j4
j4, j4 − 1

)

,

e−
ζi4
α1

x = G1,0
0,1

(ζi4
α1

x
∣
∣
∣
·
0

)

, and

(α2ζi3
α1

x+ ξj3
)−j3−l

= G1,1
1,1

(α2ζi3
α1ξj3

x
∣
∣
∣
1− l − j4

0

)

(ξj3 )
−l−j3 .

Having applied [24], we can derive (12).
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