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Abstract
We consider angular-domain channel estimation in massive MIMO systems using one-bit
analog-to-digital converters (ADCs) with various thresholding schemes at the receivers. We
first derive the performance bounds for estimating angulardomain channel parameters, in-
cluding the angles-of-arrival (AoA), angles-of-departure (AoD) and the associated path gains.
Specifically, we derive 1) the deterministic Cramer-Rao bound (CRB) when all of the angular-
domain channel parameters are treated as deterministic unknowns; 2) the hybrid CRB when
some parameters have known prior probability density functions(pdfs) while the rest are as-
sumed to be deterministic unknowns;3) the Bayesian CRB when all of them have known prior
pdfs. We also consider using the maximum likelihood (ML) method for channel estimation
and a computationally efficient relaxation based cyclic algorithm (referred to as 1bRELAX)
to obtain the ML estimates. When the prior information is available, the maximum a pos-
teriori (MAP) and joint ML-MAP (JML-MAP) estimators are derived. We also use the
one-bit Bayesian information criterion (1bBIC) to determine the number of scattering paths.
Numerical examples are provided to verify the derived performance bounds with different
thresholding schemes and demonstrate the performance of the proposed channel estimation
algorithms.

IEEE Transactions on Vehicular Technology

This work may not be copied or reproduced in whole or in part for any commercial purpose. Permission to copy in
whole or in part without payment of fee is granted for nonprofit educational and research purposes provided that all
such whole or partial copies include the following: a notice that such copying is by permission of Mitsubishi Electric
Research Laboratories, Inc.; an acknowledgment of the authors and individual contributions to the work; and all
applicable portions of the copyright notice. Copying, reproduction, or republishing for any other purpose shall require
a license with payment of fee to Mitsubishi Electric Research Laboratories, Inc. All rights reserved.

Copyright c© Mitsubishi Electric Research Laboratories, Inc., 2020
201 Broadway, Cambridge, Massachusetts 02139





1

Angular-Domain Channel Estimation for One-Bit
Massive MIMO Systems: Performance Bounds and

Algorithms
Fangqing Liu, Heng Zhu, Changheng Li, Jian Li, Fellow, IEEE, Pu Wang, Senior Member, IEEE and Philip V.

Orlik, Senior Member, IEEE

Abstract—We consider angular-domain channel estimation in
massive MIMO systems using one-bit analog-to-digital converters
(ADCs) with various thresholding schemes at the receivers. We
first derive the performance bounds for estimating angular-
domain channel parameters, including the angles-of-arrival
(AoA), angles-of-departure (AoD) and the associated path gains.
Specifically, we derive 1) the deterministic Cramér-Rao bound
(CRB) when all of the angular-domain channel parameters are
treated as deterministic unknowns; 2) the hybrid CRB when
some parameters have known prior probability density functions
(pdfs) while the rest are assumed to be deterministic unknowns;
3) the Bayesian CRB when all of them have known prior pdfs.
We also consider using the maximum likelihood (ML) method
for channel estimation and a computationally efficient relaxation
based cyclic algorithm (referred to as 1bRELAX) to obtain
the ML estimates. When the prior information is available, the
maximum a posteriori (MAP) and joint ML-MAP (JML-MAP)
estimators are derived. We also use the one-bit Bayesian infor-
mation criterion (1bBIC) to determine the number of scattering
paths. Numerical examples are provided to verify the derived
performance bounds with different thresholding schemes and
demonstrate the performance of the proposed channel estimation
algorithms.

Index Terms—Massive MIMO, angular-domain channel esti-
mation, one-bit quantization, antenna-varying thresholds, time-
varying thresholds, deterministic CRB, hybrid CRB, Bayesian
CRB, ML, JML-MAP, MAP, 1bRELAX, 1bBIC.

I. INTRODUCTION

Millimeter-wave (mmWave) massive multiple-input
multiple-output (MIMO) systems can offer significant
throughput increase for wireless communications by taking
advantage of the large available bandwidth at the mmWave
frequency band [1]–[4]. Due to the small wavelengths and
antenna sizes, hundreds of antennas can be fitted into a small
space to provide a large array gain to compensate for the
significant path losses at the mmWave band. However, the
prohibitive cost and power consumption needed by a large
number of high-resolution (e.g., 8-12 bits) analog-to-digital
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converters (ADCs) at the antenna outputs make the system
impractical.

One promising solution is to use low resolution ADCs
(e.g., 1-4 bits) at the receivers [5]–[11], to drastically reduce
the power consumption and cost of massive MIMO systems.
Compared with the unquantized (i.e., infinite precision quan-
tization) case, the capacity loss using one-bit ADCs is only
1.96 dB at low signal-to-noise ratios (SNRs) [12], [13].

Channel estimation has been studied for one-bit massive
MIMO systems in [6], [14]–[18]. In [6], a least squares (LS)
estimator was proposed by simply treating the quantization
noise as additive Gaussian noise. A maximum likelihood
(ML) estimator was developed in [14] by imposing a channel
norm constraint on a convex optimization problem. In [16], a
Bussgang decomposition based linear minimum mean-squared
error (BLMMSE) estimator was proposed for one-bit uplink
massive MIMO channel estimation. [7] proposed a Bayes-
optimal joint channel-and-data (JCD) estimation algorithm,
where the reliably detected payload data is in turn used to
iteratively refine the channel estimate. In all of the afore-
mentioned works, fixed zero-threshold is used for one-bit
ADCs and the noise variance is assumed known. For non-
zero thresholding schemes, [19] showed that an unknown
non-zero threshold has a negative effect on the achievable
channel estimation accuracy, especially at high SNRs. An
adaptive quantization (AQ) scheme was proposed in [20],
where the thresholds for the one-bit ADCs are assumed known
and dynamically adjusted to converge to the optimal ones,
to significantly improve the channel estimation performance.
However, a large number of expensive high-resolution digital-
to-analog converters (DACs) may be needed to generate the
thresholds required by the AQ scheme.

All of the aforementioned methods focus on estimating each
element of the channel matrix directly for one-bit massive
MIMO systems. They can be regarded as non-parametric
approaches. However, due to the sparse nature of the channel
at mmWave bands (e.g., 28 GHz), the channel matrix can be
represented in the angular domain in a parametric way with a
much smaller set of parameters, i.e., angles-of-arrival (AoA),
angles-of-departure (AoD) and path gains, which can be esti-
mated with much shorter pilots. In this parametric approach,
more accurate channel estimates can be expected since the
number of unknown parameters is dramatically reduced. In
addition, these angular states can be used for beamforming to
compensate for the high path losses at mmWave bands [21].
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Hence, the angular-domain channel estimation is of significant
interest. In [9], a generalized approximate massage passing
(GAMP) based algorithm was proposed by turning the one-bit
angular-domain mmWave massive MIMO channel estimation
problem into a noisy quantized compressed sensing problem,
to provide a superior performance-complexity tradeoff.

In this paper, we focus on the angular-domain chan-
nel estimation for one-bit mmWave massive MIMO sys-
tems. Specifically, we consider zero-theresholding and
time-varying/antenna-varying thresholding schemes for the
one-bit ADCs, and propose computationally efficient one-
bit angular-domain channel estimation algorithms. Our main
contributions are summarized as follows:
• We derive the deterministic Cramér-Rao bounds (CRBs)

for estimating the AoA, AoD and the associated path
gains for various thresholding schemes. We pay particular
attention to the practical case of unknown noise variance
and highlight the ambiguity between the path gains and
noise variance1.

• For knowledge-aided channel estimation, we model the
AoA, AoD and path gains as random parameters with
known prior probability density functions (pdfs) and
derive the performance bounds. In particular, we derive
two hybrid CRBs when a subset of channel parameters
have known prior pdfs while the remaining parameters
are treated as deterministic unknowns. A Bayesian CRB
is also derived by assuming all angular-domain channel
parameters have known prior pdfs. We characterize the
channel estimation performance of using different thresh-
olding schemes.

• We consider the maximum likelihood (ML) estimator
for channel estimation to deal with the deterministic
unknowns. A computationally efficient relaxation based
cyclic algorithm, referred to 1bRELAX, is used to obtain
the ML estimates.

• For the knowledge-aided case, the maximum a posteriori
probablity (MAP) and joint ML and MAP (JML-MAP)
channel estimation methods are derived.

• We use a simple and effective Bayesian information
criterion (BIC), referred to as 1bBIC, to estimate the
channel path number.

The rest of this paper is organized as follows. An angular-
domain channel model for mmWave massive MIMO sys-
tems with one-bit ADCs is introduced in Section II. The
deterministic CRB for angular-domain channel estimation is
derived in Section III. The hybrid and Bayesian CRBs for
knowledge-aided channel estimation are provided in Section
IV. In Section V, we present the ML, JML-MAP and MAP
algorithms for channel estimation and the 1bBIC rule for
channel path number determination. The numerical examples
are given in Section VI and we conclude the paper in Section
VII.

Notations: j ,
√
−1. Bold lower letters denote vectors.

Bold uppercase letters denote matrices. IN denotes an N ×N
1Part of these results were presented in [22] and [23]. Different from [20],

the noise variance is considered as an unknown deterministic parameter in
our angular-domain CRB analysis. To avoid the ambiguity problems, non-zero
thresholds are necessary, especially low-cost practical thresholding schemes.

identity matrix. am denotes the mth element of a vector a, and
Ap,q denotes the (p, q)

th element of a matrix A. Superscripts
(·)∗, (·)T , (·)H and (·)−1 represent the complex conjugate,
transpose, conjugate transpose and inverse operations, respec-
tively. ‖ · ‖2 and ‖ · ‖F denote the Euclidean and Frobenius
norms, respectively. <(·) and =(·) denote taking the real
and imaginary parts, respectively. ⊗ denotes the Kronecker
product. A � B denotes the Khatri-Rao product between
matrices A and B, which is given by [a1⊗b1, · · · ,aN⊗bN ],
where am and bm denote, respectively, the mth columns of A
and B. vec (A) denotes the vectorization operation of stacking
the columns of A on top of each other. Ex [·] denotes the
expectation operation with respect to (w.r.t.) x.

II. SYSTEM MODEL

A. Angular-Domain mmWave Massive MIMO System Model

Consider a massive MIMO system with Nt transmit anten-
nas at the mobile station (MS) and Nr receive antennas at the
base station (BS) in Fig. 1. In the training phase, a pilot signal
of length K is sent from the MS to the BS. Then the received
signal Y ∈ CNr×K at the BS has the form:

Y=HX+V, (1)

where H ∈ CNr×Nt is the channel matrix, X =
[x1, · · · ,xK ] ∈ CNt×K is the pilot signal with average
transmit power E

[
xHk xk

]
= ρ, 1 ≤ k ≤ K, and V ∈ CNr×K

is the circularly symmetric complex-valued white Gaussian
noise with i.i.d. CN

(
0, σ2

v

)
entries.
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Fig. 1. One-bit massive MIMO system diagram.

Consider the channel model parameterized via spatial angles
and gains associated with different propagation paths [24].
Assume that there are Ns active scatterers between the MS
and the BS. Denote αl as the complex gain of the lth scattering
path, θl and ϕl as the associated AoA and AoD, respectively.
Then for a uniform linear array (ULA), the steering vectors
for the lth scatterer at the BS and MS are, respectively,

aBS (θl) =
[
1, ej2π sin(θl)

dr
λ , · · · , ej(Nr−1)2π sin(θl)

dr
λ

]T
, (2a)

and

aMS (ϕl) =
[
1, ej2π sin(ϕl)

dt
λ , · · · , ej(Nt−1)2π sin(ϕl)

dt
λ

]T
, (2b)

where λ is the wavelength, and dr and dt are the inter-element
spacings of the ULAs at the BS and MS, respectively. Then
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the channel matrix H is given by:

H=

Ns∑
l=1

αlaBS (θl)a
H
MS (ϕl),ABS (θ) HΛAH

MS (ϕ) , (3)

where θ = [θ1, · · · , θNs ]T , ϕ = [ϕ1, · · · , ϕNs ]T and HΛ =
diag{α1, · · · , αNs}. Also, the lth columns of ABS (θ) ∈
CNr×Ns and AMS (ϕ) ∈ CNt×Ns are given as aBS (θl) of
(2a) and aMS (ϕl) of (2b), respectively. It’s worth noting that
the angular-domain channel model of (3) is similar to that
encountered in MIMO radar systems [25], [26]. Plugging (3)
into (1), we can represent the received signal with the angular-
domain parameters, θ, ϕ, {αl}Nsl=1, as:

Y=ABS (θ) HΛAH
MS (ϕ) X+V. (4)

Let y= vec (Y). Then we have:

y= vec
(
ABS (θ) HΛAH

MS (ϕ) X
)

+v

=
[(

XTA∗MS (ϕ)
)
�ABS (θ)

]
α+v

,Γ (θ,ϕ)α+v,

(5)

where v= vec (V) and α = [α1, · · · , αNs ]T . It is seen from
(5) that the angular parameters θ and ϕ are embedded in Γ in
a nonlinear fashion, while the channel path gains α appear
as linear parameters. As shown in Fig. 1, the in-phase (I)
and quadrature (Q) components of the received signal can be
collected in a vector as:

ȳ =

[
yR
yI

]
= Γ̄ (θ,ϕ) ᾱ+ v̄, (6)

where ᾱ = [αTR,α
T
I ]T ∈ R2Ns×1, v̄ = [vTR,v

T
I ]T ∈

R2KNr×1 and

Γ̄ (θ,ϕ) =

[
ΓR −ΓI
ΓI ΓR

]
∈ R2KNr×2Ns ,

with XR = <{X} and XI = ={X}. Note that the dependence
of Γ on θ and ϕ may be neglected for notational brevity.

RF 
Chain One-bit 

ADC

{-1,1}

{-1,1}

Thresholds

Thresholds

R

I

One-bit 
ADC

Fig. 2. The diagram for one-bit sampling.

B. One-Bit Quantization
In one-bit massive MIMO systems, two one-bit ADCs are

used at the output of each receive antenna to quantize both
I and Q components of the received signal. As shown in
Fig. 2, the one-bit quantized data zR/I (i.e., ±1) is obtained
by comparing the unquantized analog signal yR/I to the
thresholds ηR/I :

zR = sign (yR − ηR) , (7a)

zI = sign (yI − ηI) , (7b)

where
yR = ΓRαR − ΓIαI + vR, (8a)

yI = ΓIαR + ΓRαI + vI , (8b)

and ηR ∈ RKNr×1 and ηI ∈ RKNr×1 are the given threshold
vector used at the Nr pairs of the I and Q channels over
K pilots, respectively. sign (x) is the element-wise one-bit
quantization function, which returns −1 if x ≤ 0 and 1
otherwise.

All real-valued unknown parameters can be grouped as
χ =

[
θT ,ϕT ,αTR,α

T
I

]T ∈ R4Ns×1 when the noise variance
σ2
v is known. When the noise variance is unknown, the un-

known parameter vector can be expanded as ψ =
[
χT , σv

]T ∈
R(4Ns+1)×1. The problem of interest herein is to estimate χ
with the quantized output z̄ =

[
zTR, z

T
I

]T
and a given threshold

vector η̄ =
[
ηTR,η

T
I

]T
.

III. DETERMINISTIC CRB

A. Log-Likelihood Function

Note that vR ∼ N
(
0, σ2

v/2
)

and vI ∼ N
(
0, σ2

v/2
)
. By

invoking the independence of the signed measurements z̄ over
K pilots, Nr receive antennas and between the I and Q
channels, the log-likelihood function of z̄ is given by:

ln p (z̄|χ) =

KNr∑
m=1

[ln Φ (zR,mζR,m) + ln Φ (zI,mζI,m)] , (9)

where
ζR,m =

κR,m − ηR,m
σv/
√

2
, (10a)

ζI,m =
κI,m − ηI,m
σv/
√

2
, (10b)

with
κR,m , ΓTR (m)αR − ΓTI (m)αI , (11a)

κI,m , ΓTI (m)αR + ΓTR (m)αI , (11b)

denoting the real and imaginary parts of the noise-free receive
signal, respectively. In addition, Φ (x) = 1√

2π

∫ x
−∞ e−t

2/2dt
is the standard normal cumulative distribution function (cdf)
and ΓTR/I (m) is the mth row of ΓR/I .

B. Fisher Information Matrix

1) Known Noise Variance: The (p, q)
th element of the

Fisher information matrix (FIM) can be calculated as:

[JF (χ)]p,q = Ez̄

[
−∂

2 ln p (z̄|χ)

∂χp∂χq

]
, (12)

where ∂
∂χp

represents the partial derivative w.r.t. the pth

element of χ. Given the grouped channel parameters, the FIM
has the following block structure:

JF (χ) =


Fθ,θ Fθ,ϕ Fθ,αR Fθ,αI
FTθ,ϕ Fϕ,ϕ Fϕ,αR Fϕ,αI
FTθ,αR FTϕ,αR FαR,αR FαR,αI
FTθ,αI FTϕ,αI FTαR,αI FαI ,αI

 ∈ R4Ns×4Ns .

(13)
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The CRB matrix is given by the inverse of the FIM:

CRB(χ) = [JF (χ)]−1. (14)

The (p, p)th element of the CRB matrix establishes the best
performance bound of an unbiased estimator.

To derive the FIM, we note that

Ez̄

{
1

Φ2 (zR,mζR,m)

}
=

1

Φ (ζR,m)
+

1

Φ (−ζR,m)
, (15a)

Ez̄

{
1

Φ2 (zI,mζI,m)

}
=

1

Φ (ζI,m)
+

1

Φ (−ζI,m)
, (15b)

where we have used the fact that the quantized outputs zR,m
(zI,m) are binary (±1) random variables with probability
Φ (±ζR,m) (Φ (±ζI,m)), respectively.

Combining (9), (12) and (15), we have the exact expression
of the FIM2:

[JF (χ)]p,q =
1

πσ2
v

KNr∑
m=1

[
f (ζR,m)

∂κR,m
∂χp

∂κR,m
∂χq

+f (ζI,m)
∂κI,m
∂χp

∂κI,m
∂χq

]
, 1 ≤ p, q ≤ 4Ns,

(16)

where

f
(
ζR/I,m

)
,

(
1

Φ
(
ζR/I,m

) +
1

Φ
(
−ζR/I,m

)) e−ζ2R/I,m , (17)

and the detailed expressions of the partial derivatives are given
in Appendix A.

2) Unknown Noise Variance: When σ2
v is unknown, the

FIM for estimating ψ is:

JF (ψ) =

[
JF (χ) Fχ,σv
FTχ,σv Fσv,σv

]
∈ R(4Ns+1)×(4Ns+1), (18)

where JF (χ) is given by (13), the pth element of the 4Ns×1
vector Fχ,σv is calculated as:

[Fχ,σv ]p = Ez̄

[
−∂

2 ln p (z̄|χ)

∂χp∂σv

]
=
−1

πσ2
v

KNr∑
m=1

[
f (ζR,m)

∂κR,m
∂χp

κR,m − ηR,m
σv

+f (ζI,m)
∂κI,m
∂χp

κI,m − ηI,m
σv

]
, 1 ≤ p ≤ 4Ns,

(19)

and the scalar Fσv,σv is calculated as:

Fσv,σv = Ez̄

[
−∂

2 ln p (z̄|χ)

∂σv∂σv

]
=

1

πσ2
v

KNr∑
m=1

[
f (ζR,m)

(
κR,m − ηR,m

σv

)2

+f (ζI,m)

(
κI,m − ηI,m

σv

)2
]
.

(20)

Then, the CRB matrix for estimating the angular-domain
channel parameter vector χ is given by:

CRB(χ) =
[
JF (χ)− Fχ,σvF

−1
σv,σvF

T
χ,σv

]−1

. (21)

2The more detailed derivations can be found in the supplementary material.

C. Remarks

1) Singularity of the FIM: When the noise variance is
unknown, the FIM JF (ψ) is singular when zero or optimal
thresholds [20] are used, which means that there does not
exist unbiased estimates with finite variances [27]. For the
optimal thresholds, i.e., η̄ = Γ̄ᾱ, the singularity comes from
the fact that Fχ,σv and Fσv,σv in the FIM JF (ψ) are zero
vector and scalar, respectively, according to (19) and (20).
When zero-thresholds are used, the FIM is singular due to the
ambiguity between the path gains and noise variance. That is,
according to (9), the parameter vector [sα, sσv], s 6= 0, yields
the same log-likelihood function as [α, σv] for given one-bit
measurements z̄. This ambiguity can be removed when known
non-zero thresholds are used.

2) Conversion to CRB for Channel Matrix: The channel
matrix H can be recovered using the estimated angular-
domain parameters χ. The channel matrix model in (3) can
be vectorized as

vec (H) =

Ns∑
l=1

[a∗MS (ϕl)⊗ aBS (θl)]αl

= [A∗MS (ϕ)�ABS (θ)]α

, h(χ).

(22)

Let
h̄(χ) ,

[
hR(χ)
hI(χ)

]
∈ R2NrNt×1. (23)

We have [28]:

CRB(h̄) =
∂h̄(χ)

∂χT
CRB(χ)

∂h̄(χ)

∂χ
, (24)

where CRB(χ) is given in (14) for the known σ2
v case and

in (21) for the unknown σ2
v case. The partial derivatives ∂h̄(χ)

∂χ
can be calculated similarly as those in Appendix A. The CRB
for the channel matrix is trace

[
CRB(h̄)

]
.

IV. HYBRID AND BAYESIAN CRBS

A. Hybrid CRB with Prior Knowledge on Channel Path Gains

We then consider the case where the path gains have known
prior pdfs while the angles are treated as deterministic un-
knowns. Specifically, we use a channel model for the 28-GHz
outdoor mmWave channel [21], where the path gains have i.i.d.
Gaussian distributions with known means and variances. The
prior knowledge of channel path gains can be obtained from
previous channel measurements for stationary channels.

The hybrid CRBs (HCRBs) establish the best performance
bounds for both the deterministic and random parameters.
When σ2

v is known, we rewrite the parameter vector as χ =

[χd,χr]
T with χd =

[
θT ,ϕT

]T
denoting the deterministic

angle vector and χr =
[
αTR,α

T
I

]T
grouping the real and

imaginary parts of the random path gains. Then we assume:

χr ∼ N (mα,Cα) , (25)

where mα = [mR,1, · · · ,mR,Ns ,mI,1, · · · ,mI,Ns ]
T ∈

R2Ns×1 and Cα = diag{σ2
R,1, · · · , σ2

R,Ns
, σ2
I,1, · · · , σ2

I,Ns
} ∈

R2Ns×2Ns with mR/I,l and σ2
R/I,l denoting the known mean

and variance of αR/I,l, respectively. Therefore, the (p, q)
th
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element of the hybrid information matrix (HIM) JH(χ) is
given by:

[JH(χ)]p,q = Ez̄,χr|χd

[
−∂

2 ln p (z̄,χr|χd)
∂χp∂χq

]
= Ez̄,χr|χd

[
−∂

2 ln p (z̄|χr,χd)
∂χp∂χq

]
+ Eχr|χd

[
−∂

2 ln p (χr|χd)
∂χp∂χq

]
= [JD(χ)]p,q + [JP (χ)]p,q ,

(26)

where Ez̄,χr|χd [·] denotes the conditional expectation operator
w.r.t. both z̄ and χr for given χd, p (χr|χd) is the known
prior pdf of χr for given χd and ln p (z̄|χr,χd) is given in
(9). Recall from the FIM expression of (12), we have:

JD(χ) = Eχr|χd [JF (χ)] =

∫
JF (χ) · p (χr|χd) dχr, (27)

and

JP (χ) =

Eχr|χd

[
− ∂

2 ln p(χr|χd)

∂χd∂χ
T
d

]
Eχr|χd

[
− ∂

2 ln p(χr|χd)

∂χr∂χ
T
d

]
Eχr|χd

[
− ∂

2 ln p(χr|χd)

∂χd∂χ
T
r

]
Eχr|χd

[
− ∂

2 ln p(χr|χd)

∂χr∂χTr

] .
(28)

When the random vector χr does not depend on the deter-
ministic unknown vector χd, JP (χ) reduces to:

JP (χ) =

[
0 0
0 C−1

α

]
∈ R4Ns×4Ns . (29)

Note that in (26), JD(χ) and JP (χ) represent the information
from the data and the prior distribution, respectively. Then, the
HCRB matrix is given by:

HCRB(χ) = [JH(χ)]−1 . (30)

Unfortunately, there is no analytical expression for JD(χ) due
to the nonlinear function f

(
ζR/I,m

)
of (17) involved in JF (χ)

of (16). In the following, approximate expressions of JD(χ)
are derived to avoid numerical integrations.
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Fig. 3. f (x) of (17) compared with g (x) = 4e−(1−
2
π )x

2
.

1) A Loose Lower Bound with Low SNR Approximations:
For low SNR (i.e., ζR/I,m → 0), f

(
ζR/I,m

)
in [JF (χ)]p,q

is close to 4 (see Fig. 3), and we can obtain an approximate

[JF (χ)]p,q by simply replacing f
(
ζR/I,m

)
with 4:

[
ĴF (χ)

]
p,q

=
4

πσ2
v

KNr∑
m=1

∂κR,m
∂χp

∂κR,m
∂χq

+
4

πσ2
v

KNr∑
m=1

∂κI,m
∂χp

∂κI,m
∂χq

,
[
ĴF,R(χ)

]
p,q

+
[
ĴF,I(χ)

]
p,q
,

(31)
and hence, an approximate expression of [JD(χ)]p,q of (27)
can be obtained accordingly:[

ĴD(χ)
]
p,q

=
[
ĴD,R(χ)

]
p,q

+
[
ĴD,I(χ)

]
p,q
, (32)

where[
ĴD,R(χ)

]
p,q

=
4

πσ2
v

KNr∑
m=1

∫
∂κR,m
∂χp

∂κR,m
∂χq

p (χr) dχr, (33)

and [ĴD,I(χ)]p,q can be obtained similarly. According to
(64) in Appendix A, the partial derivatives ∂κR,m

∂χp
are linear

functions of the path gain vector χr. Also, since p (χr) is the
Gaussian pdf of the random path gain vector, the analytical
expressions of the integral in (33) can be obtained easily by
plugging (64) into (33) (omitted here).

Note that in the unquantized case, JP (χ) remains un-
changed and JD(χ) is calculated using the FIM for unquntized
systems3, where f

(
ζR/I,m

)
is replaced by a constant of 2π.

Hence, an exact analytical expression of JH(χ) can be ob-
tained for the said case using the aforementioned derivations.

2) Tighter Lower Bounds: In [29], g (x) = 4e−(1− 2
π )x2

is
proved to be an upper and close bound of f (x) (see Fig. 3).
Then, with f

(
ζR/I,m

)
in (16) replaced by g

(
ζR/I,m

)
, we can

obtain a much closer approximation of [JD,R(χ)]p,q:[
ĴD,R(χ)

]
p,q

=
1

πσ2
v

KNr∑
m=1

∫
∂κR,m
∂χp

∂κR,m
∂χq

g (ζR,m) p (χr) dχr.

(34)
Fortunately, it turns out that g (ζR,m) p (χα) can be reformu-
lated into the Gaussian pdf of the random path gain vector χr
but with a different mean vector and covariance matrix, de-
pendent on m (see Appendix B). Hence, a tighter approximate
expression of JD(χ) in (32) can be derived similarly, and the
resulting HCRB provides a lower bound to the true HCRB of
(30).

3) Unknown Noise Variance: Note that when σ2
v is de-

terministic unknown, we can rewrite the expanded hybrid
parameter vector ψ as: ψ = [ψr,ψd]

T with ψr = χr and
ψd =

[
χTd , σv

]T
. In this case, the HIM component JP (χ) in

(28) is expanded to JP (ψ) as:

JP (ψ) =

[
JP (χ) 0

0 0

]
∈ R(4Ns+1)×(4Ns+1). (35)

And JD(ψ), JH(ψ) can be obtained straightforwardly and
HCRB(χ) can be calculated similarly to (21). The approxi-
mate HCRBs for the unknown σ2

v case can be derived similarly
to its counterpart of known σ2

v .

3The derivation of the unquantized FIM is given in the supplementary
material.
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B. Hybrid CRB with Prior Knowledge on Angular Parameters
It is shown in [30] that the out-of-band information (mainly

the angular information) extracted by the sub 6-GHz commu-
nication systems can provide useful channel characteristics for
mmWave band channels. Here we study the case where the
path gains are deterministic unknowns and the angles form
a Gaussian random vector with known mean vector mφ and
covariance matrix Cφ. When σ2

v is known, the angular-domain
channel parameter vector can be rearranged as χ = [χr,χd]

T

with χr =
[
θT ,ϕT

]T
denoting the random angle vector and

χd =
[
αTR,α

T
I

]T
. Then, we assume:

χr ∼ N (mφ,Cφ) . (36)

The corresponding HIM can be calculated similarly with (26),
where

JP (χ) =

[
Eχr

[
− ∂

2 ln p(χr)

∂χr∂χTr

]
0

0 0

]
=

[
C−1
φ 0
0 0

]
. (37)

In this scenario, there are no analytical or approximate ex-
pressions for JD(χ), and we calculate JD(χ) using numerical
integrations. When σ2

v is unknown, the HIM and HCRB can
be similarly derived (omitted here).

C. Bayesian CRB
1) Bayesian CRB for Channel Parameters: Here we assume

that σ2
v is known, and the path gains as well as the angles are

independent Gaussian random vectors with known mean vec-
tors mα, mφ and covariance matrices Cα, Cφ, respectively.
Then the (p, q)th element of the Bayesian information matrix
(BIM) JB(χ) is given by [28]:

[JB(χ)]p,q = Ez̄,χ

[
−∂

2 ln p (z̄,χ)

∂χp∂χq

]
. (38)

Since ln p (z̄,χ) = ln p (z̄|χ) + ln p (χ), where p (χ) is the
known prior pdf of χ, we have:

JB(χ) = JD(χ) + JP (χ), (39)

where JD(χ) = Eχ [JF (χ)] and

JP (χ) = Eχ

[
∂2 ln p (χ)

∂χ∂χT

]
=

[
C−1
φ 0

0 C−1
α

]
∈ R4Ns×4Ns . (40)

JD(χ) is obtained by numerical integrations (note that the
invloved numerical integrations w.r.t. the random path gains
can be avoided using the approximations in Section IV-A).
The Bayesian CRB (BCRB) matrix is computed as:

BCRB(χ) = [JB(χ)]−1 . (41)

For unknown σ2
v , the BCRB reduces to the HCRB with the

only deterministic unknown given by σv . The derivation of
this HCRB is similar to that in Section IV-A3.

2) Conversion to Bayesian CRB for Channel Matrix:
Similar to Section III-C2, the BCRB for the channel matrix
estimation is obtained as [28]:

BCRB(h̄) = Eχ

[
∂h̄ (χ)

∂χT

]
BCRB(χ)Eχ

[
∂h̄ (χ)

∂χ

]
, (42)

where h̄ is given in (23), and the expectations of the par-
tial derivatives w.r.t. the random path gains have closed

form expressions while the expectations w.r.t. the random
angles can only be obtained via numerical integrations. For
any Bayesian estimate Ĥ, its performance lower bound is
trace

[
BCRB(h̄)

]
.

V. ANGULAR-DOMAIN CHANNEL ESTIMATION

A. ML Estimator

For the case of known σ2
v , the ML estimates are obtained

by minimizing the negative log-likelihood function of (9):

χ̂ML = arg min
χ
−
KNr∑
m=1

[ln Φ (zR,mζR,m) + ln Φ (zI,mζI,m)] ,

(43)
where ζR/I,m of (10) are nonlinear w.r.t. the angles AoA
and AoD and linear w.r.t. the real-valued path gains αR
and αI . Given θ and ϕ, αR and αI can be estimated by
minimizing the cost function of (43) as an unconstrained
convex optimization problem [31].

When σ2
v is unknown, we can reparameterize (43) by

defining ε = 1
σv

, βR = αR
σv

, and βI = αI
σv

. With ψ̄ =[
θT ,ϕT ,βTR,β

T
I , ε
]T

, the ML estimation problem can be cast
as:

ˆ̄ψML = arg min
ψ̄
−
KNr∑
m=1

[
ln Φ

(
zR,mζ̄R,m

)
+ ln Φ

(
zI,mζ̄I,m

)]
,

(44)
where

ζ̄R,m =
√

2
[
ΓTR (m)βR − ΓTI (m)βI − εηR,m

]
, (45a)

ζ̄I,m =
√

2
[
ΓTI (m)βR + ΓTR (m)βI − εηI,m

]
. (45b)

For given θ and ϕ, the cost function in (44) is, again, convex
w.r.t. βR, βI and ε. Note that when ηR/I = 0, i.e., when the
zero-thresholds are used, ε in (45) vanishes and one can only
estimate βR and βI , i.e., the ratio between αR/I and σv .

For the case of unknown noise variance, we could discretize
the AoA and AoD in the set of (−π/2, π/2]. Then, for a given
pair of (θ,ϕ), we can estimate the corresponding βR, βI ,
and ε by solving (44) using the Newton’s method. We can
then repeat the previous step over all possible combinations
of θ and ϕ, and then select the ML estimates giving the
minimum cost in (44). The path gains and noise variance can
be recovered as α̂R = β̂R

ε̂ , α̂I = β̂I
ε̂ and σ̂2

v = 1
ε̂2 .

This direct ML approach, however, requires a 2Ns-
dimensional coarse search over the angular parameter space.
With Lθ discretized grid points for the AoA and Lϕ discretized
grid points for the AoD, we need to solve the convex optimiza-
tion problem LNsθ LNsϕ times. As a result, the resulting ML
estimator is computationally prohibitive even for small Ns.

B. 1bRELAX Algorithm for ML Estimation

We introduce below an extension of a computationally
efficient relaxation based cyclic algorithm (RELAX), which
was originally proposed for sinusoidal parameter estimation
[32], to obtain the ML channel estimates. The extension is
referred to as the 1bRELAX channel estimation algorithm.

The 1bRELAX algorithm breaks down the joint 2Ns-
dimensional searches with iterative 2-dimensional searches.
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Denote χl = [θl, ϕl, αR,l, αI,l]
T as the angular-domain pa-

rameter vector corresponding to the lth path. 1bRELAX begins,
in Step 1, by assuming there is only one dominating scattering
path between the BS and MS and solving the following
problem:

[χ̂1, σ̂v] = arg min
χ1,σv

−
KNr∑
m=1

[
ln Φ

(
zR,mζ

1,1
R,m

)
+ ln Φ

(
zI,mζ

1,1
I,m

)]
,

(46)
where ζp,qR,m and ζp,qI,m are defined, respectively, as:

ζp,qR,m =

p∑
l=1,l 6=q

κ̂lR,m + κqR,m − ηR,m

σv/
√

2
(47a)

and

ζp,qI,m =

p∑
l=1,l 6=q

κ̂lI,m + κqI,m − ηI,m

σv/
√

2
(47b)

with
κlR,m = γlR,mαR,l − γlI,mαI,l, (48a)

and
κlI,m = γlI,mαR,l + γlR,mαI,l, (48b)

denoting the real and imaginary parts of the received signal
from the lth path, respectively. The γl(θl, ϕl) is given in
(63) and the κ̂lR/I,m is the reconstructed received signal
using the estimated angular-domain channel parameter vec-
tor χ̂l in the previous iteration step. Equation (46) can be
solved by a two-dimensional coarse search over (θ1, ϕ1) and
followed by using the gradient method for (αR,1, αI,1, σv).
Let {θ′1, ϕ′1, α′R,1, α′I,1, σ′v} denote the estimated parameters
that minimize the cost function of (46). Then we perform a
grid-less fine search over the AoA interval [θ′1− π

Lθ
, θ′1 + π

Lθ
]

and AoD interval [ϕ′1 − π
Lϕ
, ϕ′1 + π

Lϕ
] by using the interior

point based bounded optimization method (e.g., “fmincon” of
MATLAB) to find the estimate {χ̂1, σ̂v} of {χ1, σv}.

In Step 2, we assume that there are two scattering paths,
i.e., Ns = 2. The 1bRELAX algorithm finds the parameters
of the second strongest path by minimizing the cost function
below:

χ̂2 = arg min
χ2

−
KNr∑
m=1

[
ln Φ

(
zR,mζ

2,2
R,m

)
+ ln Φ

(
zI,mζ

2,2
I,m

)]
,

(49)
where ζ2,2

R,m and ζ2,2
I,m can be computed from (47) with κ̂1

R,m

and κ̂1
I,m reconstructed with the estimated angular-domain

channel parameters corresponding to the strongest path from
Step 1:

κ̂1
R,m = γ̂1

R,m(θ̂1, ϕ̂1)α̂R,1 − γ̂1
I,m(θ̂1, ϕ̂1)α̂I,1, (50a)

κ̂1
I,m = γ̂1

I,m(θ̂1, ϕ̂1)α̂R,1 + γ̂1
R,m(θ̂1, ϕ̂1)α̂I,1. (50b)

In a similar fashion, (χ̂1, σ̂v) is refined using the χ̂2 to solve
the problem below via a fine search:

[χ̂1, σ̂v] = arg min
χ1,σv

−
KNr∑
m=1

[
ln Φ

(
zR,mζ

2,1
R,m

)
+ ln Φ

(
zI,mζ

2,1
I,m

)]
.

(51)
This procedure of iteratively refining parameter vectors
{χ̂1, σ̂v} and χ̂2 of the two strongest paths with fine searches

continues until convergence.
Step 3 of 1bRELAX assumes Ns = 3, and the algorithm

continues by solving the problem below to estimate the
parameter vector of the third strongest channel path using χ̂2

and {χ̂1, σ̂v} from Step 2:

χ̂3 = arg min
χ3

−
KNr∑
m=1

[
ln Φ

(
zR,mζ

3,3
R,m

)
+ ln Φ

(
zI,mζ

3,3
I,m

)]
.

(52)
Then {χ̂1, σ̂v}, χ̂2 and χ̂3 are iteratively refined with
fine searches until convergence. The algorithm continues until
the parameter vectors of all paths are estimated.

1) Computational Complexity: Compared to the direct ML
method, 1bRELAX requires only one two-dimensional search
over the parameter space of AoA and AoD for each path
in each step, resulting in significantly reduced computational
complexities. To obtain the coarse estimates, the 1bRELAX
algorithm needs to calculate the corresponding path gains for
LθLϕ angular grid points via, e.g., the Newton’s method for
each of the Ns paths. In each iteration of the Newton’s method,
the computational load is dominated by the calculation of a
2×2 Hessian matrix and a 2×1 gradient vector, which needs
to construct the unquantized received signal κR/I and has
a computational cost of O (KNrNt). Our numerical results
show that typically the Newton’s method can converge in less
than 5 iterations. For the refinement steps in 1bRELAX, the
computational cost of the interior point based method can be
neglected compared with the coarse searches. As a result, the
total computational complexity for the 1bRELAX algorithm
is on the order of O (NsKLθLϕNrNt), where Lθ and Lϕ
are several times (e.g., 2) larger than Nr and Nt, respectively.
In comparison, the computational costs of the recently pro-
posed algorithms BLMMSE and GAMP are on the order of
O
(
K3N3

r

)
and O (K max (NrNt, Nr log(Nr), Nt log(Nt))),

respectively.

C. 1bBIC for Path Number Determination

When Ns is unknown, the Bayesian information criterion
(BIC) can be used with 1bRELAX to provide a consistent
estimate of the channel path number [33], [34]. Below we
derive the customized BIC rule, referred to as the 1bBIC, to
determine the number of channel paths.

By assuming that the prior pdf of ψ, p (ψ), is flat around
the ML estimate ψ̂ML and does not depend on the K, Nr and
Nt, the channel path number estimate according to the BIC is
obtained by minimizing the criterion below [33], [34]:

−2 ln pN̂s

(
z̄|ψ̂ML

)
+ ln

∣∣∣Ĵ(z̄, ψ̂ML

)∣∣∣ , (53)

where pN̂s

(
z̄|ψ̂ML

)
is the likelihood function under the

hypothesis that the path number is N̂s, and |·| denotes the
determinant of a matrix. The second term is a penalty term
that penalizes an overestimated path number with Ĵ

(
z̄, ψ̂ML

)
defined as:

Ĵ
(
z̄, ψ̂ML

)
= − ∂2 ln pNs (z̄|ψ)

∂ψ∂ψT

∣∣∣∣
ψ=ψ̂ML

. (54)
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Algorithm 1 1bRELAX with 1bBIC
Input: Measurements z̄, threshold vector η̄, pilot signal X,

maximum path number Nmax
Output: Channel path number N̂s, angular parameters and

noise variance ψ̂
Set L = 1, obtain Ξ1 = [χ̂1, σ̂v] via a coarse search
followed by a fine search
Compute the 1bBIC cost function value C(1) from (59)
with ζ̂R/I,m obtained from [χ̂1, σ̂v]
for L = 2 to Nmax do

Obtain χ̂L via a coarse search followed by a fine search
and set k = 1
repeat

if k = 1 then
Update [χ̂1, σ̂v] via a fine search

else
Update χ̂k via a fine search

end if
k = (k mod L) + 1

until the ML cost function of (43) converges
ΞL =

[
{χ̂l}Ll=1, σ̂v

]T
Compute the 1bBIC cost function value C(L) with
ζ̂R/I,m obtained from {χ̂l}Ll=1 and σ̂v

end for
ψ̂ = ΞN̂s where N̂s = arg minl C(l)

Under mild conditions [33], the matrix Ĵ
(
z̄, ψ̂ML

)
is shown

to have the following asymptotic relationship with the FIM
JF (ψ) of (18):[

P−1JF (ψ)P−1 −P−1Ĵ
(
z̄, ψ̂ML

)
P−1

]
→ 0 as N ′ →∞,

(55)
where N ′ , {K,Nr, Nt} and P is a normalization matrix
dependent on N ′. Equation (55) implies that, after a proper
normalization, Ĵ

(
z̄, ψ̂ML

)
can be substituted by JF (ψ)

asymptotically. This can be used to obtain a simpler expression
for the penalty term in (53).

We now find a normalization matrix P to satisfy:

P−1JF (ψ)P−1 N′→∞
= O (1) . (56)

As shown in the supplementary material, when the pilot se-
quences are orthogonal to one another (i.e., XXH = Kρ

Nt
INt ),

a proper normalization matrix P is found to be:

P =

NtN
1
2
r K

1
2 INs

N
3
2
r K

1
2 INs

N
1
2
r K

1
2 I2Ns+1

 . (57)

Given the normalization matrix of (57) and invoking (55) with
Ĵ(z̄, ψ̂ML) replaced by JF (ψ), the penalty term of (53) is
given by

ln
∣∣∣Ĵ(z̄, ψ̂ML

)∣∣∣ = ln
∣∣P2
∣∣+ ln

∣∣∣P−1Ĵ
(
z̄, ψ̂ML

)
P−1

∣∣∣ (58)

= (6Ns + 1) ln (Nr) + (4Ns + 1) ln (K)

+ 2Ns ln (Nt) +O (1) .

As a result, the 1bBIC rule of (53) reduces to:

N̂s = arg min
Ns
{−2

KNr∑
m=1

[
ln Φ

(
zR,mζ̂R,m

)
+ ln Φ

(
zI,mζ̂I,m

)]
+ 6Ns ln (Nr) + 4Ns ln(K) + 2Ns ln (Nt)}. (59)

To use 1bBIC with 1bRELAX, we can compute the cost
function in (59) at the end of each step of 1bRELAX for
up to a prescribed maximum possible path number Nmax. We
give a flow chart in Algorithm 1 to show the detailed steps of
1bRELAX and how the 1bBIC is integrated into 1bRELAX.

D. JML-MAP and MAP Estimators

For the hybrid case, we utilize the prior pdf of random
parameters and introduce the JML-MAP estimator for both
the random and deterministic parameters:

χ̂ML/MAP = arg min
χ

− [ln p (z̄|χr,χd) + ln p (χr|χd)] . (60)

For the case of all random unknowns, on the other hand, we
introduce the MAP method to estimate the random parameters:

χ̂MAP = arg min
χ

− [ln p (z̄|χ) + ln p (χ)] . (61)

It can be shown that the above two problems are also uncon-
strained convex optimization problems to find the optimal path
gains for given AoA and AoD, and hence the cost functions
in (60) and (61) can be efficiently minimized via 1bRELAX
procedures with small modifications.

When the noise variance σ2
v is unknown, the formulation of

(44) cannot be utilized if the prior knowledge is on the channel
path gains due to the definition of βR and βI . In this case,
one can estimate σ2

v first during an idle period [20], [35], i.e.,
when there is no transmission between the BS and the MS.
The relevant ML problem is:

ε̂ = arg min
ε
−
KNr∑
m=1

[
ln Φ

(
−
√

2εzR,mηR,m
)

+ ln Φ
(
−
√

2εzI,mηI,m
)]
.

(62)

Then σ̂2
v can be calculated as σ̂2

v = 1
ε̂2 . Note that (62) is a one-

dimensional unconstrained convex optimization problem for
η̄ 6= 0, which can be solved efficiently via, e.g., the Newton’s
method. After that, we can solve (60) and (61) by replacing
σ2
v with σ̂2

v .

VI. NUMERICAL EXAMPLES

Numerical examples are provided below to compare the
CRBs using different thresholding schemes and verify the
effectiveness of the proposed 1bRELAX algorithm for channel
estimation and 1bBIC for path number determination. We
consider a massive MIMO system model with Nr = 64,
Nt = 32. Unless otherwise specified, the path number Ns is
set to 4 and random QPSK symbols are used as the pilot signal.
The channel matrix is normalized as E

[
‖H‖2F

]
= NrNt and

the transmit signal power is normalized as ρ = 1. The mean-
squared error (MSE) of the channel matrix estimate is defined
as E[‖Ĥ−H‖2F]/(NrNt). The MSEs are compared with the
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Fig. 4. Deterministic CRB comparison as a function of SNR with K = 32 and known σ2
v .

CRBs (i.e., trace[CRB(h̄)] and trace[BCRB(h̄)]) normal-
ized by NrNt. The average SNR at each receive antenna
output is defined as SNR = E

[
‖Γα‖22

]
/(KNrσ

2
v) = 1/σ2

v .
We consider the following thresholding schemes: 1) zero-

thresholding (ZT) (i.e., η̄ = 0); 2) optimal thresholding
(OT), which requires the knowledge of noise-free signals (i.e.,
η̄ = Γ̄ᾱ); 3) time-varying thresholding (TT) [36], which
selects the thresholds randomly from a predefined discrete
set, e.g., [−hmax,−hmax +4, · · · , hmax −4, hmax] at each
sampling instant with hmax being the dynamic range and
4 being the stepsize; 4) antenna-varying thresholding (AT),
which selects the thresholds from the discrete set randomly
once and fixed at all times for each antenna output. For the
AT and TT schemes, the thresholds are selected randomly from
8 discrete values uniformly distributed in [−hmax, hmax] with
hmax = 0.5. Due to the randomly selected thresholds, the
CRBs for the AT and TT schemes are obtained by averaging
over 100 realizations of the randomly selected thresholds. The
CRBs for unquantized systems are also considered here for
comparison purposes. To compute the HCRBs and BCRBs,
the first terms of HIM and BIM (i.e., JD(χ) and JD(ψ))
are obtained by averaging the corresponding FIM (i.e., JF (χ)
and JF (ψ)) over 104 realizations of the random parameters
according to the prior distributions.
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Fig. 5. Deterministic CRB for the AT scheme as a function of pilot length
K when SNR = −10, 0, 10 dB.

A. Channel Estimation Performance Bounds

1) Comparison of Deterministic CRBs: Consider the fol-
lowing deterministic parameters, which are generated ran-
domly once and fixed at all times.
• AoA vector θ = [40◦, 41◦,−70◦,−65◦]T ,

• AoD vector ϕ = [−25◦,−42.5◦, 55◦, 52◦]T ,
• Path gain vector α = [0.5775 − 0.1733j,−0.3119 +

0.2599j, 0.2714− 0.4505j, 0.4331 + 0.0866j]T .
Fig. 4 shows the CRBs for estimating the angular-domain

parameters (e.g., AoA (θ1) and αR,1) and channel matrix
(i.e., H) as functions of SNR for σ2

v known. Fig. 4 shows
that the CRB curves for the OT scheme and the unquantized
case (Unqt) are log-linear w.r.t. SNR. With a loss of 1.96 dB
compared with the unquantized CRB, the OT scheme provides
the lowest bounds among all one-bit thresholding schemes,
as expected. At low SNRs, the one-bit CRBs converge due
to the dominating noise effect. Compared with the fixed ZT
scheme, the random thresholding schemes (i.e., the AT and TT
schemes) provide slightly worse results for the AoA estimation
in Fig. 4(a) but much better results for the path gain estimation
in Fig. 4(b) as well as for the overall channel matrix estimation
in Fig. 4(c). AT gives almost identical performance to its TT
counterpart, but with a lower system complexity and cost.
AT and ZT have similar hardware cost, but ZT suffers for
ambiguity problems when σ2

v is unknown. Therefore, we focus
on AT hereafter.

Fig. 5 shows the CRBs as functions of pilot length K using
the AT scheme. First, it is observed that the CRB curves are
log-linear w.r.t. the pilot length. Secondly, from Fig. 5, the
unknown σ2

v has almost no impact on the angle CRB, but
leads to higher CRBs for the path gain.

2) Hybrid CRB with Prior Knowledge on Channel Path
Gains: Assume that the path gains have known Gaussian
pdf with mean mα =

√
1−τ
2Ns

[1, · · · , 1]T ∈ R2Ns×1 and
covariance matrix Cα = τ

2Ns
I2Ns with τ = 0.1. The angles

are deterministic unknowns, given as follows:
• AoA vector θ = [62◦,−36◦,−45◦, 15◦]T ,
• AoD vector ϕ = [−45◦, 34◦, 25◦,−70◦]T .

Fig. 6 compares several versions of the path gain HCRB with
the AT scheme as a function of SNR when σ2

v is unknown.
Specifically, we consider the numerically implemented HCRB
via Monte-Carlo trials (denoted as MC HCRB), the unquan-
tized HCRB computed using the exact analytical expressions
(denoted as Unqt HCRB), the low-SNR approximate HCRB
in Section IV-A1 (denoted as LowHCRB), the tighter approxi-
mate HCRB in Section IV-A2 (denoted as ApproxHCRB) and
the expection of the deterministic CRB (ECRB) which serves
as a tight bound for the prior-aided estimate in the asymptotic
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Fig. 6. Comparison of HCRB for αR,1 using the AT scheme as a function
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region (i.e., SNR → ∞ or K → ∞) [28]. The ECRB is
obtained by averaging the deterministic CRB over its random
realizations. Fig. 6 shows that LowHCRB is looser than MC
HCRB when the SNR > −5 dB. ApproxHCRB is almost the
same as MC HCRB in all SNRs we consider. At low SNRs, the
ECRB is much higher than its HCRB counterparts due to the
lack of prior knowledge, and the one-bit HCRBs coincide with
the unquantized HCRB since the prior knowledge dominates
over the information from data.
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Fig. 7. MSE of ML estimate for the AT scheme as a function of SNR with
K = 32 and unknown σ2
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B. ML, JML-MAP and MAP Parameter Estimation

We now evaluate the performance of the ML, JML-MAP
and MAP channel estimates, all obtained via the variations of
the 1bRELAX algorithm, where the number of the discretized
grid points over the angle range (−π/2, π/2] is Lθ = 192 for
the AoA and Lϕ = 96 for the AoD. The MSEs are obtained
by averaging over 300 Monte-Carlo trials.
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Fig. 9. MSE of ML channel matrix estimate for the AT scheme as a function
of the iteration number in the fine search step of 1bRELAX when K = 32
and SNR = 0 dB.

TABLE I
AVERAGE RUNNING TIME OF 1BRELAX

Aver. Run. Time (s) K = 10 K = 20 K = 40

Ns = 2 8.69 13.67 24.59

Ns = 4 18.89 28.84 49.76

1) ML Estimation for Deterministic Unknown Parameters:
We assume that the path number Ns is known and use the
same deterministic channel parameters as those in Section
VI-A1. Note that the angle separations between the AoA of
the first and second paths as well as the AoD of the thrid
and fourth paths are less than the corresponding Rayleigh
resolutions. The MSEs of the ML estimates are compared
to the corresponding CRBs in Fig. 7 as functions of SNR
and in Fig. 8 as functions of the pilot length K, when σ2

v

is unknown. It is seen that the MSEs of the ML estimates
obtained via 1bRELAX can approach the corresponding CRBs
at high SNRs or with long pilot sequences. It is also observed
that there is a threshold effect (e.g., SNR = −6 dB in Fig. 7
and K = 11 in Fig. 8) below which the MSEs deviate abruptly
from the corresponding CRBs.

Fig. 9 shows the MSE of ML channel matrix estimate as
a function of the iteration number in the fine search step of
1bRELAX when the path number is Ns = 2 and Ns = 4. The
iteration number here refers to the iterations needed in the final
step of refining the parameters of Ns paths. It is seen from
Fig. 9 that 1bRELAX algorithm can converge with 4 iterations
for Ns = 2 and 6 iterations for Ns = 4, respectively. Fig. 9
also revals that the grid-less refinement step is necessary to
enhance the channel estimation performance of 1bRELAX.
We give the average running time of 1bRELAX for different
pilot lengths in Table I. The simulations are conducted on a
PC with Intel(R) Core(TM) i7-6700 CPU (3.40 GHz) and 64.0
GB RAM.

Then we compare the channel estimation performance of
1bRELAX with those of BLMMSE [16] and GAMP [9] in
Fig. 10. Note that both the BLMMSE and GAMP algorithms
need a prior knowledge on the noise variance, and hence σ2

v is
assumed to be known for all methods. It is shown in Fig. 10
that GAMP provides a performance gain of at least 5 dB over
BLMMSE. 1bRELAX significantly outperforms the other two
algorithms, especially at high SNRs. For example, 1bRELAX
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v is known.

outperforms GAMP and BLMMSE by more than 20 dB when
SNR = 15 dB. Fig. 11 plots the average bit-error rate (BER)
curves obtained via the one-bit ML detector in [14] using
imperfect channel state information (CSI) obtained from the
aforementioned three algorithms, respectively. For simplicity,
we consider a typical case where there is only one independent
QPSK data stream between the transmitter and the receiver.
The transmitted data signal has the same power as the pilot
signal. It is shown in Fig. 11 that, as expected, 1bRELAX
can provide a much better BER performance than GAMP and
BLMMSE at high SNRs.
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Fig. 12. MSE of JML-MAP estimate for the AT scheme with prior knowledge
on path gains as a function of SNR for K = 15 and known σ2

v .

2) JML-MAP Estimation for Hybrid Parameters: For the
knowledge-aided JML-MAP and MAP estimators, we assume
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Fig. 13. MSE of JML-MAP estimate for the AT scheme with prior knowledge
on angular parameters as a function of SNR when K = 15 and known σ2

v .

that the noise variance σ2
v is known. We first consider the

case where the path gains have known prior pdfs and the
angular parameters are deterministic unknowns. The simula-
tion parameters used here are the same as those in Section
VI-A2. Fig. 12 shows the MSEs of the JML-MAP estimates
and the deterministic ML estimates for the AT scheme. It is
shown in Fig. 12(b) that the JML-MAP path gain estimates
are better than the ML estimates, especially at low SNRs. The
ApproxHCRBs can provide reasonable lower bounds for the
JML-MAP estimates for the SNRs we consider.

We then assume the angles have known truncated Gaus-
sian distributions with angle intervals constructed by the
three-sigma rule, i.e., all the random realizations of θl ∈
N (mθl , σ

2
θl

) are in the interval [mθl − 3σθl ,mθl + 3σθl ].
Specifically, we consider the following parameters:
• AoA intervals: θ1 ∈ [−74.5◦,−69.5◦], θ2 ∈ [31◦, 36◦],
θ3 ∈ [−52.5◦,−47.5◦], θ4 ∈ [59.5◦, 64.5◦],

• AoD intervals: ϕ1 ∈ [63.5◦, 68.5◦], ϕ2 ∈ [−45◦,−40◦],
ϕ3 ∈ [17.5◦, 22.5◦], ϕ4 ∈ [−27.5◦,−22.5◦],

• Path gain vector α = [0.4058 + 0.3170j,−0.2536 +
0.4438j, 0.5706− 0.1268j,−0.1014− 0.3487j]T .

We plot the MSEs of JML-MAP estimates for the AT
scheme in Fig. 13. Since no analytical expression for the
HCRB exists in this case, we compute the HCRB via Monte-
Carlo trails. It is seen that the threshold effect for angle
estimation is suppressed due to the prior knowledge for the
JML-MAP, which has a much better performance than the
ML for low SNR. Moreover, since accurate angle estimates
are available for all SNRs, the threshold effect of JML-MAP
path gain estimate also vanishes and the corresponding MSE
can approach the MC HCRB.

3) MAP Estimation for Bayesian Parameters: Finally, con-
sider the case where the channel path gains have the same
Gaussian distribution as in Section VI-A2 and the AoA and
AoD angles have the same truncated Gaussian distributions
as in Section VI-B2. We plot the MSE of the MAP channel
matrix estimate for the AT scheme in Fig. 14. It is observed
that the MSE of MAP channel estimates cannot approach the
corresponding MC BCRB. The gap between them is about 5
dB.

C. 1bBIC for Path Number Determination

We now use the 1bBIC for channel path number determi-
nation for the same deterministic channel parameters as in
Section VI-A and unknown σ2

v . Two different pilot sequences
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Fig. 15. Correct determination probability of 1bBIC when σ2
v is unknown,

(a) as a function of SNR and (b) as a function of pilot length.

are considered here: random QPSK pilots (QPSK) and random
orthogonal pilots (Ortho). The maximum possible path number
Nmax is set to 8. We compare the correct determination
probability of 1bBIC with the two different pilot sequences
as functions of the SNR in Fig. 15(a) when the pilot length
K = 32 and as functions of the pilot length in Fig. 15(b)
when SNR = −10 dB. It can be seen from Fig. 15 that for
both pilot sequences, the probability of correct path number
determination reaches 1 for SNR > −5 dB in Fig. 15(a) or
K > 80 in Fig. 15(b).

VII. CONCLUSIONS

We have focused on the angular-domain channel estimation
for one-bit mmWave massive MIMO systems. In particular,
we have derived the deterministic CRB and the knowledge-
aided hybrid and Bayesian CRBs, for estimating the AoA,
AoD and the associated path gains. We have also presented
the ML estimator for deterministic channel parameter esti-
mation. When the prior information is available, the JML-
MAP and MAP estimators have been derived for the hybrid
and Bayesian parameter estimation, respectively. Variations
of the computationally efficient 1bRELAX algorithm have
been used to obtain the ML, JML-MAP and MAP channel
estimates. A simple and effective rule, referred to as 1bBIC,
has been derived for path number determination. Numerical
examples have been given to compare the performance bounds
using different one-bit thresholding schemes and to verify the
effectiveness of the parameter estimators and the 1bBIC rule.

We have demonstrated that accurate channel parameter
estimates can be obtained using our estimators. The correct
determination probability of 1bBIC approaches 1 even for a
low SNR or a moderate pilot length. In addition, we have
found that the simple and inexpensive antenna-varying thresh-
olding scheme allows for the noise variance to be unknown
and outperforms its zero-thresholding counterpart, especially
at high SNRs. We have also shown that the prior knowledge
of the angular-domain parameters can lead to significantly
improved channel estimation performance, especially at low
SNRs.

APPENDIX A
DERIVATION OF THE PARTIAL DERIVATIVES: κR/I,m∂χp

Recall from the unquantized received signal model in (5),
the complex-valued signal Γ (θ,ϕ)α is the superposition of
the signals from Ns paths:

Γ (θ,ϕ)α =

Ns∑
l=1

[(
XTa∗MS (ϕl)

)
⊗ aBS (θl)

]
αl

,
Ns∑
l=1

γl (θl, ϕl)αl,

(63)

where γl (θl, ϕl) ∈ CKNr×1. We ignore the dependence of γl
on θl and ϕl for notation brevity in the following. The partial
derivatives of κR,m w.r.t. the lth elements of θ, ϕ, αR and αI
in (16) can be computed, respectively, as:

∂κR,m
∂θl

=
∂γlR,m
∂θl

αR,l −
∂γlI,m
∂θl

αI,l, (64a)

∂κR,m
∂ϕl

=
∂γlR,m
∂ϕl

αR,l −
∂γlI,m
∂ϕl

αI,l, (64b)

and
∂κR,m
∂αR,l

= γlR,m, (64c)

∂κR,m
∂αI,l

= −γlI,m, (64d)

with
∂γl

∂θl
=
(
XTa∗MS (ϕl)

)
⊗ ∂aBS (θl)

∂θl
,

and
∂γl

∂ϕl
=

(
XT ∂a

∗
MS (ϕl)

∂ϕl

)
⊗ aBS (θl) ,

where ∂aBS(θl)
∂θl

and ∂aMS(ϕl)
∂ϕl

are given by:

j2π cos θl
dr
λ

[
0, ej2π sin θl

dr
λ , · · · , (Nr − 1) ej(Nr−1)2π sin θl

dr
λ

]
,

and

j2π cosϕl
dt
λ

[
0, ej2π sinϕl

dt
λ , · · · , (Nt − 1) ej(Nt−1)2π sinϕl

dt
λ

]
,

respectively.

The partial derivatives of κI,m, i.e., ∂κI,m
∂θl

, ∂κI,m
∂ϕl

, ∂κI,m
∂αR,l

and ∂κI,m
∂αI,l

, can be obtained similarly.
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APPENDIX B
REFORMULATION OF g (ζR,m) p (χr)

Recall from the definition of κR,m in (11a), and according
to (63), we can reformulate κR,m as:

κR,m =

Ns∑
l=1

[
γlR,mαR,l − γlI,mαI,l

]
, γ̄mχr, (65)

where γ̄m = [γ1
R,m, · · · , γ

Ns
R,m,−γ1

I,m, · · · ,−γ
Ns
I,m]T . Plug-

ging (65) into (10a), we have:

g (ζR,m) = 4e−(1− 2
π )ζ2R,m

= 4e−tη
2
R,m · e−

1
2 (χTr (2tAm)χr−pTmχr),

(66)

where t =
(
1− 2

π

)
2
σ2
v

, Am = γ̄mγ̄
T
m and pm = 4tηR,mγ̄m.

Then,

g (ζR,m) p (χr)

=
4e−tηR,m√

(2π)2Ns |Cα|

· e−
1
2 (χTr (2tAm)χr−pTmχr+(χr−mα)TC−1

α (χr−mα))

= δm ·
1√

(2π)2Ns |Qm|
e−

1
2

(χr−um)TQ−1
m (χr−um),

(67)

where

δm = 4

√
|Qm|
|Cα|

e−tη
2
R(m)− 1

2
mT
αC−1

α mα+εm ,

εm =
1

8

(
2C−1

α mα + pm
)T

Qm

(
2C−1

α mα + pm
)
,

um =
1

2
Qm

(
2C−1

α mα + pm
)
,

Qm =
(
2tAm + C−1

α

)−1
.

According to (67), g (ζR,m) p (χr) has been reformulated to a
constant of δm times a Gaussian pdf of χr with mean vector
um and covariance matrix Qm.
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