MITSUBISHI ELECTRIC RESEARCH LABORATORIES
http://www.merl.com

Performance Analysis of Spectrum Sharing Systems with
Distributed CDD
Kim, K.J.; Liu, H.; Renzo, M.D.; Poor, H.V.
TR2018-162

December 07, 2018

Abstract
In this paper, a cooperative spectrum sharing system is investigated. To effectively access the
radio spectrum licensed to the primary users, the distributed cyclic delay diversity (dCDD)
scheme is employed as the transmit diversity scheme for distributed cyclic-prefixed single
carrier transmissions. As a setup for the secondary users’ network, it is assumed that it
comprises the control unit and a group of remote radio heads. In the secondary users’ network,
a single primary user transmitter is assumed to be located isotropically, so that a mixture of
line-ofsight and non-line-of-sight paths over frequency selective fading channels is considered.
One of the objectives of this paper is to investigate the effects of this new channel model on
the outage probability probability promised by dCDD. A closedform expression for the outage
probability is derived first, and then its asymptotic expression is derived to characterize the
maximum achievable diversity gain. Link-level simulations are also conducted to verify the
performance analysis.
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Abstract—In this paper, a cooperative spectrum sharing system
is investigated. To effectively access the radio spectrum licensed
to the primary users, the distributed cyclic delay diversity
(dCDD) scheme is employed as the transmit diversity scheme
for distributed cyclic-prefixed single carrier transmissions. As
a setup for the secondary users’ network, it is assumed that it
comprises the control unit and a group of remote radio heads. In
the secondary users’ network, a single primary user transmitter
is assumed to be located isotropically, so that a mixture of line-ofsight and non-line-of-sight paths over frequency selective fading
channels is considered. One of the objectives of this paper is
to investigate the effects of this new channel model on the
outage probability probability promised by dCDD. A closedform expression for the outage probability is derived first, and
then its asymptotic expression is derived to characterize the
maximum achievable diversity gain. Link-level simulations are
also conducted to verify the performance analysis.
Index Terms—Distributed CDD, spectrum sharing, cyclicprefixed single carrier transmission, outage probability, diversity
gain.

I. I NTRODUCTION
Maximum ratio transmission (MRT) was proposed as a
transmit diversity scheme by [1] for a transmitter equipped
with multiple antennas. Recently, MRT has been applied to the
distributed system [2]. However, acquiring exact channel state
information (CSI) at the transmitter side is a challenging task
in distributed wireless communications systems that apply the
transmit diversity scheme. As an alternative scheme, transmit
antenna selection (TAS) has been proposed by [3]–[5], when
multiple antennas are deployed at the transmitter. Considering
feedback overhead and signal processing cost, a single transmit
antenna is selected in TAS to maximize the signal-to-noise
ratio (SNR) at the secondary user receiver (SRX). In addition,
a general maximal ratio combining (MRC) is applied among
several receiver antennas to enhance the performance of the
secondary users’ network.
In contrast to MRT and TAS, distributed cyclic delay
diversity (dCDD) has been proposed as a practical transmit
diversity scheme for cyclic-prefixed single carrier (CP-SC)
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systems [6]. Without explicit channel feedback from the receiver side, dCDD improves the reliability of a message by
transmitting the same message over multiple channels having
different channel characteristics. Several works [7]–[10] have
applied the conventional cyclic delay diversity (CDD) for
several applications. In contrast to the conventional CDD,
which applies a cyclic delay among antennas deployed at
the same transmitter, dCDD applies a cyclic delay among
antennas, each of which is deployed at a different transmitter.
By proper design of the permutation matrix that circularly
shifts the symbol block, an intersymbol interference (ISI)free channel matrix can be generated. The size of the symbol
block and the maximum number of multipath components of
the channel that transmits this symbol block determine the
number of transmitters for dCDD. It has been verified by [6]
that the full diversity gain with a higher coding gain can be
achieved over those of [3]–[5] and [11]–[13] without exact
knowledge of CSI at the transmitter side. This performance
gain advantage will be beneficial to secondary users in reusing
the radio spectrum licensed to primary users.
There are several existing works, e.g. [12], [13] that consider
spectrum sharing systems that use CP-SC transmissions. In
contrast to these existing works, we can summarize our main
contributions as follows.
•

•

To achieve the transmit diversity gain, dCDD is employed
between the control unit (CU) and a finite number of
secondary user remote radio heads (SU-RRHs). We use a
mathematical analysis fit to finite-sized cooperative spectrum sharing systems. For a secondary users’ network, we
investigate the impact of the isotropic random location
of the primary user transmitter (PTX) on the outage
probability. Thus, the use of dCDD in the spectrum
sharing system is one of the key distinctions from [12],
[13].
Due to the random location of the PTX within the secondary users’ network, a more practical channel model,
which is somewhat similar to that of [14]–[17], is used.
The co-existence of line-of-sight (LoS) and non-line-ofsight (nLoS) paths is modeled by using a time-sharing
factor [18], which is distributed according to a Bernoulli

•

•

process.
We provide an analytical framework jointly taking into
account a different degree of remote radio head (RRH)
cooperation via dCDD, frequency selective fading, and
isotropic random location of the PTX over the co-existing
LoS and nLoS paths. For this new setting for the spectrum sharing system, a new expression for the spatially
averaged signal-to-interference ratio (SA-SIR) is derived.
We analyze the achievable diversity gain from the outage
probability.

A. Notation

)
(
C denotes the set of complex numbers; CN µ, σ 2 denotes
the circularly symmetric complex Gaussian distribution with
mean µ and variance σ 2 ; Fφ (·) and fφ (·), respectively, denote
the cumulative distribution function (CDF) and probability
density function (PDF) of the random variable (RV) φ; E{·}
denotes expectation. The length of a vector a is denoted by
L(a).
II. S YSTEM AND C HANNEL M ODELS

CU
RRHM
RRHk

constraints imposed by the PRX. The CU controls M single
antenna equipped RRHs, {RRHm }M
m=1 , via dedicated highly
reliable backhauls, {bm }M
.
The
CU forms an information
m=1
signal to be transmitted by SU-RRHs simultaneously to the
SRX by using dCDD, so that each SU-RRH requires only
simple hardware and low transmission power in communicating with the SRX. A receiving unit for a Global Navigation
Satellite System (GNSS) signal is installed at the front-end
of each node, so that SU-RRHs can receive and transmit the
same information at the same time when they are operating
for dCDD. Due to the use of half-duplex transceivers in all
nodes, they are allowed to either send or receive data at any
given time.
Since the number of SU-RRHs for dCDD is limited by the
symbol block size and the maximum multipath path components over the frequency fading channel in the secondary
users’ network [6], this paper investigates only a finite-sized
cooperative spectrum sharing system comprising a finite number of SU-RRHs for dCDD and a single SRX. By employing
appropriate channel sounding scheme or channel reciprocity
[19], [20], we further assume that the SRX is able to know the
maximum number of multipath components over the channels
from SU-RRHs to itself. The following channels are assumed
in the considered system.
• Channels from SU-RRHs to the SRX: A multipath channel, hm , from the mth SU-RRH to the SRX is given
by
√
hm = R−ϵL h̃m
(1)

RRH2

RRH1

PRX

•
SRX
PTX

where f˜L and f˜nL identify frequency selective fading
△
channels over LoS and nLoS paths with NL = L(f˜L )
△
and NnL = L(f˜nL ) multipath components. The path
loss exponent over f˜nL is denoted by ϵnL . The indicator
function, IL , is used to model the random selection of
LoS and nLoS paths with probability Pr (IL ) = F and
Pr (InL ) = 1 − F with time-sharing factor F [18]. Owing
to the random location of the PTX within the secondary
users’ network, we model it using a Bernoulli process.
The distance d2 from the PTX to the SRX is distributed
as follows:

R

Fig. 1. Illustration of the considered dCDD-based spectrum sharing system
with the PTX placed at random within the secondary user’s cell.

Fig. 1 illustrates the considered dCDD-based spectrum
sharing system comprising one PTX and primary user receiver
(PRX) in the primary licensed frequency band. A disk-shaped
communication cell of radius R for the secondary users is
formed around the SRX. In the cell, the location of the PTX
is assumed to be isotropic, whereas the PRX is placed at a
fixed location. A group of secondary SU-RRHs are distributed
over the circumference of the cell. A secondary user network
consisting of the CU, M SU-RRHs, and SRX shares the
primary users’ licensed frequency band subject to interference

where h̃m denotes a frequency selective fading channel
△
with Nh = {L(h̃m )}M
m=1 multipath components, and
ϵL denoting the path loss exponent of all the LoS paths
over all {h̃m }M
m=1 .
A channel from the PTX to the SRX: A multipath channel
from the PTX to the SRX is given by
√
√
f = IL (d2 )−ϵL f˜L + (1 − IL ) (d2 )−ϵnL f˜nL (2)

fd2 (y2 ) = 2y2 /R2 for 0 ≤ y2 ≤ R.
•

(3)

Channels from the SU-RRHs to the PRX : When M SURRHs are available for dCDD, they influence the PRX,
so that a channel from the mth SU-RRH to the PRX is
given by
√
(4)
gm = (d3,m )−ϵL g̃m

•

where g̃m identifies the frequency selective fading chan△
nel with Ng = {L(g̃m )}M
m=1 . A specific distance from
the mth RRH to the PRX is given by d3,m .
All frequency selective fading channels are assumed to
be independent and identically distributed (i.i.d.). We
also assume that all channels are constant over one
data transmission interval due to a quasi-static channel
assumption, but different from and independent of those
for other transmission intervals.

A. dCDD for CP-SC Transmissions
As a transmission scheme, CP-SC transmissions [11]–[13]
are used for the primary and secondary user networks. To
remove ISI being caused by a multipath channel between two
nodes, the last Np modulation symbols from a transmission
symbol block s ∈ CB×1 are appended to the front of s [6].
The size of symbol block s is denoted by B. We assume
that E{s} = 0 and E{∥s∥2 } = IB . To construct an ISIfree right circulant channel matrix, the CP length, Np , and
the CDD delay, for example, ∆m for the mth SU-RRH, play
key roles in generating an equivalent ISI-free right circulant
channel matrix by satisfying the following two conditions [6]:
Np ≥ Nh and ∆m = (m − 1)Np .

(5)

Since CP-SC transmissions use block transmission, the maximum allowable
⌊ number
⌋ of SU-RRHs for dCDD is determined
by K = 1+ B/Np , where ⌊·⌋ denotes the floor function. For
dCDD, in this paper, we assume that only M ≤ K SU-RRHs
are available in the secondary users’ network.
Due to dCDD, the received signal at the SRX, after removing the CP signal, is given by
r=

√
Ps

M
∑

R−ϵL /2 H̃m s̃m +

m=1

√
−ϵ /2
−ϵ /2
PP (IL d2 L F̃L + (1 − InL )d2 L F̃nL )x̃p + zR (6)
△

where s̃m = PB∆m sm , PP is the transmission power at the
PTX. The permutation shifting matrix PB∆m is obtained from
the identity matrix IB by circularly shifting down by ∆m . The
transmission power at the SU-RRHs is Ps , which is given by
the following constraint [13]:
(
)
Ip
Ps = min PT ,
(7)
−ϵL
∥g̃m ∥2
max PG d3,m
m=1,...,M

where PT and Ip respectively denote the maximum allowable
transmission power at the SU-RRHs and the peak allowable
interference at the PRX. The transmission power at the PRX is
denoted by PG . Channel matrices, H̃m , F̃L , and F̃nL are right
circulant respectively specified by h̃m , f˜L , and f˜nL . Since
max{Nh , NL , NnL , Ng } is smaller than the block size B, zero
padding is required in the representation of right circulant
channel matrices. The transmission symbol block from the
PTX is given by xp with E{xp } = 0 and E{xp xH
p } = IB ,
and E{s̃m xH
}
=
0.
The
additive
noise
over
the
frequency
p
selective fading channels is denoted by zR ∼ CN (0, σz2 IB ).

III. P ERFORMANCE A NALYSIS IN T HE I NTERFERENCE
L IMITED R EGION
From (6), the SIR measured at the SRX is given by
∑M
Ps m=1 R−ϵL ∥h̃m ∥2
△
γSIR
=
L
nL
PP (Fd−ϵ
∥f˜L ∥2 + (1 − F )d−ϵ
∥f˜nL ∥2 )
2
( 2
)
=
min PT , Ip /X Y
(8)
△

△

2
A
L
X =
max PG d−ϵ
Y = B
with
3,m ∥g̃m ∥ ,
m=1,...,M
△ ∑M
△
−ϵL
L
A =
∥h̃m ∥2 and B = PP (Fd−ϵ
∥f˜L ∥2 +
2
m=1 R
−ϵnL ˜
2
(1 − F )d2 ∥fnL ∥ ). Note that when we use the maximum
likelihood type detector, for example, the QRD-M detector
[21], we can obtain (8).

where

A. Distributions of the SA-SIR
Owing to the random location of the PTX within the secondary users’ cell, we need to compute the SA-SIR. Extending
from the analysis of [13], the CDF of the SA-SIR is given by
Fγ (x) = E{FY (x/PT |d2 )} FX (µ)+
|
{z
}
J1
{∫ ∞
}
E
FY (xt/Ip |d2 ) fX (t) dt
µ
|
{z
}

(9)

J2
△

I

where µ = PpT . To compute (9), we can readily find the
following distributions and density of RV X:
M (
∏

FX (x) =

1−

m=1

L )
Γu (Ng , x/PG d−ϵ
3,m )
Γ(Ng )

= 1 + Υe−β̃x xl̃ ,
[
]
fX (x) = Υ ˜le−β̃x xl̃−1 − β̃e−β̃x xl̃ ,

(10)
(11)

where Γ(·) and Γu (·) respectively denote the complete gamma
function and upper incomplete gamma function. In addition,
m
m
∑
∑
1
△
△
˜l =
,
β̃ =
ℓt , and
P d−ϵL
t=1
t=1 G 3,qt
△

Υ =

∑M

m=1 (−1)

∑Ng −1
ℓ1 =0

···

m

∑M −m+1
q1 =1

∑Ng −1 ∏m
ℓm =0

···
(

t=1

∑M
qm =qm−1 +1

1
−ϵ
ℓt !(PG d3,qL )ℓt

)

. (12)

t

According to the analysis provided in [6], the distribution of
RV A, is given by
FA (x) = 1 −

Γu (M Nh , x/Ps R−ϵL )
.
Γ(M Nh )

(13)

Furthermore, from CP-SC transmissions, the conditional density of the primary user’s interference power received at the
SRX at a given distance d2 , denoted by an RV C, is given by
fC (x|d2 ) =

x
−
−ϵ
F
NL −1
PP d2 L
+
x
e
−ϵL NL
Γ(NL )(PP d2 )
x
−
−ϵ
(1 − F)
NnL −1
PP d2 nL
x
e
(14)
−ϵnL NnL
Γ(NnL )(PP d2 )

)
2Fρ−NL ( x )−NL ∑M Nh −1 1 2,1 ( xρ
1, NL + 2/ϵL + 1
G2,2 PT
−
m=0
m!
NL + 2/ϵL , NL + m
ϵL Γ(NL ) PT
)
2(1 − F)ρ−NnL RNnL (ϵnL −ϵL ) ( x )−NnL ∑M Nh −1 1 2,1 ( xρRϵL −ϵnL
1, NnL + 2/ϵnL + 1
G2,2
.
m=0
m!
P
T
NnL + 2/ϵnL , NnL + m
ϵnL Γ(NnL )
PT

J1 = 1 −

2
with the density of d2 given by fd2 (y2 ) = 2y
R2 , 0 ≤ y2 ≤ R.
After having some manipulations, the expression for J1 in
(9) can be evaluated as (15) at the top of this page. In (15), we
( ·, · )
△
have defined ρ = PPPs . In addition, Gm,n
denotes the
p,q · ·, ·
Meijer-G functions [22, sec. (2.24)]. Due to space limitations,
we omit the derivation of (15).
A more challenging task is the computation of J2 in (9).
Since the integral solution of J2 in (9) does not exist, we
apply an approximation in the asymptotic region provided in
the following theorem.
Theorem 1: The approximate expression for J2 in the
asymptotic region is given by (16) at the top of the next page.
Proof: According to [23], we first approximate the following Meijer-G function as
(
)x → 0
1, NL + 2/ϵL + 1
2,1
G2,2
x
xNL +2/ϵL
NL + 2/ϵL , NL + m
≈
Γ(m − 2/ϵL )Γ(NL + 2/ϵL ) + xNL +m Γ(m + NL )

Γ(2/ϵL + 1 − m).

(15)

The SRX is placed at the center of a disk-shaped secondary users’ communication cell of radius R, within
which the PRX is placed at (∆x , ∆y ).
jπ/2
• Three SU-RRHs are placed at R
, Rj(π/2−π/10) , and
j(π/2+π/10)
R
.
The curves obtained via link-level simulations are denoted by
Ex. Analytical performance curves are denoted by An. The
SIR threshold causing an outage is fixed at Oth = 1 dB.
•

A. Outage Probability Analysis

100

10-2

(17)

And then after conducting some manipulations, we can derive
(16). Note that since we can readily extract expressions for
C1 , C2 , D1 , and D2 , we do not provide their corresponding
expressions.

10-4

10-6

B. Outage Probability
Using (15) and (16), the approximate outage probability at
a given SIR threshold Oth , is given by (18) near the top of the
next page.
C. Asymptotic Diversity Gain Analysis
Using (17), we can approximate J1 as in (19) near the
top of the next page, where we have used the approach
provided in [23] for an asymptotic approximation of (a).
Similarly,
(
)NC1M, C2 , D1 and D2 are approximately proportional
to x/Ip h . Thus, as PT → ∞ and Ip → ∞, while maintaining µ a constant, the maximum diversity gain, Gd = M Nh ,
can be achieved by the use of dCDD in the secondary users’
network. Thus, we can see that a different time sharing on
LoS and nLoS paths, and primary users’ system and channel
parameters have no effect on the diversity gain.
IV. S IMULATIONS
The following simulation setting is considered:
• B = 192 and Np = 64, so that K = 3 is the maximum
number of the RRHs for dCDD.
• Quadrature phase-shift keying (QPSK) modulation is
used.
• The path-loss exponents are assumed to be ϵ1 = 2.09,
ϵ2 = 3.75, and ϵ3 = 3.75 in the considered system [17].
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Outage probability for various values of Nh .

Fig. 2 shows the outage probability for various values of
Nh at fixed values of (M = 2, NL = 2, NnL = 3, Ng =
2, R = 10, F = 0.6, PP = 3 dB, Ps = 1 dB, Pg =
1 dB, ∆x = 1, ∆y = 3). This figure shows the accuracy of
our derivations for the outage probability. Thus, in the sequel,
we will mainly use the analytically derived outage probability
for the performance analysis w.l.o.g..
Fig. 3 compares the outage probability of the proposed
system with that of an existing scheme (denoted by conv. in
the curves), which does not use dCDD. Only one SU-RRH,
which has the largest SIR among them, is selected [3]–[5],
[12], [13]. This figure shows that dCDD results in a better
outage probability even with a small number of SU-RRHs in
the secondary users’ network. As more RRHs are available for
dCDD, the performance gap will be increased. If we measure
the slopes of the curves in this figure, they are identical when
M Nh is same. This will be further investigated in Fig. 4.
In Fig. 4, we investigate different values for Nh , F, R,
and (NL , NnL ). In the considered all cases, dCDD provides a

J2

(
2FΥ˜l ∑M Nh −1 1 ( ρx )2/ϵL
= 1 − FX (µ) −
Γ(m − 2/ϵL )Γ(NL + 2/ϵL )(β̃)−l̃−2/ϵL Γu (˜l + 2/ϵL , β̃µ)+
m!
Ip
ϵL Γ(NL ) m=0
)
( ρx )m
Γ(2/ϵL + 1 − m)Γ(NL + m)(β̃)−l̃−m Γu (˜l + m, β̃µ) +
Ip
(
2FΥβ̃ ∑M Nh −1 1 ( ρx )2/ϵL
Γ(m − 2/ϵL )Γ(NL + 2/ϵL )(β̃)−l̃−2/ϵL −1 Γu (˜l + 2/ϵL + 1, β̃µ)+
m!
Ip
ϵL Γ(NL ) m=0
)
( ρx )m
Γ(2/ϵL + 1 − m)Γ(NL + m)(β̃)−l̃−m−1 Γu (˜l + m + 1, β̃µ) −
Ip
(
2(1 − F )Υ˜l ∑M Nh −1 1 ( ρxRϵL −ϵnL )2/ϵL
Γ(m − 2/ϵL )Γ(NL + 2/ϵL )(β̃)−l̃−2/ϵL Γu (˜l + 2/ϵL , β̃µ)+
m=0
m!
Ip
ϵL Γ(NL )
)
( ρxRϵL −ϵnL )m
Γ(2/ϵL + 1 − m)Γ(NL + m)(β̃)−l̃−m Γu (˜l + m, β̃µ) +
Ip
(
2(1 − F )Υβ̃ ∑M Nh −1 1 ( ρxRϵL −ϵnL )2/ϵL
Γ(m − 2/ϵL )Γ(NL + 2/ϵL )(β̃)−l̃−2/ϵL −1 Γu (˜l + 2/ϵL + 1, β̃µ)+
m=0
m!
Ip
ϵL Γ(NL )
)
( ρxRϵL −ϵnL )m
Γ(2/ϵL + 1 − m)Γ(NL + m)(β̃)−l̃−m−1 Γu (˜l + m + 1, β̃µ)
Ip
△

= 1 − FX (µ) − C1 + C2 − D1 + D2 .

(16)

)
2Fρ−NL ( Oth )−NL ∑M Nh −1 1 2,1 ( Oth ρ
1, NL + 2/ϵL + 1
G
−
2,2
m=0
m!
PT
NL + 2/ϵL , NL + m
ϵL Γ(NL ) PT
)
2(1 − F )ρ−NnL RNnL (ϵnL −ϵL ) ( Oth )−NnL ∑M Nh −1 1 2,1 ( Oth ρRϵL −ϵnL
1, NnL + 2/ϵnL + 1
G
FX (µ)
2,2
m=0
m!
PT
NnL + 2/ϵnL , NnL + m
ϵnL Γ(NnL )
PT

Poutage (Oth ) = 1 − FX (µ)

−C1

x=Oth

+ C2

x=Oth

− D1

x=Oth

+ D2

.

(18)

x=Oth

(
( )m
∑M Nh −1 ρ2/ϵL ( x )2/ϵL
PT → ∞
2F
ρm
x
J1
1−
Γ(m
−
2/ϵ
)Γ(N
+
2/ϵ
)
+
Γ(m + NnL )
L
L
L
m!
PT
m! PT
≈
ϵL Γ(NL ) m=0
)
(
2(1 − F ) ∑M Nh −1 (ρRϵL −ϵnL )2/ϵnL ( x )2/ϵnL
Γ(2/ϵL + 1 − m) −
Γ(m − 2/ϵnL )
m!
PT
ϵnL Γ(NnL ) m=0
)
(ρRϵL −ϵnL )m ( x )m
Γ(NnL + 2/ϵnL ) +
Γ(m + NnL )Γ(2/ϵnL + 1 − m)
m!
PT
(a) ( x )Nh M
.
∝
PT
∼
better outage probability over the conventional scheme. This
figure also shows that
•
•

•

As Nh increases, a better outage probability is obtained
due to a higher multipath diversity gain.
A different degree of co-existence of LoS and nLoS paths,
which is specified by F, does not influence the slope of
the outage probability curve in the asymptotic region of
PT . Since we assume a constant µ, this corresponds to
an asymptotic region of Ip as well.
A larger radius of the secondary users’ communication
cell, which is denoted by 2R, affects adversely the outage
probability due to a greater distance between SU-RRHs
and the SRX.

•

(19)

A different number of multipath components over the
channel from the PTX to the SRX, does not change the
slope of the outage probability curve in the asymptotic
region, for example, (NL = 2, NnL = 3) vs. (NL =
5, NnL = 6) when M Nh is same.
V. C ONCLUSIONS

In this paper, we have investigated the performance enhancement of the secondary users for cooperative spectrum
sharing systems. As the transmit diversity scheme, dCDD
has been employed between the CU and distributed SURRHs. From the performance analysis, it has been seen that
dCDD provides a better outage probability over an existing
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baseline system, which uses only one RRH as the secondary
user transmitter. Furthermore, it has been justified from the
simulations that the maximum diversity gain can be achieved.
It has further been seen that the primary users’ system and
channel parameters have no impact on the achievable diversity
gain of the secondary users’ network.
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