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Abstract
This paper considers the design of a controller and a constraint-enforcement scheme for application to dualmode, autonomous and manual steering systems. A tracking controller is
designed to track a desired pinion angle during autonomous operation, and to provide assistive torque during manual operation. The tracking controller is designed using H-infinity
synthesis with tracking made possible via the solution to a full-information output regulation problem. A reference governor scheme is implemented in order to enforce constraints.
Numerical simulations are presented corresponding to an aggressive step-steer maneuver in
autonomous mode and show strict constraint enforcement.
Conference on Control Technology and Applications (CCTA)

This work may not be copied or reproduced in whole or in part for any commercial purpose. Permission to copy in
whole or in part without payment of fee is granted for nonprofit educational and research purposes provided that all
such whole or partial copies include the following: a notice that such copying is by permission of Mitsubishi Electric
Research Laboratories, Inc.; an acknowledgment of the authors and individual contributions to the work; and all
applicable portions of the copyright notice. Copying, reproduction, or republishing for any other purpose shall require
a license with payment of fee to Mitsubishi Electric Research Laboratories, Inc. All rights reserved.
Copyright c Mitsubishi Electric Research Laboratories, Inc., 2017
201 Broadway, Cambridge, Massachusetts 02139

Constraint-Enforcing Controller for Both Autonomous and Assisted
Steering
(Invited Paper)
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Abstract— This paper considers the design of a controller
and a constraint-enforcement scheme for application to dualmode, autonomous and manual steering systems. A tracking
controller is designed to track a desired pinion angle during
autonomous operation, and to provide assistive torque during
manual operation. The tracking controller is designed using
H∞ synthesis with tracking made possible via the solution
to a full-information output regulation problem. A reference
governor scheme is implemented in order to enforce constraints.
Numerical simulations are presented corresponding to an aggressive step-steer maneuver in autonomous mode and show
strict constraint enforcement.

I. I NTRODUCTION
Assisted steering systems [1], [2], [3] are designed to
provide assistance to a driver in turning the vehicle steering
wheel. When a driver turns the steering wheel, the assistive
steering system provides additional torque that assists the
driver in handling the vehicle. These systems commonly
consist of a motor which actuates a pinion shaft in proportion to the driver input torque. In reality, the motor does
not require any manual input from the driver in order to
perform its primary function, implying that it is able to
steer the vehicle on its own. For vehicles that operate in
both autonomous and manual modes, this means that the
same actuation mechanism can be used for both steering (in
autonomous mode) and steering assistance (in manual mode).
We focus on vehicles that operate in both autonomous and
manual modes; appropriate modifications can be made for
vehicles having only one mode of operation. The controller
consists of two main components: a tracking and stabilizing
control component, and a constraint-enforcement component.
The tracking controller is designed to track a desired pinion
angle, i.e., angle of the vehicle wheels, or to track the manual
torque input from the driver, where the first tracking task is
performed when the vehicle operates in autonomous mode
and the second task is performed in manual mode. The
system is constrained, e.g., in the achievable steering and
pinion shaft angles as well as in their allowable rates of
change. The scheme that we use for the enforcement of
these constraints is the reference governor [4]. The reference
governor is an add-on scheme placed before a closed-loop
system in order to enforce system constraints and thereby
ensure safe and reliable operation. The design of the overall
steering controller is therefore modular: the tracking and
stabilizing control is designed without regard to constraints,
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and the reference governor scheme is then designed to
modify the tracking reference input in order to enforce
constraints.
The design of the tracking and stabilizing controller is
described as follows. After introducing an unaggressive lowpass filter for the reference input signal, we solve the full
information output regulation problem [5], [6] to obtain
feedforward gains with which we can modify the feedback
control design to ensure tracking. This step is useful in that
it allows us to design, in the next step, a control system
using H∞ synthesis [7], [8] and to take advantage of the
robustness properties that it provides. Typically, it is difficult
to implement H∞ controllers for tracking since this involves
the introduction of an integrator and it is difficult to apply
H∞ controllers to systems with eigenvalues on the imaginary
axis. Previous work in which the authors utilized H∞ for
application to assisted steering [9] did not consider the
tracking performance because the system did not operate in
autonomous mode, and hence did not have to track a desired
pinion angle.
After the design of the closed-loop tracking controller,
we introduce the reference governor constraint-enforcement
scheme. The reference governor has been applied to various
automotive problems [4] but, to the authors’ knowledge, not
to assisted steering systems. This may be due to the fact
that reference governors are typically applied to closed-loop
systems and assisted steering systems have a human driver
in the loop. As it is impossible to apply the reference governor to a human driver’s internal reference input, reference
governors do not ordinarily apply to this problem. In this
work, we treat the assisted steering system as a closed-loop
system with the driver torque as an external tracking input;
that is, the input to be tracked is either the desired pinion
angle (in autonomous mode) or an assistive torque (in manual
mode). The driver torque is an external input that may lead to
constraint violation but, since the driver should be given the
ability to override the controller if he so wishes, constraint
violations in such a case amount to turning off the assistive
component and letting the driver steer under his own power.
Thus, the system is designed to give the driver control of the
vehicle under any circumstance, without help in instances
where the behavior is deemed to have potential for violation
of constraints, which have been formulated to ensure safe
operation of the vehicle.
Numerical simulation results are presented, considering
the the operation of the controller in autonomous mode, and
show successful tracking and constraint enforcement of our

control scheme. Simulations considering operation in manual
mode have been omitted due to space constraints and are a
subject of future work.
The paper is structured as follows. Section II is the
description of the tracking and stabilizing controller design.
Section III describes the constrained control scheme. Section IV presents and discusses the results of the numerical
simulation. Section V is the conclusion.
II. F EEDBACK C ONTROL S YSTEM D ESIGN
We begin by describing the assisted steering controller
design. The dynamics of vehicle steering are governed by
the following equations of motion [10],
Jh θ̈h = Tm − Kt (θh − θp ) − Ct (θ̇h − θ̇p ),

(1a)

Jp θ̈p = Kt (θh − θp ) − Ct (θ̇h − θ̇p ) − Cp θ̇p + Ta − Talign ,
(1b)
where θh is the steering wheel angle, θp is the pinion shaft
angle, Jh is the steering wheel inertia, Jp is the pinion shaft
inertia, Kt is the torque sensor spring stiffness, Ct is the
torque sensor damping coefficient, and Cp is the pinion shaft
damping coefficient. The torques Ta and Tm are the mechanical and manual control torques, respectively, and Talign
is the road alignment torque which can be approximated as
proportional to the steering wheel and pinion shaft angles
according to,
Talign = Kalign,p θp − Kalign,h θh ,

(1c)

for some positive constants Kalign,p and Kalign,h .
The dynamics (1) can be represented in state-space form
by,
ẋs = As xs + Ba Ta + Bm Tm ,

(2a)

ys = Cs xs ,

(2b)

where xs = (θh , θ̇h , θp , θ̇p ) is the state, us = (Ta , Tm ) is
the control input, and ys = (T̂m , xs ) is the measured output
where T̂m is the measured value of the manual torque input
Tm .
The system (2) is controlled by both an assistive and a
manual torque input, Ta and Tm . In the remainder of this
section, we describe the design of a control system that
provides the assistive torque Ta , e.g., by an electric motor,
in order to serve one of two functions depending on whether
the mechanical system is steering the vehicle by itself or
assisting the driver in doing so.
A. Controller for Both Autonomous and Manual Modes
The steering control system operates in one of two operating modes, an autonomous mode or a manual mode.
The control system that determines the assistive torque Ta is
designed to function independent of the mode of operation.
In autonomous mode, the steering controller must track a
desired pinion angle θd , which is received from a higher-level
system controller, e.g., the path-planner of [11]. In manual
mode, the driver steers the vehicle using the steering wheel,
providing a torque Tm , and this torque is accompanied by a

Fig. 1.
Schematic of closed-loop steering system operating in both
autonomous and manual modes

torque Ta , which provides assistance to the driver by a factor
of Kasst, i.e., Ta ≈ Kasst Tm . Therefore, the controller must
perform a tracking function when the vehicle is operating
in autonomous mode, and an amplifying function when the
vehicle operates in manual mode.
The overall design that we present in this work is that of
a tracking controller, whose input is an augmented desired
pinion angle θ̂d . When the vehicle is operating in autonomous
mode, the input is set to θ̂d = θd while, when the vehicle
is in manual mode, θ̂d is set to a multiple of the manual
torque Tm . To relate the torque Tm to the desired angle θ̂d ,
we set θ̂d to a value that will deliver the required assistive
torque in steady-state. This approach is relatively simplistic,
but it serves us well for the purpose of justifying the overall
constrained control design that is presented in this paper, and
more advanced methods can be used in the future following
the lines of [12].
We begin by letting G be the steady-state gain from Tm
to θp , i.e., limt→∞ θp (t) = GTm whenever Tm (t) = Tm and
Ta (t) = 0 for all t, at some constant vehicle speed. This gain
is explicitly given by G = − [0 0 1 0] A−1
s Bm . Assuming
that θp tracks θ̂d when Tm ≡ 0, in order to achieve the
desired amount of assistive torque, we set the θ̂d to be a
Kasst multiple of T̂m as in,
θ̂d = GKasst T̂m .

(3)

This implies that, under constant inputs and in steady
state, the effective torque applied is (1 + Kasst )Tm since
limt→∞ θp (t) = GTm + limt→∞ θ̂d (t) = GTm +
limt→∞ Kasst T̂m (t) = G(1 + Kasst )Tm .
The resulting switched-system design is given in Fig. 1.
The figure includes a dashed box showing the placement
of a constraint-enforcing reference governor. The reference
governor, and constraint enforcement in general, will be
discussed in the following section; for now, we continue to
design the tracking controller without regard to constraints.
B. Tracking Controller for Power Steering
In this section, we detail the design of the steering
controller, which consists of three main parts: (i) a low-pass
filter of the reference signal, (ii) a tracking gain, and (iii) a
stabilizing controller. We describe all three in the following.

1) Low-Pass Filter for the Reference Signal: When in
autonomous mode, the command θd is received as an input
from a higher-level control function, such as a lane-tracking
scheme. To guard against instantaneous changes in θ̂d = θd ,
such as an abrupt switch from manual to autonomous mode,
we introduce a low-pass second-order filter,
Θ̂p (s) =

ω02
Θ̂d (s),
(s + ω0 )2

(4)

whose output θ̂p is then passed to the tracking component
of the controller. The filter cut-off frequency ω0 is related to
the desired response time of the pinion angle θp .
2) Tracking Gain: We design an H∞ -controller to control
and stabilize the steering system. Ordinarily, it is difficult to
design a tracking controller with H∞ because the addition
of an integrator to the system dynamics would place a pole
on the imaginary axis of the open-loop system, resulting
in difficulty in performing H∞ synthesis as the underlying
Riccati equation cannot be solved. Our solution around this
is to solve the full-information output regulation problem [5],
[6] and use the resulting feedforward gains in H∞ synthesis.
The problem is to compute gains which ensure that the
tracking error ep of following system tends to 0,
ẋs = As xs + Ba Ta ,
ẇ = Sw,

(5a)
(5b)

ep = Cx xs − Cw w,

(5c)

˙
where w = (θ̂p , θ̂p , θ̂d ) and ep = θp − θ̂p , so that,


0
1
0
S = −ω02 −2ω0 ω02  ,
0
0
0


Cx = 0 0 1 0 ,


Cw = 1 0 0 .

Note that, due to the absence of a preview of the reference
input θ̂d , in the above it is assumed that θ̂d is kept constant
for future times. As shown in [5], determining the pair of
matrices P and F solving the linear matrix equations,
P S = As P + Ba F,
Cx P = Cw ,

(6a)
(6b)

guarantees that the control input,
Ta = K(xs − P w) + F w,

(7)

drives the pinion-angle tracking error ep to 0, for any
stabilizing feedback gain K. In the next section, we design
an appropriate feedback controller K.
3) Stabilizing Controller: We design the feedback controller by H∞ synthesis [7], [8], where the feedback output
corresponds to the form given in (7) in order to ensure
the stabilization of the tracking error ep . In general, H∞
synthesis is applied to systems of the form,
ẋ = Ax + Bw uw + Bu u,

(8a)

z = Cz x + Dzu u,
y = Cy x + Dyw uw ,

(8b)
(8c)

Fig. 2.
Schematic of open-loop steering system in closed-loop with
feedback controller including modifications made to enable tracking of the
input θ̂d

where x is the system state, uw is the disturbance input, u
is the control input, z is the performance output, and y is
the measured feedback output. The goal of H∞ control is
to minimize the infinity norm of the transfer function Tzw
from the disturbance input uw to the performance output z,
i.e., to minimize kTzw k∞ = supω σ̄(Tzw (jω)).
Previous work that has considered H∞ -synthesis for steering control includes [9]. In our design of a steering controller,
˙
we set the state to be x = (xs , θ̂p , θ̂p ), the vector of
disturbance to be equal to small perturbations of xs , and
the control input to be equal to Ta . Two tracking inputs are
introduced, θd and Tm , whose deviation from the nominal
point are treated as disturbance inputs. The feedback output
is set to the tracking feedback xs − P w from (7). The
performance input is a linear combination of the state xs
and the input Ta .
The modified system (8) can be compactly represented by,
 
 x
  
 θd 
A Bθ
BT
Bw
Bu
ẋ
 


 z  =  Cz
0
0
0
Dzu 
Tm  , (9)

uw 
y
Cy Dyθ DyT Dyw
0
Ta
where the block matrix introduced in (9) is given by,

As
 0
 Q

0
I4

Ba F1
S11
0
0
−P1

Ba F2
S12
0
0
−P2

Ba F2 GKasst + Bm
S12 GKasst
0
0
−P2 GKasst

W
0
0
0
0

0
0
0
0
V

Ba
0 
0 
,
R
0



and the matrices S11 ∈ M2,2 , S12 ∈ M2,1 , P1 ∈ M4,2 ,
P2 ∈ M4,1 , F1 ∈ M1,2 , and F2 ∈ M1,1 are related to S, P ,
and F according to,






S11 S12
S=
, P = P1 P2 , F = F1 F2 .
0
0

The matrices Q and R are gains for the performance variables, i.e., the state x and the mechanical control input Ta ,
which will be chosen to ensure adequate response time and
overshoot. The matrices W and V are noise gains and will
be chosen to reflect the requirement that the system be robust
to measurement noise and jittery driver handling.
Note that the third column is a linear combination of the
second and fourth columns and therefore the design does not

require it. It has been included to allow for consistency between the two modes of operation. Specifically, this ensures
that the weight on tracking θd is the same as the weight
on amplifying Tm . This has not been done because these
two functions will never be performed simultaneously, but
because the relative ratios between the disturbance inputs
uw and θd and the relative ratios between uw and Tm ought
to be the same.

v(t) = κ(t)r(t) + (1 − κ(t))v(t − 1),

(11)

where κ(t) is a scalar parameter that is maximized subject
to constraints, i.e.,

C. Controller Performance
Here we choose the design parameters for our controller
and provide simulation results corresponding to a step-input
response in autonomous mode and a modified J-turn [13] in
manual mode.
For the performance variables, we choose the weighting
matrices,
Q = diag(1, 103 , 1, 103), R = 6 · 103 .
For the noise gains, we choose the weighting matrices,
W = I4 , V = diag(1, 10−3 , 1, 10−3).
We perform two simulations. The first is in autonomous
mode and corresponds to a step-request of 300◦ /Ggear in
θ̂d = θd , where Ggear is the gear ratio from the steering
shaft to the pinion shaft. The second is in manual mode
and corresponds to an aggressive J-turn maneuver where the
torque input Tm is made such that the corresponding steadystate value of θ̂d ramps up from 0 to 300◦ /Ggear at a constant
rate of 1200◦ /s/Ggear . The results of the first and second
simulation are presented in Figs. 3 and 4, respectively. The
results show a fast unconstrained response with less than a
0.2s rise time in the response to a step change in the desired
angle θd , and about a 0.3s rise time in the response to a
J-turn maneuver.
III. C ONSTRAINED C ONTROL D ESIGN
The tracking controller is designed without taking state or
input constraints into account. The steering system, however,
is subject to constraints on the angular positions and their
rates of change. To handle these constraints, as shown
in Fig. 1, we introduce a reference governor constraintenforcement scheme to modify the reference input θ̂d . The
reference governor and its method of operation are explained
in the following.
A. Reference Governor Overview

κ(t) = max {κ : (x(t), κr(t)+(1−κ)v(t−1)) ∈ P }, (12)
κ∈[0,1]

where the set P is a set of initial-condition/constant-reference
pairs satisfying constraints. Note that when κ(t) = 1, v(t) =
r(t) as desired, and when κ(t) = 0, v(t) = v(t − 1); this
latter case is the worst-case scenario, as the input v(t−1) has
been guaranteed to be constraint-admissible by the operation
of the reference governor at the previous time instant t − 1.
The constraint set P is an approximation of the maximum
output admissible set O∞ [16]. The latter is the set of
all constraint-admissible initial-condition/constant-reference
pairs and is defined as,
O∞ = {(x, v) : x(0) = x, v(t) ≡ v,
(10) is satisfied for all t = 0, 1, 2, . . . }. (13)
Under certain conditions O∞ , or an arbitrarily close approximation, is polytopic and can be expressed as a finite set of
linear inequalities.
Specifically, when the constraint set Y is polytopic, it can
be expressed as a set of linear inequalities,
Y = {y : Hy ≤ h},

(14)

for some matrices H and h. Given an initial state x(0) and
a constant reference input v(t) ≡ v, according to (10),
y(t) = CAt (x(0) − Γv) + (CΓ + D)v,

(15)

−1

where Γ = (In − A) B. In this case, the set O∞ can also
be expressed as a set of linear inequalities. It is computed
as the limit of the recursion [14], [17], [15],
Ot+1 = Ot ∩ Xt ,

(16)

where O0 = X0 and,
Xt = {(x, v) : x(0) = x, v(t) ≡ v, y(t) ∈ Y },
= {(x, v) : HCAt x + H(C(In − At )Γ + D)v ≤ h},

The reference governor [4], [14], [15] is an add-on
constraint-enforcement scheme which modifies a reference
input in order to enforce constraints on system states or
inputs. The linear-systems variant of the reference governor
is applied to linear discrete-time systems of the form,
x(t + 1) = Ax(t) + Bv(t),
y(t) = Cx(t) + Dv(t) ∈ Y,

Given a desired reference r(t), the reference governor
modifies the reference v(t) in order to ensure that the
constraint (10b) is satisfied for all present and future timeinstants t = 0, 1, 2, . . . . The constraint-admissible reference
v(t) is set to a convex sum of the previously constraintadmissible reference v(t − 1) and the desired reference r(t),

(10a)
(10b)

where x(t) is the system state, v(t) is the reference input,
y(t) is the constrained output, and Y is an n-dimensional
compact, convex, and often polytopic set.

The operation (16) corresponds to appending the linear
inequalities defining Xt to those defining Ot . In practice,
spurious linear inequalities are identified and removed by
the algorithm computing Ot+1 . Under certain additional
conditions, there exists a time t∗ for which Ot∗ = Ot∗ +1 ,
implying that Ot∗ = Ot∗ +k for all k = 0, 1, 2. The set Ot∗
is an approximation1 to O∞ , so we set,
P := Ot∗ = {(x, v) : Hx′ x + Hr′ v ≤ h′ }.

(17)

1 Generally, the approximation can be made arbitrarily tight at the expense
of increasing t∗ and therefore the time to compute Ot∗ .

0.3

Therefore, the reference governor scheme amounts to
solving the optimization,
0.25

κ(t) = max {κ : κHr′ (r(t) − v(t − 1)) ≤ h′ − Hx′ x(t)},
κ∈[0,1]

θp (rad)

0.2

and setting v(t) according to (11). This optimization can be
performed as a finite number of scalar divisions and logical
comparisons (see [14], [15] for details).
B. Application of Constrained Control to Assisted Steering

0.1

As discussed previously, the steering system designed in
Section II-B is both state- and input-constrained. The specific
constraints imposed on the system are given by,
|θh | ≤ 0.5Ggear rad,

(18a)

|θ̇p | ≤ π/4 rad/s,

|θ̇h | ≤ π/4Ggear rad/s,

(18b)

2

|θ̈p | ≤ 6 rad/s .

(18c)

Constraints (18a) correspond to the limit on the range of
wheel turn. Constraints (18b) correspond to the speed at
which the wheels may turn to ensure safe and comfortable
operation for the driver. Constraint (18c) corresponds to
the allowable angular acceleration of the wheels, which
is derived from desired road response characteristics: as
explained in [18], [19], since Jp θ̈p ≈ Ta − Talign , a large
mechanically-delivered torque Ta will result in the road
torque Talign being perceived to be much smaller than reality;
as such, it is desirable to keep the difference between Ta and
Talign constrained.
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1
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time (s)
Fig. 3.
Autonomous mode simulation results corresponding to a step
input in θd with the desired θd (dotted, green), unconstrained response
of θp (dashed, blue), constrained θ̂d (dot-dashed, purple), and constrained
response of θp (solid,red)
0.3

0.25

0.2

θp (rad)

|θp | ≤ 0.5 rad,

0.15

0.15

0.1

IV. N UMERICAL S IMULATION
The simulation corresponds to the one performed in Section II-C, which considered a response to a step change in the
desired pinion angle when operating in autonomous mode,
and a response to a modified J-turn maneuver in manual
mode. The same inputs are used in this simulation as in the
baseline simulation.
The results are presented in Figs. 3-8. The reference
governor is able to enforce constraints during autonomous
operation and is mostly able to handle constraints during
manual operation. An example of a brief constraint violation
is shown in the bottom subplot of Fig. 7 at the 65ms mark.
This is due to the fact that, as shown schematically in Fig. 1,
the reference governor has not been designed to modify the
driver torque input Tm ; the result is that Ta is set to a very
small value, as shown in the bottom subplot of Fig. 8, in order
to mitigate constraint violation as much as possible. This
is the limit of the reference governor control authority; the
driver has full control authority and the reference governor
cannot backtrack the reference according to (11).
V. C ONCLUSION
This work considered a controller for application to
dual-mode, autonomous and manual steering systems. In
autonomous mode, the controller tracks a desired pinion
angle, which is modified by a reference governor in order to enforce constraints. In manual mode, the controller
provides assistance to the driver utilizing the same tracking

0.05

0
-0.5

0

0.5

1

1.5

time (s)
Fig. 4. Manual mode simulation results corresponding to a ramp input
in Tm with the equivalent steady-state desired θd (dotted, green), unconstrained response of θp (dashed, blue), constrained θ̂d (dot-dashed, purple),
and constrained response of θp (solid,red)

scheme, by setting the desired pinion angle to the equivalent
torque input. Numerical results showed effective tracking and
constraint-enforcement in autonomous operation. Numerical
results showing controller performance in manual mode were
omitted due to space constraints; they will be a subject of
future work.
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