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Abstract

Submodular function minimization is a key problem in a wide variety of applications in machine
learning, economics, game theory, computer vision and many others. The general solver has a
complexity of O(n6 + n5L) where L is the time required to evaluate the function and n is the
number of variables [22]. On the other hand, many useful applications in computer vision and
machine learning applications are defined over a special subclasses of submodular functions in
which that can be written as the sum of many submodular cost functions defined over cliques
containing few variables. In such functions, the pseudo-Boolean (or polynomial) representation
[2] of these subclasses are of degree (or order, or clique size) k where k much-less-than n. In
this work, we develop efficient algorithms for the minimization of this useful subclass of sub-
modular functions. To do this, we define novel mapping that transform submodular functions of
order k into quadratic ones, which can be efficiently minimized in O(n3) time using a max-flow
algorithm. The underlying idea is to use auxiliary variables to model the higher order terms and
the transformation is found using a carefully constructed linear program. In particular, we model
the auxiliary variables as monotonic Boolean functions, allowing us to obtain a compact trans-
formation using as few auxiliary variables as possible. Specifically, we show that our approach
for fourth order function requires only 2 auxiliary variables in contrast to 30 or more variables
used in existing approaches. In the general case, we give an upper bound for the number or
auxiliary variables required to transform a function of order k using Dedekind number, which is
substantially lower than the existing bound of 22k.
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Abstract. Submodular function minimization is a key problem in a wide variety of applications in
machine learning, economics, game theory, computer vision and many others. The general solver
has a complexity of O(n® 4 n®L) where L is the time required to evaluate the function and n
is the number of variables [22]. On the other hand, many useful applications in computer vision
and machine learning applications are defined over a special subclasses of submodular functions
in which that can be written as the sum of many submodular cost functions defined over cliques
containing few variables. In such functions, the pseudo-Boolean (or polynomial) representation [2]
of these subclasses are of degree (or order, or clique size) k where k << n. In this work, we develop
efficient algorithms for the minimization of this useful subclass of submodular functions. To do this,
we define novel mapping that transform submodular functions of order k into quadratic ones, which
can be efficiently minimized in O(n®) time using a max-flow algorithm. The underlying idea is
to use auxiliary variables to model the higher order terms and the transformation is found using a
carefully constructed linear program. In particular, we model the auxiliary variables as monotonic
Boolean functions, allowing us to obtain a compact transformation using as few auxiliary variables
as possible. Specifically, we show that our approach for fourth order function requires only 2 auxiliary
variables in contrast to 30 or more variables used in existing approaches. In the general case, we give
an upper bound for the number or auxiliary variables required to transform a function of order £ using

Dedekind number, which is substantially lower than the existing bound of 92",
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1 Introduction

Many optimization problems in several domains such as operations research, computer vision, machine
learning, and computational biology involve submodular function minimization. Submodular functions
(See Definition 1) are discrete analogues of convex functions [20]. Examples of such functions include
cut capacity functions, matroid rank functions and entropy functions. Submodular function minimization
techniques may be broadly classified into two categories: efficient algorithms for general submodular
functions and more efficient algorithms for subclasses of submodular functions. This paper falls under
the second category.

General solvers: The role of submodular functions in optimization was first discovered by Edmonds
when he gave several important results on the related poly-matroids [4]. Grotschel, Lovasz and Schrijver
first gave a polynomial-time algorithm for minimization of submodular function using ellipsoid method
[7]. Recently several combinatoric and strongly polynomial algorithms [5, 11, 12,27] have been devel-
oped based on the work of Cunningham [3]. The current best strongly polynomial algorithm for minimiz-
ing general submodular functions [22] has a run-time complexity of O(n’L + n®), where L is the time
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taken to evaluate the function and n is the number of variables. Weakly polynomial time algorithms with
a smaller dependence on n also exist. For example, to minimize the submodular function f(z) the scaling
algorithm of Iwata [13] has a run-time complexity of O(n*L +n®)log M. As before, L refers to the time
required to compute the function f and M refers to the maximum absolute value of the function f.

Specialized solvers: There has been much recent interest in the use of higher order submodular functions
for better modeling of computer vision and machine learning problems [15, 19, 10]. Such problems typical
involve millions of pixels making the use of general solvers highly infeasible. Further, each pixel may
take multiple discrete values and the conversion of such a problem to a Boolean one introduces further
variables. On the other hand, the cost functions for many such optimization algorithms belong to a small
subclass of submodular functions. The goal of this paper is to provide an efficient approach for minimizing
these subclasses of submodular functions using a max-flow algorithm.

Definition 1. Submodular functions map f : BY — R and satisfy the following condition:
fX)+fY) 2 f(XVY)+ F(XAY) M
where X andY are elements of B"

In this paper, we use a pseudo-Boolean polynomial representation for denoting submodular functions.

Definition 2. Pseudo-Boolean functions (PBF) take a Boolean vector as argument and return a real num-
ber, i.e. f: B™ — R [2]. These can be uniquely expressed as multi-linear polynomials i.e. for all f there
exists a unique set of real numbers {ag : S € BN} :

flri, . an) = Z aS(H zj),as € R, (2)

scv  jes
where ay is said to be the constant term.

The term order refers to the maximum degree of the polynomial. A submodular function of second order
involving Boolean variables can be easily represented using a graph such that the minimum cut, computed
using a max-flow algorithm, also efficiently minimizes the function. However, max-flow algorithms can
not exactly minimize non-submodular functions or some submodular ones of an order greater than 3 [30].
There is a long history of research in solving subclasses of submodular functions both exactly and effi-
ciently using max-flow algorithms [1, 16, 8, 29, 24]. In this paper we propose a novel linear programming
formulation that is capable of definitively answering this question: given any pseudo Boolean function,
it can derive a quadratic submodular formulation of the same cost, should one exist, suitable for solving
with graph-cuts. Where such a quadratic submodular formulation does not exist, it will find the closest
quadratic submodular function.

Let F* denote the class of submodular Boolean functions of order k. It was first shown in [8] that
any function in F? can be minimized exactly using a max-flow algorithm. In [1, 16], showed that any
function in F3 can be transformed into functions in F?2 and thereby minimized efficiently using max-
flow algorithms. The underlying idea is to transform the third order function to a function in F2 using
extra variables, which we refer to as auxiliary variables (AV). In the course of this paper, you will see that
these AVs are often more difficult to handle than variables in the original function and our algorithms are
driven by the quest to understand the role of these auxiliary variables and to eliminate the unnecessary
ones.

Recently, Zivny et al. made substantial progress in characterizing the class of functions that can be
transformed to 2. Their most notable result is to show that not all functions in F* can be transformed to
a function in F2. This result stands in strong contrast to the third order case that was positively resolved
more than two decades earlier [1]. Using Theorem 5.2 from [23] it is possible to decompose a given



Efficient Minimization of Higher Order Submodular Functions using Monotonic Boolean Functions 3

submodular function in F* into 10 different groups G;, i = {1..10} where each G; is shown in Table 1.
Zivny et al. showed that one of these groups can not be expressed using any function in 2 employing any
number of AVs. Most of these results were obtained by mapping the problem of minimizing submodular
functions to a valued constraint satisfaction problem.

1.1 Problem Statement and main contributions

Largest subclass of submodular functions We are interested in transforming a given function in F* into a
function in 7?2 using AVs. As such a transformation is not possible for all submodular functions of order
four or more [30], our goal is to implicitly map the largest subclass F4 that can be transformed into F?2.
This distinction between the two classes F5 and F* will be crucial in the remainder of the paper (see
Figure 1).

General maxflow / mincut
submodular solvers algorithm

Fig. 1. All the function in the classes F*, F?, F3 and ¥, k > 2 can be transformed to functions in F* and minimized
using the maxflow/mincut algorithm.

Definition 3. The class F5 is the largest subclass of F* such that every function f(x) € F¥ has an
equivalent quadratic function h(x,z) € F? using AVs z = 21,22, ..., zy, € B™ satisfying the following
condition:
f(x) = min h(x,z), Vx. 3)
zcB™
In this paper, we are interested in developing an algorithm to transform every function in this class 75 to
a function in F2.

Efficient transformation of higher order functions: We propose a principled framework to transform
higher order submodular functions to quadratic ones using a combination of monotonic Boolean func-
tions(MBF) and linear programming. This framework provides several advantages. First we show that the
state of an AV in a minimum cost labeling is equivalent to an MBFdefined over the original variables. This
provides an upper bound on the number of Avgiven by the Dedekind number [17], which is defined as
the total number of MBFs over a set of n binary variables. In the case of fourth order functions, there are
168 such functions. Using the properties of MBFs and the nature of these AVs in our transformation, we
prove that these 168 Avs can be replaced by two Avs.

Minimal use of AVs: One of our goals is to use a minimum number(m) of AVs in performing the trans-
formation of (3). Although, given a fixed choice of F*, reducing the value of m does not change the
complexity of the resulting min/cut algorithm asymptotically, it is crucial in several machine learning and
computer vision problems. In general, most image based labeling problems involve millions of pixels and
in typical problems, the number of fourth order priors is linearly proportional to the number of pixels.
Such problems may be infeasible for large values of m. A recent work shows that the transformation of
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functions in }'5* using about 30 additional nodes [31]. On the other hand, we show that we can transform
the same class of functions using only 2 additional nodes. Note that this reduction is applicable to every
fourth order term in the function. A typical vision problem may involve functions having 10000 3 terms
for an image of size 100 x 100. Under these parameters, our algorithm will use 20000 Avs, whereas the
existing approach [31] would use as large as 300000 Avs. In several practical problems, this improvement
will make a significant difference in the running time of the algorithm.

1.2 Limitations of Current Approaches and Open Problems

Decomposition of submodular functions: Many existing algorithms for transforming higher order func-
tions target the minimization of a single k-variable k" order function. However, the transformation frame-
work is incomplete without showing that a given n-variable submodular function of £ order can be de-
composed into several individual k-variable £™ order sub-functions. Billionet proved that it is possible to
decompose a function in 7?2 involving several variables into 3-variable functions in 7> [1]. To the best of
our knowledge, the decomposition of fourth or higher order functions is still an open problem. We believe
that this problem will be to resolve as, in general, determining if a fourth order function is submodular
is co-NP complete [6]. Given this, it is likely that specialized solvers based on max-flow algorithms may
never solve the general class of submodular functions. However, this decomposition problem is not a
critical issue in machine learning and vision problems. This is because the higher order priors from nat-
ural statistics already occur in different sub-functions of k nodes - in other words, the decomposition is
known a priori. This paper only focuses on the transformation of a single k-variable function in F*. As
mentioned above, the solution to this problem is still sufficient to solve large functions with hundreds of
nodes and higher order priors in machine learning and vision applications.

Non-Boolean problems: The results in this paper are applicable only to set or pseudo-Boolean func-
tions. Many real world problems involve variables that can take multiple discrete values. It is possible to
convert any submodular multi-label second order function to their corresponding QBF [9,26]. One can
also transform any multi-labeled higher order function (both submodular and non-submodular) to their
corresponding QBF by encoding each multi-label variable using several Boolean variables [25].

Excess AVs: The complexity of an efficient max-flow algorithm is O((n+m)3) where n is the number of
variables in the original higher order function and m is the number of Avs. Typically in imaging problems,
the number of higher order terms is of O(n) and the order & is less than 10. Thus the minimization of the
function corresponding to an entire image with O(n) higher order terms will still have a complexity of
O((n + n)?). However when m becomes at least quadratic in n, for example, if a higher-order term is
defined over every triple of variables in V, the complexity of the max-flow algorithm will exceed that of
a general solver being O((n + n?)?). Thus in applications involving a very large number of higher order
terms, a general solver may be more appropriate.

2 Notation and preliminaries

In what follows, we use a vector x to denote {1, z2, 3, ..., 5, }. Let B denote the Boolean set {0, 1}
and R the set of reals. Let the vector x = (z1,...,2,) € B", and V = {1,2,...,n} be the set of
indices of x. Let z = (21, 22, ..., 2) € BF denote the AVs. We introduce a set representation to denote
the labellings of x. Let Sy = {1,2,3,4} and let P be the power set of Sy. For example a labeling
{1 =1,29 = 0,23 = 1,24 = 1) is denoted by the set {1, 3, 4}.

Definition 4. The (discrete) derivative of a function f(x1, ..., x,) with respect to x; is given by:

of

51‘i

((ﬂl,...,l'n) = f(il?l,...,.’L‘i,17171'i+1,...7117n) — f(.%'l,... ,$i71,0,$i+1,...,$n) (4)
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Definition 5. The second discrete derivative of a function A; j(x) is given by

5 of

A (x) = 5z, o, (w1, ..

Sy Tn) ©)
:(f(ﬂﬂl7---7907:—17179014—1-,%—171-,IJ+1--~7ﬂ?n)—f(f617~~»7$7:—170,17‘,+1713_7'—1-,1,90_7‘+1---790n))
- (f(wlauwwifl717-'L'i+17753'71707‘Tj+1---axn)_f(-'ll'l7---7fﬂi—170735i+1;"Ej—1707-'5j+1~~7-'15n))-

Note that it follows from the definition of submodular functions (1), that their second derivative is always
non-positive for all x

3 Transforming functions in F3 to F?>

Consider the following submodular function f(x) € F3 represented as a multi-linear polynomial:

f) = as(]]#i).as €R (6)

seBn  jes

Let us consider a function h(x,z) € F? where z is a set of AVs used to model functions in F5'. Any
general function in 2 can be represented as a multi-linear polynomial (consisting of linear and bi-linear
terms involving all variables):

h(x,z) = E a; T; — Z i Txj + Zal 2 — Z Al Z1%m — Z i T2 7
i

1,7:9>7 l lLym:l>m il

The negative signs in front of the bi-linear terms (z; T, 21T, 2 Zm ) emphasize that their coefficients
(—aij, —ai1, —ay,) must be non-positive if the function is submodular. We are seeking a function h such
that:

f(x) = min h(x,z), Vx. (8)
zER™
Here the function f(x) is known. We are interested in computing the coefficients a, and in determining
the number of auxiliary variables required to express a function as a pairwise submodular function. The
problem is extremely challenging due to the inherent instability and dependencies within the problem —
different choices of parameters cause auxiliary variables to take different states. To explore the space of
possible solutions fully, we must characterize what states an AV takes.

3.1 Auxiliary Variables as Monotonic Boolean Functions

Definition 6. A monotonic (increasing) Boolean function (MBF) m : B — B takes a Boolean vector as
argument and returns a Boolean, s.t if y; < z;,Vi = m(y) < m(x)

Lemma 1. The function zs(x) defined as x by

zs(x) = arg min (HEH h(x,7, zé)) . ©)

Zs

i.e. that maps from x to the Boolean state of zs is an MBF (See Definition 6), where 7’ is the set of all
auxiliary variables except zs.
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Proof. We consider a current labeling x with an induced labeling of z, = z4(x). We first note

W (x, ) = min h(x.2', ) (10)

Zz

is a submodular function i.e. it satisfies (1). We now consider increasing the value of x, that is given a
current labeling x we consider a new labeling x(*) such that

J,‘(-i)z 1 lf]:% (11)
J x; otherwise.

We wish to prove A
2o(xV) > 2,(x) Vx, i. (12)

Note that if z5(x) = 0 or z; = 1 this result is trivial. This leaves the case: z5(x) = 1 and z; = 0. It
follows from (5) that:

h/(.’ﬂl,...,$i71,1,$i+1,...,0) - hl(l'l,...,.’ﬂi,170,l’i+1,...71) Z (13)
h/(,rl,...7$i_1,1,$i+1,...,1) - h/(l‘l,...,mi_17o,$i+1,...70).

As, by hypothesis, z5(x) = 1 and z; = 0 we have:

h/(l’l,...7.’1?i,1,0,31‘i+1,...,0) > h’(xl,...7xi,1,0,xi+1,...,1). (14)
Hence
h/(.’El,...,$i71,1,$i+1,...,0) —hl(l'l,...,.’Ei,170,1'7;+1,...70) 2 (15)
h/(il,...,Ii_1,1,$i+1,...,1) 7h,(l‘1,...,Ii_hO,SCH_l,...,O),
and
h/(xh--.7371‘_1,1,371'4,-1,---,0) Z h/(.rl,...7$i_1,1,$i+1,...,1). (16)

Therefore z,(x(?)) = 1. Repeated application of the statement gives y; < x;,Vi = z,(y) < z,(x) as
required O

Definition 7. The Dedekind number M (n) is the number of MBFs of n variables. Finding a closed-form
expression for M (n) is known as the Dedekind problem [14, 17].

The Dedekind number of known values are shown below: M (1) = 3, this corresponds to the set of
functions:
M1($1) € {071,$1}, (]7)

where 0 and 1 are the functions that take any input and return 0 or 1 respectively. M (2) = 6 corresponding
to the set of functions:
Ma(z1,22) = {0,1,21, 22,71 V T2, 71 A T2} (18)

Similarly, M (3) = 20, M (4) = 168, M (5) = 7581, M (6) =~ 7.8 x 10%, M(7) ~ 2.4 x 10'2, and
M(8) ~ 5.6 x 10%. For larger values of n, M (n) remains unknown, and the development of a closed
form solution remains an active area of research.

Lemma 2. On transforming the largest graph-representable subclass of k™ order function to pairwise
Boolean function, the upper bound on the maximal number of required AVs is given by the Dedekind
number M (k).
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Proof. The proof is straightforward. Consider a general multinomial, of similar form to equation (6),
with more than M (k) Avs. It follows from lemma 1 that at least 2 of the AVs must correspond to the
same MBF, and always take the same values. Hence, all references to one of these AV in the pseudo-
Boolean representation can be replaced with references to the other, without changing the associated
costs. Repeated application of this process will leave us with a solution with at most M (k) Avs. ]

Although this upper bound is large for even small values of k, it is much tighter than the existing upper
bound of S(k) = 22" (See Proposition 24 in [32]). For even small values of k = {3,...,8} the upper
bound using Dedekind’s number is much smaller: (M (3) = 20,5(3) = 256)(M(4) = 168,5(4) =
65536), (M (5) = 7581,5(5) ~ 4.29 x 10%),(M(6) ~ 7.8 x 105, 5(6) ~ 1.85 x 10'9), (M (7) ~
2.4 x 1012, 5(7) ~ 3.4 x 1038 and (M(8) ~ 5.6 x 10?3, 5(8) ~ 1.156 x 1077). Zivny et.al. have
emphasized the importance of improving this upper bound. In section 5, we will further tighten the bound
for fourth order functions.

Note that this representation of AVs as MBF is over-complete, for example if the MBF of a auxiliary
variable z; is the constant function z;(x) = 1 we can replace min, ., h(x, z, z;) with the simpler (i.e. one
containing less auxiliary variables) function min, h(x, z, 1). Despite this, this is sufficient preliminary
work for our main result:

Theorem 1. Given any function f in F¥, the equivalent pairwise form f' € F? can be found by solving
a linear program.

The construction of the linear program is given in the following section.

4 The Linear Program

A sketch of the formulation can be given as follows: In general, the presence of Avs of indeterminate state,
given a labeling x makes the minimizing an LP non-convex and challenging to solve directly. Instead of
optimizing this problem containing Avs of unspecified state, we create an auxiliary variable associated
with every MBF. Hence given any labeling x the state of every auxiliary variable is fixed a priori, making
the problem convex. We show how the constraints that a particular AV must conform to a given MBF can
be formulated as linear constraints, and that consequently the problem of finding the closest member of
f' € F? to any pseudo Boolean function is a linear program.

This program will make use of the max-flow linear program formulation to guarantee that the min-
imum cost labeling of the Avs corresponds to their MBFs. To do this we must first rewrite the cost of
equation (7), in a slightly different form. We write:

f(x7z):C(D+Zci,s (l_mi)+zct,i$i+ Z ci,jxi(l—xj)
% i

1,§:4>7

+ 26175 (1—2z)+ Z e (1—2) + Z Cm 2 (1 —zm) + Z ciizi(l—2z) (19)
l ] il

I,m:I>m

where ¢y is a constant that may be either positive or negative and all other ¢ are non-negative values
referred to as the capacity of an edge. By [16, 1], this form is equivalent to that of (7), in that any function
that can be written in form (7), can also be written as (19) and visa versa.
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4.1 The Max-flow Linear Program

Under the assumption that x is fixed, we are interested in finding a minima of the equation:

fx(z) =cp+ Zci,s (1 - iL’l) + th,i x; + Z Cij l‘l(]. — .’L‘j)

i,1i>]
+ ch,s (1—2z)+ th,l (1—2z)+ Z ama (1 —2m) + ZCN x; (1 —2z)
l l lym:l>m 4,0
=deg+ > degs(1—2)+ Y desa(l—2)+ Y desmz(1—2m) (20)
l l lym:l>m
where
dep=co+ > Cist Y, i+t > Ci,;j 21
i:x;=0 i:x;=1 i,J:1i>jAx;=1Ax ;=0
dx,s,l =Cs,1 F Z Cil, dx,l,t =Cit and dx,l,m = Cl,m- (22)

x;=1

Then the minimum cost of equation (19) may be found by solving its dual max-flow program. Writing
Vx,s for flow from sink, and V ; for flow to the sink, we seek

max Vi s + dx g (23)
Subject to the constraints that

fxij —dxij S0V(i,j) € E
Y iiGayeE Txii = Djigjyer fxig <0 Vi st
Vs + Zj:(j,s)eE fxgs = j:(s,j)EE fresi < (24)

vx,t + Zj;(j,t)eE fx,jt - j:(t,§)EE fx7tj >
fxij 20 (i,j) € E

where E is the set of all ordered pairs (I, m) : Vi > m, (s,1) : Yl and (I, t) : V¢, and fx ; ; corresponds to
the flow through the edge (3, ).

We will not use this exact LP formulation, but instead rely on the fact that fyx(z) is a minimal cost
labeling if and only if there exists a flow satisfying constraints (24) such that

fx(Z) = Vx,s —dx g <O0. (25)

4.2 Choice of MBF as a set of linear constraints

We are seeking minima of a quadratic pseudo Boolean function of the form (19), where x is the variables
we are interested in minimizing and z the auxiliary variables. As previously mentioned, formulations that
allow the state of the auxiliary variable to vary tend to result in non-convex optimization problems. To
avoid such difficulties, we specify as the location of minima of z as a set hard constraints. We want that:

mzin Ix(2z) = fx(Im1(x),ma(x),...marm) (x)]) Vx. (26)

where fy is defined as in (20), and my, ... mpz ) are the set of all possible MBFs defined over x. By
setting all of the capacities d; ; to 0, it can be seen that a solution satisfying (26) must exist. It follows
from the reduction described in lemma 1, and that all functions that can be expressed in a pairwise form
can also be expressed in a form that satisfies these restrictions.



Efficient Minimization of Higher Order Submodular Functions using Monotonic Boolean Functions 9

We enforce condition (26) by the set of linear constraints (24) and (25) for all possible choice of x.
formally we enforce the condition

Tx(Imi(x), .o smare) (X)) — Vs — dyp < 0. (27)

Substituting in (20) we have 2k sets of conditions, namely,
de,l,s (]-_ml +detl ]-_ml Z dxlmml )(1_mm(x))_vx,s Sov (28)
l lym:l>m

subject to the set of constraints (24) for all x. Note that we make use of the max-flow formulation, and
not the more obvious min-cut formulation, as this remains a linear program even if we allow the capacity
of edges d' to vary.

Submodularity Constraints We further require that the quadratic function is submodular or equivalently,
the capacity of all edges c; ; is non-negative. This can be enforced by the set of linear constraints that

¢i; > OV, j. (29)

4.3 Finding the nearest submodular Quadratic Function

We now assume that we have been given an arbitrary function g(x) to minimize, that may or may not lie
in F*. We are interested in finding the closest possible function in F?2 to it. To find the closest function
to it (under theL; norm), we minimize:

min Z g(x)— min f(x,z)‘ = (30)
x€EBF
min 3 g(x)—f(x,m<x>>\: G
xEBF
minz c®+Zczé — —|—thle+ Z cijzi(l—x5) (32)
¢ x€EBk 1,J11>]
—|—z:clé 1—my(x +thl 1—my(x)) + Z cl,mmg(x)(l—mm(x))
I, m:l>m

+ Zci,l z; (11— ml(x)))‘
il

where m(x) = [my(x),...,max)(X)] is the vector of all MBFs over X, and subject to the family of
constraints set out in the previous subsection. Note that expressions of the form ). |g;| can be written as
Zi h; subject to the linear constraints h; > g; and h; > —g; and this is a linear program. O

4.4 Discussion

Several results follow from this. In particular, if we consider a function g of the same form as equation
(2) the set of equations such that

min Z ‘g(x) —min f(x,z)| =0 (33)
x€EBFk

!In itself d is just a notational convenience, being a sum of coefficients in c.
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exactly defines a linear polytope for any choice of |x| = k, and this result holds for any choice of basis
functions.

Of equal note, the convex-concave procedure [28], is a generic move-making algorithm that finds
local optima by successively minimizing a sequence of convex (i.e. tractable) upper-bound functions
that are tight at the current location (x’). [21] showed how this could be similarly done for quadratic
Boolean functions, by decomposing them into submodular and supermodular components. The work [18]
showed that any function could be decomposed into a quadratic submodular function, and an additional
overestimated term. Nevertheless, this decomposition was not optimal, and they did not suggest how to
find a optimal overestimation. The optimal overestimation which lies in 2 for a cost function defined
over a clique g may be found by solving the above LP subject to the additional requirements:

g(x) < f(x,2z) Vx (34)
9(x') > f(x',2) (35)

Efficiency concerns As we consider larger cliques, it becomes less computationally feasible to use the
techniques discussed in this section, at least without pruning the number of auxiliary variables considered.
As previously mentioned, constant AVs and AVs that corresponds to that of a single variable in x i.e.
z1 = x; can be safely discarded without loss of generality. In the following section, we show that a
function in Fj can be represented by only two AVs, rather than 168 as suggested by the number of
possible MBF. However, in the general case a minimal form representation eludes us. As a matter of
pragmatism, it may be useful to attempt to solve the LP of the previous section without making use of any
AV, and to successively introduce new variables, until a minimum cost solution is found.

5 Tighter Bounds: Transforming functions in F; to F?

Consider the following submodular function f(z1, s, r3,24) € F* represented as a multi-linear poly-
nomial:

f(xl, xT2,T3, $4) =ao + Z a;x; + Z A3 T35 + Z Qi TiTj T + 1234X122T324, Aij (X) § 0
i i>j i>j>k
(36)
where 4, j, k = S4 and A;;(x) is the discrete second derivative of f(x) with respect to x; and ;. e
Consider a function h(x1, x2, 3, T4, 25) € F 2 where z, is an AV used to model functions in F2. Any
general function in 72 can be represented as a multi-linear polynomial (consisting of linear and bilinear
terms involving all five variables):

4
h(w1, 0, @3,24,25) = bo+ Y biwi— ) bigwiz; —(9s— D gsi®i)7s,  bij = 0,955 > 0,4, € Sy
i i>j i=1

(37)
The negative signs in front of the bilinear terms (z;z;, zsx;) emphasize that their coefficients (—b;;, —¢s.;)
must be non-positive to ensure submodularity. We have the following condition from equation (3):

f(xla x2,T3, $4) = iné% h(ﬁCl, X2,T3,T4, Zs)a vX. (38)
Here the coefficients (a;, aij, @ik, ¢ijx1) in the function f(x) are known. We wish to compute the coeffi-
cients (b, bij, gs, gs,n) Where i, j € V,i # j,n € Sy. If we were given (gs, gs,;) then from equations (37)
and (38) we would have

. 4
2z = {1 if g5 — Zi:1 gs,iti <0, (39)

0 otherwise.
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B—~
{1.2,3},

{z1 =135 = L,z3 = 0,4 = 1}

{1,2,4}
{1,2,3,4}

{1.2,3,4}

{1,3,4}

\\//

{2,3,4}

(b)

Fig.2. Hasse diagrams sample partitions. Here, we use set representation for denoting the labellings
of (x1,22,x3,24). For example the set {1,2,4} is equivalent to the labeling {z1 = 1,22 =
l,zs = 0,z = 1} In (@), A = {{}{2},{3},{4},{2,3},{2,4},{3,4},{2,3,4}} and B =
{{1},{1,2},{1,3},{1,4},{1,2,3},{1,2,4},{1, 3,4}, S4}. (a) and (b) are examples of partitions. On searching
the space of all possible partitions (2'°) we found that only 168 partitions belong to this class. These are the only
partitions which will be useful in our analysis because any arbitrary AV must be associated with one of these 168
partitions.(See text for the relation between these partitions and MBF s).

The value of z, that minimizes equation (38) is dependent both upon the assignment of {x1, xo, z3, x4}
and upon the coefficients (gs, gs,1, 9s,2, gs,3, gs,4). The four variables 1, 2, x3 and x4 can be assigned
to 16 different labellings of (1, x2, x3,24) giving 16 equations in the following form:

4
f(xlax2ax37x4) - h'(l'l,x27x3ax47 0) + min(gs - ng,ixi)zs (40)
zs€B —
hy i=1
ha
h

The function h; is the part of h not dependent on z,, and hs is the part dependent on z,. Our main result
is to prove that any function h € F2 can be transformed to a function h/(z1, z2, x3, T4, Zj1,22) € F?
involving only two auxiliary variables z;; and z;5. Using this result we can transform a given function
f(z1,22,23,24) € Fy, the form of which we characterize later, to a function &/ (x1, xa, T3, 24, 21, 2j2) €
F2.

Let A be the family of sets corresponding to labellings of x such that:z; = 0 = argmin,_ h(x, z5).
In the same way let B be the family of sets corresponding to labellings of x such that:z, = 1 =
argmin,_ h(x, z;). These sets .A and B partition x, as defined below:

Definition 8. A partition divides P into sets A and B such that A = {S(x) : 0 = argmin,ep h(x, 2),x €
B*} and B = P\A. Note that ) € A.

In the rest of the paper, we say that the AV z, is associated with [A, B] or denote it by z; : [A, B]. We
illustrate the concept of a partition in figure 2.

From lemma 2, we could use 168 different Avs in our transformation. However, we show that the same
class can be represented using only two Avs. In other words, all existing partitions could be converted to
these two reference partitions represented by two AVs taking the states shown below.

Definition 9. The forward reference partition [Ay, By rakes the form:

Be By < |B|>3,A; =P\By 41
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On the other hand, a backward reference partition Ay, By] is shown below:
Be B, <— |B| Z?,Ab:'P\Bb 42)

The forward and backward reference partitions are shown in figure 3. Note that these reference partitions
satisfy the properties of a matroid. Here we treat A as the family of subsets of the ground set Sy. More
specifically, these reference partitions satisfy the conditions of a uniform matroid (see appendix).

Fig. 3. The two matroidal generators used to represent all functions in Fi. Note that the bilinear term zj1%j2 IS active,
i.e. zj1zj2 = 1, in the region of overlap.

We approach this problem by first considering the simplified case in which no interactions between
AvVs are allowed. This is covered in section 5.1, while section 5.2 builds on these results to handle the case
of pairwise interactions between AV.

5.1 Non-interacting Avs

Here we study the role of Av independently. In other words, we don’t consider the interaction of Avs that
involve bilinear terms such as z;z;. The following lemmas and theorems enable the replacement of Avs
with other AVs closer to the reference partitions. By successively applying replacement algorithms, we
gradually replace all the Avs using with the two AVs in forward and backward reference partitions.

Lemma 3. Let z, : [Ag, Bs] be an AV in a function h(x, zs) in F? , then h can be transformed to some
function I/ (x, z) in F? involving 2, : [ Ay, By, such that for all B € By, |B| > 2.

Proof. We say that a function & can be transformed to »’ if min,_ h(x, z,) = min,, h'(x, z:), Vx. It does
not imply that h(x, zs) = h/(x,2;), Vx. We first consider the case where ) € B;. If this is the case,
argmin,, h'(x,2;) = 0 Vx. Hence we can transform h(x, z;) to h'(x) and the lemma holds trivially.
Next we assume that there exists a singleton {e} € By, i.e. {e} is {1},{2},{3} or {4}. We decompose h
as:

min h(z1, T2, T3, T4, 25) = hi(z1, 22, 23, 24) + mln ng i)z

Zs

ha
where ho is the part of h dependent on z.

H;ID h2 - mln((gs - gs7e)xezs + ( — gsTe — Z 9s, zxz Zs
° i=S4\e
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As (e) € Bs, gs — gs,e <0.Asaresult, z; = 1 whenz, = 1,i.e. 2z, => 25 Or T.2; = Z.. In the above
equation we replace .z using simply x. to obtain the following:

min hy = mln((gs - gs,e)xe + (

Zs

— 9sTe — E gs zxz Zs

i=S4\e

The decomposition of the original function can then be written, replacing 2z by z;:

h/ - hl + (gs - gs,e)me) +(

b

— JsTe — Z gs zxz

i=S4\e

hy

A sample reduction for this lemma is shown in figure 4. Note that h} equals O for the singleton {e}.
Similarly any other singleton {e’} can also be removed from B using the same approach. After repeated

application, our final partition, B; does not contain any singletons. O
{ ,2}'2 {1 ,2}'1
{1' }1 y 1,23 1 (1,23 B,
1,3 1,3} /
2
. 12,4 _ 1,2,4
(1,472 (24 pap] e \\ -3
3 {1,2,3,4}
134) {1341
0
23,4} 2,34}
(@) (b)

Fig. 4. An example of lemma 3. The AV z, is replaced by z; and the associated partitions [As, Bs| and [A¢, B:] are

shown in (a) and (b) respectively. The initial and the final set of parameters are given by:(gs = 3,9s1 = 4,9s,2 =
1,953 =1,95,a=1),(9¢t = 3,9t,1 = 3,9¢,2 = 1,g¢,3 = 1, g¢,a = 1). In the initial partition we have the singleton
{1} € Bs. After the transformation all the singletons {e} € Ay.

Lemma 4. Any function h(x, z,) in F? with z, associated with the partition [As, By satisfying the con-
dition Bs C By can be transformed to some function h'(x,z¢) in F? with z5 belonging to the forward
reference partition [Ay, By). The same result holds for backward partition.

Proof. The proof is by construction. Let the parameters of the partition [As, B;] be

(9s, 95,15 9s,2, Gs,3, §s,4). Our goal is to compute a new set of parameters (g, g1, 97,2, Gf,3, Jf,4) COITE-
sponding to the forward reference partition such that the associated functions keep the same value at the
minimum:

min /' (x,zf) = mmh(x zs), VX (43)
zf
min(hf (x) + hy(x, z5)) = min(hy (x) + ha(x, 25)), Vx (44)
zZf Zs

min(h5(x, z¢)) = min(ha(x, 25)), Vx (45)
zf Zs
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We can rewrite hy and h, using & function:

min k(f, S)zy = mink(s, S)z,, VS € P (46)
zZf Zs

By substituting the values of z, and z¢ for all S € P we obtain five equations with five unknowns
(97,971,952, 95,3, 9f,4). We rewrite the equations as:

1-1-10 -1\ (¥ min(0, x(s, {2, 3,4}))
1-1-1-10 | [ min(0, x(s, {1,3,4}))
10 —1-1-1| |92 = | min(0, (s, {1,2,4})) S
1-10 —1-1| |93 min(0, (s, {1, 2, 3}))
1-1-1-1-1) |94 min(0, x(s, S4))
95,5
H

The solution to the above linear system is unique because H is of rank 5. Now we show that the solution
satisfies submodularity condition and corresponds to the forward reference partition. Submodularity is en-
sured by the constraint that the parameters (g7.1, gf.2, 97,3, gf,4) are all non-negative. Using equation (47)
and the non-negativity of original variables (g5 ;) we obtain the following:

gf,; = min(0, k(s, S4\7)) — min(0, (s, Sx)) (48)
k(s,84) < k(s,S4\i) (49)

From these equations we can show that g ; is always non-negative:

0 if k(s,S4) > 0and k(s, S4\i) > 0
9f,i = —k(s, S41) if k(s,S4) < 0and k(s,S4\i) =0 (50)
r(s, Sa\i) — k(s, Sa) ifk(s,S4) < O0andk(s,Ss\i) <0

We now prove that the computed parameters correspond to the forward reference partition:

i >
S ¢ Bf lf|S|7.3 1)
Ay otherwise

From equation (47) it follows that any set .S, such that |S| > 3, exists in B . We need to prove the
remaining case where |.S| < 3. To do this, we consider S = {i,j} = S4\{k,{} and examine its partition
coefficients:

H(f7 {27]}) = K(fv {i’jv k}) + 971k
/i(f, {7’7]}) = ’i(fa {ivja k}) + ((’i(fv {'Lv]vl}) - ﬁ(f? {ivjv k7 l})
k(f,{i,5}) = min(0, 5(s, {7, 5, k})) + min(0, (s, {¢, 4, 1})) — min(0, x(s, {i, j, k,1}))

As in table 2 (see appendix), x(f, {¢,7}) has four possible values and x(f, {i,7}) > 0 in all. As each set
S 1 |S| = 2 exist in Ay, every other set with a cardinality less than two must also exist in .4 ;. Hence, for
every partition A, B, satisfying Bs C B, we can compute an equivalent reference partition [A, By].

O

Lemma 5. Let P = {i,j, k,l} = S4 and let z, be the auxiliary variable in h(x, z,) associated with the
partition [Ag, Bs). If both A and B = P\ A are elements of B, then it is not possible to have both C and
D= P\Cin A,
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Fig. 5. Examples for the four cases in tables 3, 4, 5 and 6. In the first case the transition in (a) is mapped to that

in (b) and the associated parameters are given by: ((gs = 6,9s1 = 1,952 = 1,953 =
5,960 = L,ge2 = 2,9t = 2,9t,a = 3)). The generated pairwise term, independent of AVs, is —x3x4. The

17 gs,a =

1)7 (gt =

second case is in (c) and (d) with the parameters ((5,1,2,3,4,5),(2,1,1,1,1)) (shown in the same order as the
earlier one) and the pairwise function is —xoxa — 2x3x4. The third case is in (e) and (d) with the parameters
((5,4,1,1,1),(2,1,1,1, 1)) along with the pairwise function —x1x2 — 2123 — 1x4. The final case is in (f), (g) and
(h), as the final function has two AVs z> and z3. The function consisting of unary and pairwise terms independent

of AVs is given by 1 — x1 — 22 — 3 — x123 — 2x2x3. Corresponding parameters are given by: ((9s = 8,¢s1
4,9s2 = 5,053 = 6,954 = 0),(gt = 4,961 = 2,9t2 = 2,Gt3 = 2,9t,a = 0),(gr = 2,9r1 = 1,gr2 =

1,gr3=1,gr4 = O))
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Proof. The statement follows by contradiction. Let { A, B}, where B = P\ A, exist in 5. The partition
coefficients of A and B with respect to z; are shown below:

4

k(s, A) = gs —ZliA <0
i=1
4

k(s, B) =g8—21? <0
i=1

Note that A U B = {i,j,k,l} and A N B = (). Hence by summing the above equations we get the
following:
295 —Ys,i — gs,j — 09s,k — 9s,l S 0 (52)

Assume now that a different pair {C, D}, where D = P\C exist in A,. By summing their corresponding
partition coefficients we get the following equation:

2gs —Ys,i — Y9s,j — Gs,k — Gs,l > 07 (53)
Equations 52 and 53 lead to a contradiction, therefore the lemma holds . O

Theorem 2. Any function h(x, zs) in F? with z, associated with [ Ay, Bs), such that VB € B, |B| > 2,
can be transformed to another function h'' (x, z¢, zp,) in F* without any z ¢z, terms, where zy and zy, are
AV correspond to the forward and backward reference partitions respectively.

Proof. Our proof by construction takes the form of a two-step procedure. In the first stage every function
h(x, z5) is transformed to h'(x, 2, z,-) where z; and z, are associated with the partition [A;, 13;] and the
backward partition [A,, B,| respectively and satisfy the conditions B; C By and B, C By. In the second
step we use lemma 4 to transform h’(x, z;, z5) to h”(x, 2z, z,). In most cases only one partition, either
the forward or the backward, is used.

min ha (X, z5) = min k(s, S)zs, VS € P 54)
4 4 4
min h(x, z5) = Zaixi + Z Z a; ;225 +mink(t, S)z + min k(r, S)z,, VS € P (55)
i=1 i=1 j,itj st o

The key idea is to decompose ks into functions of unary and pairwise terms involving only x and functions
involving new auxiliary variables z; and z,.. Consider the condition |B| > 2. A degenerate case occurs
where |B| > 3; here we can directly use lemma 4 to obtain our desired result. We now consider the cases
where at least one set S € B has cardinality two and show a transformation similar to the general one of
(55). Tables 3, 4, 5 and 6 in the appendix contain details of the decomposition.

After the decomposition the new partitions [A¢, B;] and [A,., B, ] satisfy the conditions B; C By and
B, C By. To show this, we first consider the case where exactly one set S € B, has a cardinality of 2.
There are six such occurrences, and all of them are symmetrical. The transformation for this case is in
table 3.

Next, consider the case where exactly two sets of cardinality two exist in 5. Although there are 15
((5)) possible cases, they must all be of the form {{i, j}, {k,{}} or {{4,j}, {4, k}}. The first sub-case is
prohibited because the presence of the mutually exclusive pair {{4, j}, {k, [} } would not permit any other
mutually exclusive pair {{7, k}, {j,}} to exist in A, as per lemma 5. The transformation for the latter
case is in table 4.

Finally, consider the case where exactly three sets of cardinality two exist in B,. The 20 different oc-
currences ((5)) can be expanded to three different scenarios:{{i, j}, {i, k}, {i, 1} }, {{i, 5}, {k, 1}, {i, k}}



Efficient Minimization of Higher Order Submodular Functions using Monotonic Boolean Functions 17

and {{4,5}, {4, k}, {i,k}}. Again, lemma 5 prevents the second scenario {{i, j}, {k,}, {4, k}} from oc-
curring. The transformations of the first and the third cases are in table 5 and 6. Example transformations
are shown in figure 5. |

Theorem 3. Any function h(X, 21, 22, ...21) in F? that is linear in z can be transformed to some func-
tion b (x,z5,2zp) in F 2 where =z ¢ and zy, correspond to the forward and backward reference partitions
respectively.

Proof. Every z; is independent of every other z; due to the absence of bilinear terms z;z;. Hence, the
minimization under z can be carried out in any order.

min h(X, 2;, z;) = minmin h(x, z;, z;) = minmin h(x, z;, z;) (56)
24,25 2z zj zj Z;

Applying lemma 3, followed by theorem 2, for every Av, the function h(x, 21, 22, 23, ..., 2) can
be transformed into ﬁ(x, 21,21, ..., 2k, 2;,) where Z; and Z;, correspond to the forward and backward
reference partitions respectively. In other words, every z; in the original function is replaced by Z; and
Z!. Note that one reference partition may be sufficient in some cases. Finally we use lemma 11 to obtain
R (x1,x2, 23,24, 25, 2p) from h. m]

5.2 Interacting Avs

The earlier theorem shows the transformation when the original function 4 has no bilinear terms z;z;. The
problem becomes more intricate in the presence of these terms. In the earlier case, we could define parti-
tions using a single variable. Here, it is necessary to consider the partitions using two or more variables.
Below, we show the joint partition that can solve the transformation with interactions between the Avs.
We refer to this as the matroidal generators, since the associated partitions satisfy matroid constraints(See
appendix).

Definition 10. The matroidal generators associated with two AVs zj1 and zjo for expressing all graph-
representable fourth order functions is given below:

BeBji < |B| >3, Aj1 =P\Bj (57)
B € Bjs <= |B|>2, Aja =P\Bj2 (58)

In Figure 3 we show the matroidal generators for fourth order functions. These partitions are same as the
reference partitions studied earlier. The expressive power of these AVs are enhanced by interaction or the
usage of the bilinear term z;1 zjo.

Theorem 4. Any function h(x, 21,22, ...z) in F? that has bilinear terms z;z; can be transformed to
some function I/ (x, zj1, zj1) in F>.

Proof. The basic idea of the proof is to decompose a given fourth order function using the result of [23]
and show that all the spawned MBFs can be expressed by the matroidal generators. Using Theorem 5.2
from [23] we can decompose a given submodular function in F* into 10 different groups G;,i = {1..10}
where each G; is in Table 1.

Each group G; contains three or four functions giving rise to a total of 30 or more different functions.
Prior work uses one auxiliary variable for every function, whereas we will show that the two Avs corre-
sponding to the matroidal generators are sufficient to simultaneously model all these functions. As shown
in [31] the functions in Gy are not graph-representable. Note that the functions in G19 does not become
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[Group] f(x) min., -, h(x, 21, z2) where h(x, 21, 22) € F’|
9’1 —ZiTj —ZiTj
G2 —TiZiTk min; (2 — x; — x; — xk)
Gs —T1T2T3T4 min, (3 —x1 — w2 — T3 — 4)
—X1T2T3%4 + T1T2T3 + T1T2T4 + T1X3T4+
G ToX3T4 — T1X2 — T1T3 — L1Ta— min, (z(1 — z1 — x2 — T3 — T4))

T2X3 — T2T4 — T3T4

TiTjTrpX] — LiXjTg — LT — T5T1—

Gs min, (2(2 — z; — zj; — 2k — 23;)
Ty
Gs TiTjTh — Tilj — TiTk — TjTh min; (2(1 —z; — z; — xx))
Gr TiTjTRT] — TiTjTh — TiT; T — TiTKT] min, (2(3 — 2z; — xj; — xk — 1))
21‘11‘21‘31‘4 — X123 — X1X2T4 — X1X3T4— .
gs min.(2(2 — z1 — x2 — T3 — T4))
To2X3T4

ming, ., (21 + 222 — z122—
21T — 21Tj — 22Tk — 22T])

fx)> F3 as shown in [31]

gg TiTjTrT] — Tilj — ik — LTl — TjTEI]

g —XiTjTeT + TiTpXl + TjTpX]—

10 Tilk — TiX] — TjT — T5jT] — Tk
Table 1. The above table is adapted from Figure 2 of [32] where {i,7,k,l} = Sa. Each group has several terms
depending on the values of {1, j, k,}. As the groups G4 and Gs are symmetric with respect to {i, j, k, L }; they contain
one function each.

graph-representable when combined with other generators of F* according to Theorem 16(3) in [31]. We
also observe that these functions are not representable by both non-interacting and interacting Avs. Thus
the largest subclass 75 should be composed of functions in the remaining 9 groups.

As the functions present in the groups G;,7 = {1..8} do not require bilinear Avterms, any sum of
functions in G;,¢ = {1..8} can be expressed with only two AVs z; and z; according to Theorem 3. We
consider the functions in Gg. The sum of functions in this group may lead to two alternatives. The union
of functions in Gy may either result in a function in Gy or a function that uses the AVs z¢ and z,. Any
function in Gy can be expressed using two AVs zg; and zgs [30]. As a result, the sum of functions in
G;,i = {1..9} can be expressed using four AVs (2, 25, 291, 291). These four AVs could be merged into
two AVs z;1 and z;2 in the matroidal generators as shown in Figure 3.

Hence, all functions in G;,4 = {1..9} can be expressed by the matroidal generators. O

6 Linear Programming solution

For a given function f(w1,22,23,74) in F2, our goal is to compute a function h(x,z) in F2. As a
result of theorem 4 we only need to solve the case with two AVs (Zjl, Z]‘Q) associated with the matroidal
generators. The required function h(x, z) is:

1 4
h(x, zj1, 2j2) = bo +Z biz; — Z bijriz;— (g — Z gj1,iTi) 251+ (gj2 — Z 9j2,iTi)Zj2 — J122j1%j2-
i

i>j i=1 i=1

(59

such that b;;, gj1.4, gj2,i, j12 > 0 and 4, j € Ss. As we know the partition of (2,1, z;2) we know their
Boolean values for all labellings of x. We need the coefficients (b;, b;;, j12, gj1, 952, Gj1,i> Gj2,i), % = Sa
to compute h(z1, 2, 3, T4, 21, 2;2). These coefficients satisfy both submodularity constraints(that the
coefficients of all bilinear terms (x;2;, Z;2j1, £j2;2, %j1252) are less than or equal to zero) and those
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imposed by the reference partitions. First we list these conditions below:

T
bij

G| > 0.4, j = S4yi # j (60)
9j2,i
J12

SP

where O refers of a vector composed 0’s of appropriate length. Next we list the conditions which guarantee
f(x) =min., .., h(x, 21, zj2) forall x. Let V'S € P, and let the value of z;; z;o for different subsets S
be given by 17(.S). As we know the partition functions of both z;; and z;» it is easy to find this. Let G and
‘H denote values of f and & for different S:

G=r(7,15,15,1%) (61)

4 4
Ho=h(17,15,15,17,0,0) = (91 = Y g5161) = (952 — D _ 9;2.417) — juan(S)  (62)
=1 =1

As a result we have the following 16 linear equations (N.B. there are 24(16) different 9):
G=HNVScP (63)

Note that as with section 5 we do not make use of either auxiliary variables or the min operator over
7. Again, this because we already know the partition of (21, z;2) and their appropriate values a priori.
This can be seen as (63) need not hold if z;; and z;5 do not lie in the reference partitions.

_y4 19
(gf Zi:l gfyZ]-B) Z 0751 c Ajl;D c A]Q
9p — Zi:1 b,i1;

Gg
L g8
(gf Zi:l gfﬂ']'é) S O’S S leyD € 6.72
9o — D ieq bl
G

Essentially we need to compute the coefficients (b;;, gj1, 9j1.4, 52, gj2.i, j12) that satisfy the equations (60,63,64)
This is equivalent to finding a feasible point in a linear programming problem:

min const (64)

518,20, G=H,G,>0,G <0 (65)

As discussed in section 4, by using a different cost function we can formulate a problem to to compute a
function in F2 closest to a given arbitrary fourth-order function.

7 Discussion and open problems

We observe that the basis MBFs corresponding to reference partitions always satisfy matroid constraints
(See appendix). It can be easily shown that for k£ = 3 there is only one reference partition corresponding to
a uniform matroid U/;. When k = 4 we have two reference partitions corresponding to uniform matroids
U, and Us. Thus we conjecture that we can transform a large subclass, possibly the largest, of F5 using
k — 2 matroidal generators. Each of these generators correspond to uniform matroids Uy, Us, Us, ..., U, —o.
We do not have any proof for this result. However, our intuition is based on the following reasons:
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The reference partitions for k = 3 and k = 4 are symmetrical with respect all x; variables.

The reference partitions correspond to only distinct uniform matroids.

We can only transform a subclass of all submodular functions of order k. Using the result of Zivny et
al., we know that when k£ > 4, not all submodular functions can be transformed to a quadratic PBF.
Although we use only a linear number of auxiliary variables, the underlying function is powerful as
we employ all possible interactions among the auxiliary variables. Each of these intersection can be
seen as the intersection of two uniform matroids.
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Tables

i|min(0, (s, {4, j, k}))|min(0, (s, {4, 7, 1}))|min(0, k(s, {3, j, k, 1})) |c(f, {3, 5})
1 0 0 0 0

2 0 k(s,{%,7,1}) k(s,S4) Js.k

3 k(s,{i,7,k}) 0 k(s,{i,7,k,1}) Js,1

4 rls{i g k}) k(s {4, 1}) r(s, {6 g, k1Y) |K(s, {3, 5})

Table 2. See lemma 4. In all four cases k(f,{i,7}) is non-negative. This result holds for the fourth case as
k(s {i,j}) > 0.

Case 1:({7, 5} € Bs.
ha = K(s, {3, ) ziz; + (2% gs — gs,;i — gt,5) = (9s — gs,i) Ti — (gs — gs,5) Tj—
—— —
gt gt,j 9t,i
Os.k Tk — Js1 T1)2t
~~ ~~
gtk gt,l
BE K(t, S) [ SeAorSeB; |
{47} 0 Se A
{i, k} ~(s, .k S € A since {j, k) € A,
{k7l} K(Sa{lvk}) +“£(57{j7l}) S € Ay since {ka}7{]7l} €A
{imj: k} —Js,k S e B;
(k0| R k0] S € By since j, k. 1} € B,

Table 3. See theorem 2. Case 1: The details of the transformation (similar to one in equation (55)) are shown for a
scenario where exactly one set ({1, j }) with cardinality two exist in Bs. We prove that after the transformation all the
sets S with |S| = 2 exist in Ay and |S| > 3 exist in By. Although the reduction is illustrated for only a few cases,
they are representative of the remainder.

B

Definitions

Definition 11. A matroid M is an ordered pair (E,T) consisting on a finite set E and a family of subsets
T of E satisfying the following conditions:
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Case 2:{3,7}, {4, k} € Bs.
he = H(Sv {lv]})xlx] + ’i(sv {]7 k}){l?]:l?k + (398 - 2957j — Ys,i = YGs,k —
gt
(9s = 95.3) Ti — (205 — gs,i — Gs,j — s,k) Tj — (95 — Gs,5) T — (gs,0 T1) 2
S——r N—— ~~
gt,i gt,j 9tk gt,l
5 ] w(t, S) \ SeAorSeB |
{’L,j} 0 Se A
{i,1} |k(s, {i,k}) + (s, {4,1}) S € A; since {i, k}, {j,1} € As
{5,1} k(s,{7}) + gs. S € A;since {j} € Asand gs,; > 0
{3,7,k} —k(s,{j}) S € By since {j} € As
(k1) w(s, (i, k, 1)) S€B,if {i,k, 1] € Bs
{ivj7 l} —Gs,l S S Bt

Table 4. See theorem 2.Case 2: We study the scenario where exactly two sets with cardinality two {{i, 5}, {7, k})
occur in Bs. Note that all other cases either can not happen (according to lemma 5) or similar to the ones shown in
this table. We also prove that after the transformation all the sets S with |S| = 2 exist in A; and |S| > 3 exist in Bs.

Case 3: {3, 7}, {7, k}, {¢,1} € Bs.
ha = k(s,{i, 7 ziz; + k(s, {i, k})xizre + (s, {i,1})zizi+
(min(0, k(s, {7, k,1}) + 3(gs — gs,:) —min(0, (s, {j, k,1})) + 2(gs — gs,i) Ti—
gt gt
(gs - gs,i) Tj — (gs - gs,i) Tk — (gs - gs,i) xl)zt
——_——— ————— —_———

gt,j 9tk gt,l
S ] k(t,S) \ Se€AiorS € B
{Z,j} 0 Se A
{4, k} |min(0, (s, {j, k,1})) + (gs — gs,3) S € Ay since {i} € A
{4,7,k} —r(s,{7}) S € By since {j} € As
{i,k,1} k(s,{i, k,l}) S € B if {i,k,l} € Bs
{i,j, l} —Js,1 SeB;

Table 5. See theorem 2. Case 3: Here we study the scenario where exactly three sets with cardinality two
{{3,5}, {3, k},{i,1}) exist in Bs. The only other case where three sets can exist is shown in table 6. The shown
cases are generalizations of all the possible cases that can occur without violating lemma (5). We prove that after the
transformation all the sets S with |S| = 2 exist in A, and |S| > 3 exist in By.
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Case 4: {3,j}, {3, k},{i,(} € Bs.
ha = k(s {1, 7})(1 — @i — 2j — k) = (gs.k — 9s,5)Ti%k — (gs,k — gs,1)T; Tk +
(2(9s = gs,k) = (gs — gs,k) Ti — (gs — gs,k) Tj — (Gs — Gs,k) Th — Gs,1 T1)2t+
A e — —— ~~
gt gt,i gt,j 9tk 9t,1
(=2k(s,{i,5)) = (=r(s,{i,5))) (1 — @) — (=(s,{i,4))) (1 — ;)
—_———
gr Ir,i 9r,j
(=r(s, {6, ) —2x) = 0 (1 —a1))zr
9r.k Irt
[ S | w9 | SeAiorSeB
{i,7} 0 SeAk=0
{3,1} | k(s,{k,1}) S € Ay since {k, 1} € A
{1,7,k}| —k(s,{k}) S € By since {k} € A,
{1,7,1} —gs,1 S € B since gs;; > 0
[ S [ &(r,S) | ScA-orSeB.
{3,1} 0 SeA,
{i,5} |—k(s,{3,5}) S € A, since {i,5} € Bs
{1} 0 S€B,
{t} | w(s,{i,5}) S € B, since {i,5} € Bs

Table 6. See theorem 2.Case 4: We consider three sets {i, 5}, {i,k}, {j, k} € Bs which involve only three elements
and all three repeating in more than one set. Without loss of generality, we assume that k(s,{i,j}) > k(s, {3, k})
and (s, {i,7}) > k(s, {4, k}). In this case we replace the AV zs using two variables z; and z.

1. Del
22 IfI€Zandl' C1I, thenl' € 1.
3. IfLand Iy areinT and |I;| < |15

, then there is an element e of Is — Iy such that [y Ue € T.

The maximal independent set in a matroid is called the base of a matroid. All the bases of a matroid are
equicardinal,i.e., they have the same number of elements.

Definition 12. The dual matroid of M is given by M* whose bases are the complements of the bases of
M.

Definition 13. In a uniform matroid U,,(E,T), all the independent sets I; € T satisfy the condition that
|I;| < n for some fixed n.

C Useful Lemmas

It is not completely clear as to why a few basis AVs can replace several hundreds of Avs in a function in
F3. We observed some differences in the general partitions and reference partitions. We found that not
all partitions satisfy the conditions of a matroid. However, the reference partitions form matroids in third
and fourth order functions. We summarize these results in the following two lemmas.

Lemma 6. The ordered pair {Sy, A} corresponding to all partitions do not form a matroid.

Proof. An ordered pair (E,7) is a matroid if it satisfies the three conditions given in Definition 11. The
first condition is to show that ) € Z. As per the definition of the partition, {(), P} is a valid partition
where A = (). The second matroid condition can be obtained by using lemma 9 in the reverse direction
for subsets of .A. The third matroid conditions states that if |I;| < |I2| and I1, I5 € T then there exists an
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element e in I3 such that I; U e € Z. However, this condition is not true for all partitions. For example,
consider a partition {A = {{0}, {1}, {2}, {3}, {4},{3,4}},B=P/A}}.Let I; = {1} and I, = {3, 4}
be the two independent sets. Although |I;| < |I3], there is no element e in I satisfying [y Ue € A. O

Lemma 7. The ordered pair {Ss, Ay} corresponding to the forward reference partition is a uniform
matroid Us(See Definition 13).

Proof. It can be easily seen that the subsets of A satisfy the three conditions given in Definition 11. In
addition, every A € A satisfies the condition |A| < 2. Thus {Sy, A} forms a uniform matroid . O

Lemma 8. The ordered pair {S4, By} corresponding to the forward reference partition is a uniform
matroid Uy (See Definition 13).

Proof. Tt can be easily seen that the subsets of B, satisfy the three conditions given in Definition 11. In
addition, every B € By, satisfies the condition |B| < 2. Thus {S4, By} forms a uniform matroid ¢/,. O

It can also be shown that the ordered pair {Sy, B/} is the dual of a uniform matroid {S4, A} (See
Definition 12). Similarly the ordered pair {Sy, Ay} is the dual of a uniform matroid {Sy4, Bp}.
The partitions are nothing but lattices and thus they satisfy the following property.

Lemma 9. Every AV zg that is associated with a partition separates P into sets Ay and B such that if
any set B € Bg, then every set S 2O B is also an element of Bs.

Proof. If set B € B, then (s, B) = (g5 — Zle gs,ilzB) < 0. Since S O Band gs; > 0,Vi = Sy we
have (gs — Z?zl 9s.:15) < (gs — Z?zl gs.:1P). This implies that the partition coefficient (s, S) < 0
and thus S € B;. O

Lemma 10. For an AV z, : [As, Bs] if As = 0 we can transform a function h(x, z5) in F? to some
function I/ (x) in F2. Similarly for an AV z, : [Ay, By, if B = 0 we can transform a function h(x, z;) in
F?2 to some function I (x) in F2.

Proof. If A; = () then arg min,_ h(x, z5) = 1, Vx. Hence min,_ h(x, z5) = h(x,1) = A/(x). Similarly
when B; = ), min,, h(x, z¢) = h(x,0) = b/ (x).

Lemma 11. If z, and z; are two AVs in a function h(X, zs, z) in F? sharing the same partition, then h
can be transformed to some h'(x, z) in F? having a single AV with the same partition.

Proof. The partition of z, is independent of z; and vice versa, since there is no z,2; term in h(x, zs, 2¢).
Thus while studying the partition of z, we can treat z; as a constant. Since z, and z; have the same
partition property, z; = z; at argmin,_ ., h(X, zs, 2;), Vx. Thus we can replace z5 and 2, using a single
variable z in an equivalent function A/ (x, z).



	Title Page
	Title Page
	page 2


	Efficient Minimization of Higher Order Submodular functions using Monotonic Boolean Functions
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21
	page 22
	page 23
	page 24


