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Abstract

The traditional high-level algorithms for rigid body simulation work well for moderate numbers
of bodies but scale poorly to systems of hundreds or more moving, interacting bodies. The prob-
lem is unnecessary synchronization implicit in these methods. Jeffetsnawarp algorithm
(Jefferson 85) is a technique for alleviating this problem in parallel discrete event simulation.
Rigid body dynamics, though a continuous process, exhibits many aspects of a discrete one.
With modification, the timewarp algorithm can be used in a uniprocessor rigid body simulator to
give substantial performance improvements for simulations with large numbers of bodies. This
paper describes the limitations of the traditional high-level simulation algorithms, introduces
Jeffersol algorithm, and extends and optimizes it for the rigid body case. It addresses issues
particular to rigid body simulation, such as collision detection and contact group management,
and describes how to incorporate these into the timewarp framework. Quantitative experimental
results indicate that the timewarp algorithm offers significant performance improvements over
traditional high-level rigid body simulation algorithms, when applied to systems with hundreds
of bodies. It also helps pave the way to parallel implementations, as the paper discusses.
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Abstract

Thetraditionalhigh-level algorithmsfor rigid body simulationwork well for moderate
number=f bodiesbut scalepoorly to systemsf hundredor moremoving, interacting
bodies. The problemis unnecessargynchronizatiorimplicit in thesemethods. Jef-
fersons timewarp algorithm[22] is a techniquefor alleviating this problemin parallel
discreteevent simulation. Rigid body dynamics thougha continuougprocessexhibits
mary aspect®of a discreteone. With modification thetimewarpalgorithmcanbe used
in a uniprocessorigid body simulatorto give substantiaperformancemprovements
for simulationswith large numberof bodies.This paperdescribeshelimitationsof the
traditional high-level simulationalgorithms,introduceslefersons algorithm, and ex-
tendsandoptimizesit for therigid bodycase It addressessuegarticularto rigid body
simulation,suchas collision detectionand contactgroup managementand describes
how to incorporatetheseinto the timewarp framevork. Quantitatve experimentalre-
sultsindicatethatthe timewarp algorithmoffers significantperformancémprovements
over traditional high-level rigid body simulationalgorithms,whenappliedto systems
with hundredsf bodies. It alsohelpspare the way to parallelimplementationsasthe
paperdiscusses.
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Figurel: Avalandhe: 300rockstumbledown a mountainside.

1 Intr oduction

Todayrigid bodysimulationis a maturetechnology Themajorcomponentfiave been
well studiedandmadepractical:fast,robustcollision detectioralgorithmg[10, 17, 21,
27]; impactmodelsof varyingaccurag [8, 12, 31]; methodgo enforcegeneramotion
constraintg6, 37], especiallythe ubiquitousnon-penetratioconstraintg3, 4, 35, 36];
andcontrolstratgiesfor articulatedbodieq19, 20, 28, 32]. Thusrigid bodysimulation
is availablein mary animationand CAD packagesandusedin computergames.Yet
areador significantimprovementremain. An importantoneis increasinghe number
of moving, interactingbodiesthatcanbe simulated.

We areconcerneavith geneal rigid bodysimulation meaninghatthebodieshave
nontrivial geometriesall pairscanpotentiallycollide, andsecond-ordephysicsgov-
ernsthe motion. Thereare numerougechniquedo simulatelarge numbersof rigid
bodiesby relaxingsomeof theseassumptionsMilenkovic efficiently simulatesvast
numbersof interactingspheresandnon-rotatingpolyhedrausinglinear programming
techniqguesndzeroeth-ordephysics[25]. CarlsonandHodginsusedifferentmotion
levels of detail, from fully dynamicto fully kinematic,to obtainan order of magni-
tudeincreasen the numberof leggedcreatureshatcanbesimulatedn realtime[11].
Chenng et. al. cull dynamicscomputationgor off-screenobjects;whenthey enter
thefield of view initial statesarecomputedy samplinga probabilitydistribution over
their statespace[13]. Broganet. al. simulatelarge herdsof fully dynamicagentsin
distributedvirtual environmentsput without full collisiondetection9]. Despitethese
excellenttechniquesthegenerakases worth pursuingbecausef its wide applicabil-
ity; sometimedull collision detectioranddynamicscannotbe avoided.

Traditional techniquedfor the generalproblembecomeinefficient and even in-
tractablewith mary-bodiedsystemsfor one of two reasons. Either the integration
step$ becomevery small, or the amountof work that is wastedbecauseof unpre-
dictableevents(lik e collisions)becomewery large. The problemsarenotin thecom-
ponentalgorithmsbut in the glue holding them together—the high-level simulation
loop. It imposesa synchronizatiorbetweenbodiesthat is usually unnecessarand
wasteful. Theseproblemsare exploredin depthin Section2. Jefersons timewarp
algorithm[22], discussedn Section3, is an elegantparadigmdesignedo alleviate
similar problemsin paralleldiscreteevent simulationby running processess asyn-

chronouslgasgossmle An optimistic,non-interactiorassumptiorprevails, andwhen
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it is violatedonly the computatiorthatis provably invalid is undone.Althoughrigid
body dynamicsis a continuousprocessijt exhibits mary traits of a discreteprocess.
With somemadification thetimewarpalgorithmcanbe usedin rigid body simulators,
improving boththeir speedandscalability The methodis describedn Sectiond, and
Section5 presentsesultsfrom anactualimplementation.

Timewarprigid bodysimulationalsosupportghelong-rangegoalof ahighly paral-
lel implementationRigid body simulationoffers unlimited potentialfor modelingthe
comple« andunanticipatednteractionsof rich virtual environments but currenttech-
nology cannotsupportthis. Meetingthis challengewill certainlyrequirea multipro-
cessorapproachwith perhapshundredof processorg€omputingmotion throughout
the environment. Sucha simulationfarm is akin to the renderingfarmsthat generate
today’s high quality computermnimation.Section6 toucheson theseissues.

2 Simulation Discontinuities

Thedominatingcomputatiorin arigid bodysimulatoris thatof numericallyintegrating
thedynamicstatef bodiesforwardin time. Thedifferentialequation®f motionhave
beenknown for centuriesthe true difficulty lies in processingimulationdiscontinu-
ities, heredefinedaseventsthatchangehe dynamicstatesor the equationf motion
of somesubsetof the bodies. Examplesinclude collisions,new contactstransitions
betweerrolling andsliding, andcontrollaw changesintegratorscannotblithely pass
throughdiscontinuitiesInsteadheintegrationmustbe stoppedthestatesor equations
of motionupdatedandthentheintegratorrestartedrom thatpoint. Compoundinghis
complicationis thefactthatthetimesof mostdiscontinuitiesareimpossibleto predict.
Thusthe integrationmustbe interruptedeven morefrequentlythanthe rateat which
discontinuitiesoccur, just to ched if they have occurred. Therearetwo commonap-
proachedor copingwith discontinuitiespoth of which have beenshown practicalfor
moderatenumbersof bodies.

2.1 Retroactive Detection

Retroactve detection(RD) is the mostcommonapproacho handlingdiscontinuities.
The simulatortakessmall stepsforward andchecksfor discontinuitiesaftereachstep
[2, 23]. For example,inter-bodypenetratiorindicateshata collision occurredatsome
time duringthe mostrecentintegrationstep.A root finding methodlocalizesthe exact
momentof the discontinuity After resolution,the integrationis restartedfrom that
point. All of the bodiesmustbe bacled up to their statesat the time of the disconti-
nuity becaus€l) the discontinuitymay have affectedtheir motion,and(2) the bodies
directly involved in the discontinuity must certainly be baclked up to this time, and
thereis no framework for maintainingbodiesat differenttimes—thebodiesmustbe
keptsynchronizedThefirst problemis avoidableby boundinga discontinuitysinflu-
ence. A certaincollision may provably have no influenceon the motion of a distant
bodyoverthecurrentintegrationstep.However, the secondoroblemis fundamentato
RD. It doesnot sufiice to maintainstatesattwo differenttimes,thetime of thediscon-
tinuity andthetime attheendof thestep,becausenultiple discontinuitiescanoccurat
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differenttimesin asinglestep.Also, earlierdiscontinuitiesnay causeor preventlater
ones,andit is hardto determinewvhich oneoccurredfirst without localizingthetimes
of each.In practice,all bodiesarebacked up to the point of eachdiscontinuity This
methodis correctsinceit eventuallyprocessesll realdiscontinuitiesandno spurious
onesandBaraf hasshavnit to beefficientandeminentlypracticalfor moderatenum-
bersof interactingbodies[5]. As thenumberof bodiesincreasessodoesthetherate
of discontinuitiesandthe wastedwork perdiscontinuityincreasesincemorebodies
mustbe baclked up. Shrinkingthe stepsizeto reducethe amountof backupis not a
goodsolutionaswe shall see. EventuallyRD becomesntractabledueto the amount
of wastedwork.

2.2 Consewative Advancement

Consenrative advancemen{CA) is an alternatve to RD basedon the idea of never
integratingover a discontinuity Consenrative lower boundson the timesof disconti-
nuitiesaremaintainedn a priority queuesortedby time, andthe simulatorrepeatedly
advancesall simulatedbodiesto the boundat the front of the queue. The simulator
tendsto creepup to eachdiscontinuity taking smallerstepsasit getscloser Von
Herzenet. al. usethis approacho detectcollisionsbetweertime-dependerparamet-
ric surfaceq18], andMirtich usesit to supportimpulse-basedimulation[26]. Srnyder
et. al. usea relatedapproachto locatemulti-point collisionsby usinginterval inclu-
sionsto boundsurfacesn time andspacg33]. Finally, CA formsthebasisfor kinetic
datastructuregpioneeredy Bascheet. al. [7]. Theseareusedto solve a hostof prob-
lemsfrom dynamiccomputationageometry suchas maintainingthe corvex hull of
a moving point set,by maintainingboundson whenthe combinatorialstructuremay
change.For rigid body simulationthe advantageof CA is thatit doesnot wastework
by integratingbodiesbeyond a discontinuity Unfortunately asthe numberof bodies
increaseshe averagetime to the next discontinuitycheckdecreasesndthe problem
is exacerbatedinceit is difficult to computetight boundson timesof collisionsand
contactthangesStoppingtheintegrationof all bodiesateachcheckis veryinefficient,
andCA becomesntractablewith mary bodies.

2.3 StepSizesand Efficiency

Figure2 graphicallydemonstratethe problemwith smallintegrationsteps.It shovs
the computationatostof computingthe 10-secondrajectoryof a ballistic, tumbling
brick usingafifth orderadaptve Runge-Kittaintegrator[30] undervariousstepsizes.
Thetwo qualitatively similar curvescorrespondo differentintegratorerrortolerances.
At small stepsizesthe integratordoesnot needto subdvide the integrationstepinto
smallerpiecesto meetthe error tolerance. Thus computationis proportionalto the
numberof invocations:halvingthe stepsizedoublesthework. At large stepsizesthe
integratorbreaksthe requestedtepinto smallerpiecesto meetthe errortoleranceso
computatioris insensitve to stepsize.Unfortunately evenwith a moderatenumberof
bodies,a simulators operatingpointis to the left of the elbow in thesecurves. Thus,
reducingthe stepsizesignificantlyincreasesomputationatost.
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Figure2: Costof computingthetrajectoryof a brick versusintegrationstepsize (eps
is theintegratorerrortolerance).

3 The Timewarp Algorithm

The problemsof RD andCA resultfrom unnecessargynchronization Eachdiscon-
tinuity affectsonly a smallfraction of the bodies,yet underRD every body mustbe
bacled up whena discontinuityoccurs,andunderCA integrationof every body must
stopfor a discontinuitycheck. Theinefficienciesaretolerableaslong astherearenot
too mary bodies.Similarissuesrisein discreteeventsimulation(DES), whichis of-
tenappliedto very large modelssuchascarson a freewvay system.Thesesimulations
areoftendonein parallelor distributedsettings.The simulatedagentsarepartitioned
amonga numberof processorseachof which adwancesits agentsforward in time.
Thereare causalityrelationshipghat mustbe presered (e.g. a car suddenlybraking
causeghe car behindit to brake), andthe crux of the problemis thatoneagentmay
triggeranactionof anotheragenton a differentprocessarObviously communication
by messagpassingr othermeands needed.

Consenrative DESprotocolsguaranteeorrectnesby requiringthateachprocessor
adwanceits agentsforward to a certaintime only whenit hasprovably received all
relevanteventsfrom otherprocessorsccurringbeforethattime. Optimistic protocols
werea key breakthroughn distributed DES. Theseallow eachprocessoto advance
its agentdorwardin time by assumingll relevanteventshave beenreceved,thereby
avoiding idle time. The catchis thatwhenanagentrecevesaneventin its “past; the
agenineeddo bereturnedo thestateit wasin whentheeventoccurredjts own actions
sincethattime mustbe undone andthe interveningcomputatioris wasted.Jeferson
wasamongthe first to definea provably correct,optimistic synchronizatiorprotocol
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alongwith a simple,elegantimplementatiorcalledthetimewvarp mechanisnj22]. We
now give a brief, simplifieddescriptionof this seminalalgorithm.

Eachprocesamaintainsthe stateof someportion of the modeledsystem. Each
processlsohasalocal clock measurindocal virtual time (LVT) at thatprocess.The
local clocksarenot synchronizedandprocessesommunicatenly by sendingmes-
sages.Every messagés time stamped with a time not earlierthanthe senders LVT
but possiblyearlierthanthereceier's LVT whenthe messagés receved. Processes
mustprocessventsin time orderto maintaincausalityconstraints.Whena receved
messagéasatimestampgaterthantherecever’'sLVT, it isinsertednto aninputqueue
sortedby timestamp A processs basicexecutionloopis to advancel VT to thetime of
thefirst eventin its inputqueueremove theevent,andprocesst. Advancingto anew
time meanscreatinga new state, andthesearequeuedn time orderin a statequeue.

If thefirst eventin a process input queuehasarecevetime earlierthanLVT, the
procesgerformsarollbadk by returningto thelateststatein its statequeuebeforethe
exceptionalevent’s time. This becomeghe new currentstate,its time becomeghe
new LVT, andall subsequerdtatesn thequeuearedeleted Already processeavents
occurringafterthenew LVT areplacedbackin theinputqueue Messagetheprocessor
sentto otherprocesseattimesafterthenew LVT are“unsent’via antimessges When
a processsendsa messageit addsa correspondingntimessagéo its outputqueue.
This is a negative copy of the sentmessageidenticalto it exceptfor a flipped sign
bit. Whena processs rolled backto anew LVT, all antimessageis the outputqueue
laterthanthistime aresent.Whena messagandantimessagareunitedin aprocess
input queue,they annihilateone anothey andthe net effect is asif a messagevere
never sent. Rollbackis recursve: antimessagemay trigger rollbacksthat generate
new antimessages.

Globalvirtual time(GVT)is theminimumof all LVTsamongthe processeandall
timesof unprocessethessageslt represents line of commitmentduring the simu-
lation: statesearlierthanGVT areprovably valid while statesheyond GVT aresubject
to rollback. Individual LVTsoccasionalljump backwards,but GVTmonotonicallyin-
creasesSincerollbacknever goesto a point beforeGVT, eachstatequeueneedsonly
to maintainonestatebeforeGVT. Earlierstatesaswell assaszedmessagepgriorto GVT
maybedeleted.

4 Timewarp Rigid Body Simulation

Rigid body simulationcomputesa continuougprocessut exhibits traits of DES.Bod-
ies “communicate”through collisions and persistentcontact. Collisionsarein fact
usuallymodeledasdiscretesvents.Contactis a continuouphenomenorhut it canbe
viewedasoccurringwithin a collectionof bodiesratherthanbetweerindividual bod-
ies. Thisview facilitatestheadaptatiorof thetimewarpalgorithmto uniprocessorigid
body simulation. The resultis a high-level simulationalgorithmthat doesnot suffer
from thewastedwork problemof RD nor the smalltimestepproblemof CA.

2Eachmessagactuallyhastwo timestampsa sendandreceve time, but onesuficesfor our purposes.
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4.1 Overview

First considera simulationwithout connectedor contactingbodies. Eachbody is a

separatdimewarp processwith a statequeuecontainingthe dynamicstate(position
andvelocity) of thebody at the endof eachintegrationstep. Thetimesof thesestates
aredifferentfor differentbodies.A globaleventqueuecontainsventsfor all simulated
bodies;this correspondgo a union of all the individual input queuesin Jefersons

algorithm. Eacheventhasa timestampanda list of the bodiesthatreceve it. One
iterationof the main simulationloop consistof remaving the eventfrom the front of

the eventqueue,integratingthe receving body or bodiesto the eventtime, andthen

processingheevent. Mosteventsarerescheduledfterthey areprocessedOur system
supportdour typesof events:

1. Collision ched eventsarerecevedby pairsof bodies,causinga collision check
to be performedbetweenthemat the giventime. Processingheseeventsmay
leadto collisionresolution.

2. Group ched eventstrigger collision checkingbetweencontactingbodiesand
alsocheckingfor whengroupsof suchbodiesshouldbe split. They canalsolead
to collisionresolution.

3. Rediaw eventsexist for every renderedbody. Processingneinvolveswriting
the currentposition of the body to a recordingbuffer. Reschedulingpccursat
fixedframeintenals.

4. Callbak eventsarerecevedby arbitrarysetsof bodiesandinvoke userfunctions
writtenin Sthemethat,for example drive controlsystemsReschedulings user
specified.

4.2 Collisionsand Rollback

If penetrations discoveredin processing collision checkor groupcheckevent,then
a collision hasoccurredat a time precedingthe time of the event. This may be a
normal collision or a soft collision producinga new persistentcontact. Either way,
the colliding bodiesmustbe rolled backto the collision time. This behaior differs
from that of standardtimewarp eventswhich only causerollback up to the time of
the event; it occursin rigid body simulationbecausesxact collision times cannotbe
predicted.To implementcollisionrollbackeachcollision checkandgroupcheckevent
hasan additionaltimestampa safetime, which is the time whenthe pair or groupof
bodieswaslastverifiedto bedisjoint. Whena collision checkor groupcheckeventis
processedandthereis no penetrationthesafetimeis updatedo thetime of thecheck.
Whenpenetratioris detectedthe safetime formsalower boundon the searchfor the
collisiontime. Sincerollbacknever proceedso a point beforethe safetime, GVT can
be computedasthe minimum of all LVTsandall eventsafetimes. This insuresthere
arealwaysstatego backupto whena collision occurs.
The antimessagemechanisnis moregenerathanwhatis neededor uniprocessor

rigid bodysimulation.Still consideringonly isolatedbodies the only inter-bodycom-
municationis throughcollisions; a suitablerecordof thesedrivesthe rollback. Pairs
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of correspondingpost-collisionstatesare linked together turning the individual state
queuesnto a dynamicstategraphasshown at thetop of Figure3. Thefigure depicts
theactionstakenwhenbodiesA and B collide. Body A is rolled backby deletingall
of its statesafter the post-collisionstate. (If B alsohadsuchstates,a twin rollback
operatiorwould begin in its own statequeue).Someof thedeletedstatesarelinkedvia
collisionsto statedn otherbodies.Theseinterbody communicationgarenow suspect
dueto the A-B collision, thusrollback proceedscrosghe collision links andthenre-
cursiely forwardthroughotherbodies’statequeuesUponcompletionof rollback,all
statesthat were possiblyaffectedby the A-B collision—andno others—areadeleted.
In this exampletherollbackinvalidatesa substantiahmountof work. It is anunusual
casebut onethe simulatormustbe preparedor.

Eventsmustalsoberolled back. This correspondso placingmessagebackin a
processs input queuein Jefersons original algorithm. An eventneedsto berolled
backonly if it involvesa body whosestatequeuewasrolled backto a time earlier
thanthe scheduledime of the event. Eventrollbackis type-specific.Redrav events
aresimply rescheduledo thefirst frametime following therollbacktime. Fixed-rate
callbackeventsarehandledsimilarly. If therollbacktime is earlierthanthe safetime
of a collision checkor group checkevent, the event is rescheduledo the rollback
time. If therollbacktime is betweernthe safetime andthe scheduledventtime, the
systenmpptimisticallyassumeso actionis necessaryT hisis agamblesincea collision
may make the previously computedcollision checktime inaccuratebut the timewarp
algorithmcanrecover gracefullyfrom poorly predicteccollisiontimes.

In total the timewarp algorithm requireslittle overheadand few additionaldata
structuresvhencomparedo a corventionalsimulator Any simulatorcomputesse-
quence®f bodystatesthe mainchangds thatthesearekeptin queuesandlinkedto-
getheratthecollision points.Rollbackis implementedvith asimplerecursvetraversal
of the stategraph.

4.3 Multibodies

Multibodies(or articulatedbodies)arecollectionsof rigid bodiesconnectedy joints,
asin ahumanfigure. Thetrajectoryof a singlemultibodylink cannotbe determined
in isolation;themotionof all links mustbe computedogether Little changds needed
to incorporatemultibodiesinto the timewarp framewvork. A single statequeuesenes
for the entiremultibody; it is advancedasa unit. Most eventsarestill handledon a
perrigid body(perlink) basis.When,for example,a particularmultibodylink mustbe
integratedto a certaintime for a collision check,thewhole multibody s integratedto
thattime. As aresult,statesaremoredenselyistributedalongmultibody statequeues
thanalongrigid body statequeues especiallyfor multibodieswith mary links. A
collisioninvolving asinglelink causeshewhole multibodyto berolled back.Clearly
timewarpdoesnot offer muchimprovementf all of thebodiesareconnectednto only
afew multibodies.
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Figure3: Top: Stategraphof afivebodysimulation.Theverticalconnection$ink post-
collisionstatesThegraystatesarenew post-collisionstategoundwhile processingin
A-B collision checkevent. Bottom: Therollback operationtriggeredby the collision.
Crossedstatesaredeletedandrepresentvastedwork, but forwardprogresss indicated
by theadvancemenof GVT.

4.4 Contact Groups

Contactgroupsare collectionsof rigid bodiesand multibodiesin persistentontact;
the componenbodiesexert continuousforceson eachothet The componentsnust
againbe integratedas a unit, but unlike multibodiescontactgroupsarefluid: bodies
may join or leave groups,andgroupsare createdand destroyed during a simulation.
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Contactgroupshave no analogin the classicakimewarp algorithm,which is designed
for a staticsetof processesMost of the addedwork in implementingtimewarp rigid
body simulationis in managingcontactgroups.To impartsomeorderwe requirethat
groupscompriseafixedsetof bodieswhenthesetmustchangeanew groupis created.
Groupsarecreatedy fusionsandfissions.A fusionis asuitablysoft collisionbetween
two bodies,afterwhich they areconsideredo remainin contact.Eitherbody may be
part of a multibody or anothergroup. A fissionis a splitting of a groupinto two or
moreisolatedbodiesor separaténon-contactingyjroups.

A ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
777777777777777777777777777777777777777777777777 o—
O ,,,,,,,,,,
ABF
ABCDF [ }————]
ABDF [}———]
CF[}
ADF[——-o_]
ADEF [ }—F—
\ | | | | | | | time
Jjoins usion O ISsion O eaves Jjoins
t B joi fusion of t fission of Bl E joi t
AF CDF & ABF 1 ABCDF ABDF ADF 2

Figure4: Top: The stategraphfor a portion of a six body simulation. Circles are
isolatedbody statesand squaresare contactgroup states.Bottom: The physicalcon-
figurationof the bodiesat threedistincttimes. Moving bodiesin contactgroupsare
coloredto matchthetop partof thefigure. Seetext for details.

The compleities of contactgroupevolution arebestexplainedby example. The
top of Figure4 shavsthe stategraphfor five rigid bodieslabeledA-E andthevarious
contactgroupsthat exist over the time interval [to, t2] (body F' doesnot have a state
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queuesinceit is fixed). The bottom of the figure depictsthe physicalconfiguration
at threedistincttimes. At time ty, only bodiesB and E areisolated;the othersare
memberof two contactgroups,AF andC' D F'. Only kinematicallycontrolledbodies,
of whichfixedbodiesarea specialcase maybememberof multiple groupsatagiven
time; suchbodiesdo not link groupstogethersincetheir motion andthe forcesthey

exerton otherbodiesareindependentf theforcesexertedon them. Dottedhorizontal
linesindicateintervalswithoutisolatedstatessincethebodyis partof agroup. Thefirst

changeaftert, is afusioncollision betweend and B, creatinga new group,ABF'. D

and E thencollide, but this is a standardhon-fusion)collision so E remainsisolated
andCDF intact. The D-E collision doessetD in motion, eventuallyleadingto an
A-D fusion collision. This latter collision causegwo previously separateroupsto

fuseinto asingleone,whichis thesituationattime ¢;. Next D breakscontactwith C,

triggeringthefissionof ABCDF into ABDF andCF'. No collision occurredhere;
fissionscanbe causedsimply by breakingcontacts Still sliding, D pushesB off of 4,

causingB to leave the contactgroupandreturnto anisolatedstate. Finally, E lands
andsettlesonto D, fusinginto anew groupADEF'.

The stategraphin the figure only shavs statesrelevantto the discussion.There
would actuallybe mary more statesalongall of the statequeuesgeneratedy other
eventsanddiscontinuities.For examplethereare usuallymary non-fusioncollisions
leadingup to a fusion collision as bodiessettle. At ary time coordinateeachnon-
kinematicbody is isolatedor a memberof exactly one group. Thusthereis never
ambiguity aboutwhat the stateof a body is at a given time, or from which stateto
integratewhencomputinga new stateof a body. To computethe stateof body B at
timet,, integrationproceeddrom thelatestisolatedstateof B prior to t5. To compute
the stateof B attime ¢;, integrationproceeddrom thelateststateof groupABCDF
prior to ¢;. To facilitatethis, the stategraphhasadditionalpointersnot shovn in the
figure. A fusioncollision pointsto the new groupit createsif ary. Also, thelaststate
of everyfissuredgrouppointsto the newly isolatedbodiesandsubgroupshatsucceed
it. Thesepointersmake it possibleto find for ary body B andtime ¢ the lateststateof
B, possiblyin a group,prior to t. The searchbeginswithin B’s own (isolated)state
queueandextendsinto contactgroupsif necessarypy following pointers.Sometimes
severalpointersandcontactgroupsmustbetraversedo find the properprior state.The
pointersalsofacilitaterollback. Whena fusion collision stateis deleted the rollback
proceedgo the new groupformedby the collision, if ary. Whenthe last stateof a
fissuredgroupis deleted rollback proceeddo the isolatedbody and subgroupstates
thatsucceeded.

Overtheinterval shavn in Figure4, six new contactgroupsarecreatedn addition
to thetwo thatexistedatty. At t5 only two remain.Groupsareterminatedvhenthey
fuseinto new groupsor whenthey fissureinto pieces.Terminationdoesnot meanthe
groupcanbedeletedsincerollback cancausesventprocessingn non-temporabrder
For exampleit may be necessaryo determinehe stateof body B attime ¢; afterthe
groupABCDF is terminated.OnceGVT passeshe last statein a terminatedgroup,
however, thegroupis obsoleteandthestoragecanbereclaimed A groupis alsodeleted
whenarollbackoperatiorannihilatesall of its states.

Intra-groupcollisiondetectionis handledn oneof two ways.If bodiesA andB are
in the samegroupbut not currentlyin contactthe standard4-B collision checkevent
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triggerscollisiondetectiorbetweerthem.Eachgrouphasagroupcheckeventthatper

formsall of the collision detectiorbetweeralreadycontactingoodies. Thedistinction
is neededsincemostcollisiontime predictorsdo not computemeaningfulresultswhen
the separatiordistanceis nearzero. Instead,group checkeventsare schedulecht a
fixed,userspecifiedrate. While collision detectiorbetweend andB is beinghandled
by a groupcheckevent,theordinary A- B collision detectioreventis disabled.

Group checkeventsare alsoresponsibldor detectingfissions. A graphis con-
structedn whichthegroup’snon-kinematidbodiesareverticesandcontactsareedges.
A standarcconnectedomponenalgorithmis performedon this graph.Multiple com-
ponentsndicatethatthe groupcanbe split. Thereis flexibility in the time to split a
group.Integratinga groupwith multiple connecteaomponentsloesnot give awrong
answer;it is simply inefficient since smallergroupscan be integratedfasterthana
singlecombinedone.

4.5 Collision Checks

At ary givenpointin asimulation collision checkings enableetweercertainactive
pairs of bodies,which are hopefully smallin numbercomparedo the total number
of pairs[21]. Every non-contactingactive pair requiresa collision checkevent. The
bodies’statequeuegprovide asimpleway to keepthenumberof active pairssmall. An
axis-alignedboundingbox is maintainedaroundthe setof statescurrentlycomputed
for eachrigid body (hencethereare multiple boxesfor multibodiesandgroups).This
sweptvolumegrows asnew statesarecomputedjt shrinkswhenstatesaredeletedas
GVT movespastthem. Using six heapgo maintainthe minimumandmaximumz;, y,
and z coordinatef therigid body at eachstate,the sweptvolume over n statesis
updatedn O(logn) time.

Thepairsof sweptvolumeghatoverlapcanbemaintainedisingahierarchicahash
table[29] or by sortingcoordinateglongthethreecoordinateaxes[3, 14]. If theswept
volumesof bodiesA andB donotoverlap,thenA4 and B areknownto becollisionfree
overtheinterval [GVT, tyin (4, B)], wheret in (4, B) isthetime of A’sor B’slatest
statewhicheveris earlier As long asthe sweptvolumesremaindisjoint, A and B are
not an active pair. Now supposentegrationof B causests sweptvolumeto overlap
thepreviously disjoint sweptvolumeof A. To avoid missingcollisions,anew collision
checkeventfor A and B is scheduledor the time given by the valueof ¢,,i,(4, B)
before B wasintegrated(Figure5). The bodiesareknown to be collision free before
this point. Thisnew eventis in B’s past,but thetimewarpalgorithmcanaccommodate
it; if a collision did occurthenrollbackwill rectify the situation. The collision check
eventfor A and B remainsactive aslong astheir sweptvolumesoverlap.This method
workseventhoughthe sweptvolumesexist over differenttime intervalsandmay have
no statesat commontimes. Inactive pairsdo not needto be synchronizedn orderto
remaininactive, which avoids costly integrationinterruptionsfor the vastmajority of
bodypairs.
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A

Figure5: WhenB isintegratedto thestateshavnin gray, sweptvolumeoverlapoccurs.
A and B becomean active pair, anda collision checkis scheduledat the earliertime
of thetwo redstates.

simu- # of avgtime avg
lation # of discont- | between| integr'n
duration | rigid bodies inuities disconts| step
simulation (s) maving/total | (thousands) (ms) (ms)
atoms 120 302/ 308 51.9 231 6.25
cars 60 428/ 524 17.8 3.38 14.9
robots 120 240/ 430 26.8 4.48 9.88
avalanche 45 300/ 824 217 0.208 3.39
total total comp
# of integr'n rollback time/
integr'ns / moving / maoving frame
simulation | (millions) body (s) body (s) (s)
atoms 6.04 125(+4.2%) | 0.278(0.23%) | 0.767
cars 1.98 69.2(+15%) | 1.57(2.6%) | 0.904
robots 3.00 124(+3.3%) | 1.45(1.2%) | 0.707
avalanche 5.84 66.0(+47%) | 7.15(16%) 97.0

Tablel: Datacollectedoverthefour simulations.

4.6 Callback Functions

It is difficult to completelyhidetheunderlyingtimewarpnatureof thesystenfrom user
callbackfunctions.Becausghebodies’LVTsarenot synchronizedgallbackfunctions
involving differentbodiesarenotinvokedin stricttemporabrdet In fact,acallbackfor
a singlebody may not be invoked at monotonicallyincreasingimesdueto rollback.
Thus, a collision callbackthat countsa body’s collisions by incrementinga global
counteris flawed sinceit may getcalledwith the samecollision multiple times. One
conventionthatguaranteesorrectbehaior is to forbid callbackfunctionsfrom access-
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ing globaldata. The functionshouldonly usethedatapassedn: thetime of theevent
andthe statef therelevantbodiesatthattime. Datathatmustpersistacrosscallback
invocationsare supportedy adjoiningnew slotsto the statesof bodies.Unlike posi-
tion andvelocity values thevaluesin theseslotsaresimply copiedfrom stateto state
sincethereis no needto integratethem, but callbackfunctionscanaccessaand mod-
ify thesevalues. Changesare appropriatelyundonewhenthe statequeuesarerolled
back. Thecollisioncounteris implementedorrectlyby attachinganintegerslotto the
body state.The callbackfunctionincrementghe counter androllback may causethe
counterto decrease.

5 Results

We now describeheresultsof simulatingfour differentsystemswith atimewarprigid
body simulator(Figuresl and7). Ourimplementatiordraws from a myriad of com-
ponentalgorithmsand techniquesdescribedn the literature; Appendix A describes
themajorones.Rolustness—alaysanissuein rigid body simulation—isparamount
for the kinds of simulationsstudiedhere. Anything that cango wrong certainly will
whensimulatinglarge systemsverlong times. Ourimplementatiorfavorsrobustness
over efficiengy. Theissuesare not the underlyingcomponentsior the absoluteeffi-
cieng of this particularimplementatiorbut the degreeto which timewarp improves
ary implementatiors performance.

Atomssimulates200 spheresand 100 waterlike moleculesbouncingin a divided
box. During the simulationthe divider compressesnecompartmenandlifts to allow
the gassedo mix. Cars simulatesfour multibody vehicleswith active wheelveloc-
ity and steeringanglecontrollers. Thesedrive over a coursewith speedoumpsand
an array of 400 sphericalpendulums. Robotssimulates20 eight-link manipulators
thatrepeatedlypick up boxesandthrow them. Therobotsarefully dynamicobjects,
controlledvia joint torquescommandedy callbackfunctions. Callbacksalsousean
inversekinematicmodelfor motion planning. Finally avalande simulates300rigid
bodiestumblingdown a mountainsidegreatinga vastnumberof interactionsWith the
exceptionof atoms all simulationsuserealisticvaluesfor length,masstime andearth
gravity. Eachwasgeneratedrom a singlerun.

5.1 Full Timewarp Simulation Data

Table1 shows datacollectedover the courseof performingthe full simulations.The
percentages thetotal integrationandrollback columnsarewith respecto the simu-
lation duration.Computatiortimesweremeasure@n an SGI Onyx (200MHzR 10000
CPU).Integrationandrollbackintervals of multibodiesandgroupswereweightedby
thenumberof individualrigid bodiesinvolved. Thereasorthattotalintegrationminus
rollbackexceedglurationis becausef theaddedntegrationinvolvedin localizingdis-
continuities.Whenadiscontinuityis detecteaveraninterval, thesimulatormustcom-
putenew statesof therelevantbodiesin orderto localizeit. This meange-integrating
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over certaintime intervals,increasinghetotal integrationtime 3

Worth notingis theamountby which theaveragentegrationstepexceedgheaver
ageinterval betweerdiscontinuities This of courses a key advantageof thetimewarp
algorithm:integrationof abodydoesnothaltateverydiscontinuitybut only attheones
which arerelevantto it. Thefactthattheactualintegrationstepsare2—16timeslarger
thanthe averageinterval betweendiscontinuitiesis especiallynotavorthy sinceary
simulationstratgly (RD, CA, or timewarp) mustched for discontinuitiesat a much
higherratethanthey actuallyoccur In our experimentschecksouthnumberedictual
discontinuitiedy two ordersof magnitude.UnderRD or CA, all bodiesarehaltedat
every check,althoughthe problemis lesssevereunderRD sincecollision checksare
synchronizedTablel alsoshavsthatrollbackis amodestost. Throughjudiciousun-
doing,timewarpavoidsthelargeamountof wastedwork inherentin RD asthenumber
of bodiesincreases.

In severalperformanceneasureshe avalantesimulationis anoutlier. The slow
simulationspeeds notbecausg¢imewarpis notworking. Theratio of averagentegra-
tion stepto averageime betweerdiscontinuitiess quitegood,andthetotal integration
perbody; while high, is not prohibitive. The main difficulty is the compleity of the
contactgroups: over 16,000groupsare formed, somehaving as mary as 64 mov-
ing bodiesand 217 simultaneougontacts.Simulatingan avalancheusing particle or
position-basegbhysicsmay be more practical,but the exampleshows that timewarp
canhandleevenextremecaseavell.

5.2 Comparative Simulation Data

Table 1 suggestghe timewarp algorithmis a goodidea. Furtherexperimentsgive a
morequantitatve measur®f theimprovemenit brings.We addedalternatenainloops
to the simulatorto let it useRD andCA policiesinsteadof timewarp (TW). The RD
algorithmis parameterizely the basictimestepto attempton eachiteration;we used
valuesof 0.001,0.01,and1/30second.All five algorithmswererun on atwo-second
sggmentof anatomssimulation,with thedividerstationaryin themiddleof theboxand
with the numberof bodiesvaryingfrom 25 to 200. The upperpartof Figure6 shovs
the averageintegrationsteptaken by the simulatorunderthe variousalgorithms.The
resultsconfirmthekey problemwith CA: asthenumberof bodiesncreasesheaverage
timeto thenext discontinuitycheckdecreasesAs Figure2 shaws, thesmallstepshave
a drasticeffect on computationakost. RD’s averagetimestepis not as sensitve to
the numberof bodiessinceit alwaystries to take a fixed size stepforward. TW is
alsonot sensitve to it sincethe bodiesaredecoupled.Thelower portion of thefigure
exposeghe problemwith RD: wastedwork. For a two-second200-bodysimulation
anda frameratetimestep RD integrateseachbody anaverageof 30 secondsThisis
to becomparedvith TW'svalueof 2.3secondsaindthemodespercentagein thetotal
integration columnof Tablel. CA never integratesmorethantwo secondser body
sinceit usesa one-sidedapproacho eachdiscontinuity

Actual executiontimes shedfurtherlight. For 100 atoms,RD-1/30is the narrav

SBaraf cleverly avoids this wasteby using internal valuesof the Runge-Kitta integrator to obtaina
polynomialapproximatiorof the stateover anintegrationstepfor free[5].
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Figure6: Integrationstatisticsfor variousatomssimulations.

winnerat 0.142s/frame,while TW was0.147s/frameandCA was1.15s/frame.By
200 atoms,TW is clearly superiorat 0.388s/frame,while RD-0.01, the fastestRD
algorithm,was2.61s/frameandCA was4.74s/frame.
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6 Conclusion

Timewarprigid body simulationis clearly ableto simulatelarger systemswith more
interactionghantraditionalsynchronizegimulationalgorithms.Themostobviousav-
enuedor futureresearchnvolve parallelrigid body simulation. Timewarp simulation
helpspave theway to this goalsincetheindividual bodiesareevolvedasynchronously
If the algorithmrunson multiple processorsgelaysdueto communicationatencies
arehandledin the sameway asbad predictionsof discontinuitytimes: with minimal
rollback.

The simplestway to structurea parallel simulatorwould be to have one master
processothatrepeatedlysendsntegrationtasksto a bevy of slave processorsAll of
theglobaldatastructuresouldbe keptonthemasteiprocessarequiringlittle change
in the algorithmspresentedhere. This could significantlyboostperformancever the
uniprocessocasebut suffersfrom a bottleneckat the master An egalitarianapproach
in which bodiesaredistributedamongprocessorss ultimately morescalable.Impor-
tantopenguestionsrehow to parcelthebodiesamongprocessorandhow to balance
workloads. At oddsarethe goalsof minimizing interprocessolcommunicatiorby
keepingbodiesin the samespatialregion onacommonprocessoandminimizingidle
timeby shiftingbodiesto idle processorsAt ary ratesomemethodandstrateyy for mi-
gratingthe bodiesbetweerprocessorseemsappropriate Rollbackprobablyrequires
afull antimessagenechanisnsincethe stategraphis likely to be distributed. Other
questionssurroundhow andwhereto storedatastructuredik e the spatialhashtable,
whichis frequentlyaccessety all bodies.Eventsinvolving multiple bodiesmight be
redundantlystoredandprocesse@®n multiple processorsr on only oneof therelevant
processors.Finally, therearevariousprotocol choicesfor passingstateinformation
betweerprocessorsClearlytherearemary challengego building a large simulation
farm. Yetthe prospecof rich virtual ervironmentsbuilt on a physics-basedubstrate
is adequatenotivationto pursuethem.

A Implementation Details

Our systemis implementedn C++. All geometriesare modeledas corvex polyhe-
dra or unionsthereof. The v-clip algorithm[27] is usedfor narrov-phasecollision
detection;a hierarchicalspatialhashtable[26, 29] containingaxes-alignecdounding
boxesis usedfor thebroadphase For nearbybodiesnotin contacttimesto impactare
estimatedrom currentpositionsandvelocitiesasin [26], but the predictionsare not
consenative. Persistentontactis modeledusinga penaltyforce method;springand
damperconstantarespecifiedper body pair. Inspiredby [1] we useanimplicit inte-
grator(4th orderRosenbrock30]) with asparsesolver[15] to handlestiffnessinduced
by the penaltymethod. This is only necessaryor contactgroups;isolatedbodiesare
integratedwith a 5th order Runge-Kittaintegrator[30]. We usea smoothnonlinear
friction law, f;/f» = tanh(v;/e) [34]; staticfriction is notmodeled.Reducedoordi-
natesareusedfor multibodieswith dynamicscomputedy ageneralized-eatherstone
algorithm[16] in the isolatedcaseandby the spatialcomposite-rigid-bodwalgorithm
[24] within contactgroups. The latter is more suitedto generatinghe acceleration
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Jacobiarrequiredby theimplicit integrator

Figure7: Leftto Right snapshotfrom theatoms cars androbotssimulationgthanks
to Larry Gritz for Blue MoonRenderinglools).

References

[1]

(2]

(3]
[4]

[5]
(6]

D. Baraf andA. Witkin. Largestepsin cloth simulation. In Michael Cohen editor, SIG-
GRAPH98 ConfeenceProceedingsAnnual ConferenceSeries pagest3-54.ACM SIG-
GRAPH,AddisonWeslgy, July 1998.

David Baraf. Curvedsurfacesandcoherencéor non-penetratinggid bodysimulation.In
ComputerGraphics(SIGGRAPHI0 ConfeenceProceedings)volume 24, pages19-28,
August1990.

David Baraf. DynamicSimulationof Non-Renetating Rigid Bodies PhDthesis,Depart-
mentof ComputerScienceCornellUniversity March1992.

David Baraf. Fastcontactforce computationfor nonpenetratingigid bodies. In SIG-
GRAPH94 ConfeenceProceedingsAnnual ConferenceSeries page23-34.ACM SIG-
GRAPH,AddisonWeslgy, 1994.

David Baraf. Interactive simulationof solid rigid bodies. IEEE ComputerGraphicsand
Applications 15(3):63—-75May 1995.

RonenBarzelandAlan H. Barr. A modelingsystembasedon dynamicconstraints. In
ComputeiGraphics(SIGGRAPHS8 ConfeenceProceedings)volume22,pagesl 79-188,
August1988.

MERL-TR-2000-17 April 2000



[7]
(8]
9]

(10]

(11]

(12]

(13]

(14]

(15]

(16]

(17]

(18]

(19]

(20]

(21]
[22]
(23]
(24]

(25]

18

J.Basch/.J. Guibas,andJ. Hershbeger Datastructuredor mobiledata.In Proceedings
of 8th Symposiunon DiscreteAlgorithms 1997. To appeaitin J. of Algorithms.

RaymondM. Brach. MedanicalImpactDynamics;Rigid BodyCollisions JohnWiley &
Sons,Inc.,1991.

David C. Brogan,RonaldA. Metoyer, and JessicaK. Hodgins. Dynamically simulated
characterén virtual environments.|EEE ComputerGraphicsand Applications 18(5):58—
69, Septembe998.

StepherCameron. EnhancingGJK: Computingminimum penetratiordistancesetween
corvex polyhedra.In Proceeding®f International Confeenceon Roboticsand Automa-
tion. IEEE, April 1997.

DeborahA. Carlsonand JessicaK. Hodgins. Simulationlevels of detail for real-time
animation.In Proceeding®f Graphicsinterface’97, pagesl—8,1997.

Anindya Chatterjeeand Andy Ruina. A new algebraicrigid body collision law based
on impulsespaceconsiderationsJournal of AppliedMecanics 65:939-951December
1998.

StepherChenng, Jefrey Ichnowski, andDavid Forsyth. Dynamicsmodelingandculling.
IEEE ComputerGraphicsand Applications 19(2):79-87March/April 1999.

JonatharD. Cohen,Ming C. Lin, DineshManocha,andMadha K. Ponamgi. I-collide:
An interactie andexactcollision detectiorsystentor large-scalegrvironments.ln Sym-
posiumon Interactive3D Graphics pagesl89-196 ACM SIGGRAPH April 1995.

J.DongarraA. LumsdaineR. Pozo,andK. Remington A sparsematrixlibrary in c++for
high performancerchitecturesin Proceeding®f the SecondObjectOrientedNumerics
Confeence page214-2181992.ww. mat h. ni st. gov/ i m ++.

R. FeatherstoneThe calculationof robotdynamicsusingarticulated-bodynertias. Inter-
nationalJournal of RoboticsResearh, 2(1):13-30,1983.

S. GottschalkM. C. Lin, andD. Manocha.Obb-tree:A hierarchicaktructurefor rapidin-
terferencealetection.In Holly Rushmeiereditor, SIGGRAPH6 ConfeenceProceedings
AnnualConferenceSeriesACM SIGGRAPH,AddisonWeslg, August1996.

Brian Von Herzen,Alan H. Barr, and Harold R. Zatz. Geometriccollisions for time-
dependenparametricsurfaces. In ComputerGraphics(SIGGRAPHI0 ConfeencePro-
ceedings)pages39-48,1990.

Jessic&. HodginsandNang S.Pollard.Adaptingsimulatecoehaiorsfor new characters.
In TurnerWhitted, editor, SIGGRAPH97 ConfeenceProceedingsAnnual Conference
Seriespagesl53-162ACM SIGGRAPH,AddisonWesle/, August1997.

Jessic&. Hodgins,WayneL. Wooten David C. Brogan,andJamed- O'Brien. Animating
humanathletics. In SIGGRAPHI5 ConfeenceProceedingsAnnual ConferenceSeries,
pages/1-78.ACM SIGGRAPH AddisonWesley, 1956.

Philip M. Hubbard. Approximatingpolyhedrawith spheregor time-critical collision de-
tection. ACM Transactionson Graphics 15(3),July 1996.

David R. Jeferson. Virtual time. ACM Transactionson ProgrammingLanguaes and
Systems7(3):404—-425July 1985.

V. V. Kamat.A sunwey of techniquegor simulationof dynamicdynamiccollisiondetection
andresponseComputerGraphicsin India, 17(4):379-3851993.

KathrynW. Lilly . EfficientDynamicSimulationof RoboticMedanismsKluwer Academic
PublishersNorwell, 1993.

Victor J. Milenkovic. Position-base@hysics:Simulatingthemotionof mary highly inter
actingspheresindpolyhedraln Holly Rushmeiereditor, SIGGRAPH6 ConfeencePro-
ceedingsAnnualConference&eriespagesl29-136 ACM SIGGRAPH AddisonWeslsy,
August1996.

MERL-TR-2000-17 April 2000



19

[26] Brian Mirtich. Impulse-basedynamicSimulationof Rigid Body Systems PhD thesis,
Universityof California,Berkeley, Decembef996.

[27] BrianMirtich. V-Clip: fastandrobustpolyhedrakollisiondetection ACM Transaction®n
Graphics 17(3):177-208July 1998. Mitsubishi Electric Research.ab TechnicalReport
TR97-05.

[28] J.ThomasNgoandJoeMarks. Spacetimeonstraintsevisited. In SIGGRAPH3 Confer
enceProceedingsAnnualConferencé&eriespages343—-350ACM SIGGRAPH Addison
Weslgy, 1993.

[29] M. Overmars.Pointlocationin fat subdvisions. InformationProcessind_etters, 44:261—
265,1992.

[30] William H. PressSaulA. Teulolsky, William T. Vetterling,andBrianR. Flannery Numeri-
cal Recipesn C: TheArt of ScientificComputing CambridgdJniversityPressCambridge,
seconckdition,1992.

[31] EdwardJ.Routh. ElementaryRigid Dynamics Macmillan,London,1905.

[32] Karl Sims.Ewvolving virtual creaturesin SIGGRAPH4 ConfeenceProceedingsAnnual
Conferenceseriespagesl5-22.ACM SIGGRAPH AddisonWeslegy, 1994.

[33] JohnM. Sryder, AdamR. Woodhury, Kurt Fleischer BenaCurrin, andAlan H. Barr. In-
tenal methodgfor multi-pointcollisionsbetweertime-dependertunedsurfaces.In SIG-
GRAPH93 ConfeenceProceedings Annual ConferenceSeries,pages321-333.ACM
SIGGRAPH AddisonWeslgy, 1993.

[34] PengSong, PeterR. Kraus, Vijay Kumar and Pierre Dupont. Analysis of rigid body
dynamicmodelsfor simulationof systemawith frictional contacts. Submittedto ASME
Journalof Applied Mechanics,Junel999.

[35] D.E.StevartandJ.C.Trinkle. An implicit time-steppingschemédor rigid body dynamics
with inelasticcollisionsandcoulombfriction. InternationalJournal of NumericalMethods
in Engineering39:2673—-26911996.

[36] J.C.Trinkle, J.S.Pang, S. Sudarsl, and G. Lo. On dynamicmulti-rigid-body contact
problemswith coulombfriction. Zeitsdrift fur AngewandteMathematikund Mecanik
77(4):267-2791997.

[37] Andrewn Witkin, Michael Gleicher andWilliam Welch. Interactve dynamics. Computer
Graphics 24(2):11-22March 1990.

MERL-TR-2000-17 April 2000



	Title Page
	Title Page
	page 2


	Timewarp Rigid Body Simulation
	page 2
	page 3
	page 4
	page 5
	page 6
	page 7
	page 8
	page 9
	page 10
	page 11
	page 12
	page 13
	page 14
	page 15
	page 16
	page 17
	page 18
	page 19
	page 20
	page 21


