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Abstract. Antialiasingis a necessarycomponentof any high quality renderer.
An antialiasedimageis producedby convolving the scenewith an antialiasing
filter andsamplingtheresult,or equivalentlyby solvingtheantialiasingintegral
ateachpixel. Thoughmethodsfor analyticallycomputingthis integralexist, they
requirethe continuoustwo-dimensionalresult of visible-surfacecomputations.
Becausethesecomputationsareexpensive, mostrenderersusesupersampling, a
discontinuousapproximationto the integral. We presenta new algorithm, line
sampling, combininga continuousapproximationto the integral with a simple
visible-surfacealgorithm. Line samplingprovides high quality antialiasingat
significantlylower costthananalyticmethodswhile avoiding thevisualartifacts
causedby supersampling’s discontinuousnature.
A line sampleis a line segmentin theimageplane,centeredat a pixel andspan-
ning thefootprint of theantialiasingfilter. Thesegmentis intersectedwith scene
polygons,visible subsegmentsare determined,and the antialiasingintegral is
computedwith thosesubsegmentsanda one-dimensionalreparameterizationof
theintegral.
On simplesceneswhereedgedirectionscanbeprecomputed,onecorrectlyori-
entedline sampleperpixel sufficesfor antialiasing.Complex scenescanbean-
tialiasedby combiningmultiple line samplesweightedaccordingto theorienta-
tion of theedgesthey intersect.

1 Introduction
Aliasing, themasqueradingof a signal’s high frequenciesaslow frequencieswhenthe
signalis sampledat too low a rate,hasplaguedcomputergraphicssinceits inception.
Images(two-dimensionalsignals)generatedfrom scenescomprisedof polygonsare
particularlyproneto aliasingsincepolygonedgescontaininfinitely high frequencies
whichaliasasthewell-known “jaggies.”

Thesamplingtheoremstatesthatasignalcanbecorrectlyreconstructedfrom areg-
ularsamplingonly if thesignal’smaximumfrequency componentis below theNyquist
limit, definedashalf thesamplingrate.Frequenciesabove theNyquist limit appearas
low-frequency aliasesin thereconstructedsignal.Thenäıvemethodto reducealiasing
is to representthesignalwith moresamples(e.g.,by addingmorepixelsto thedisplay),
but this is usuallyunacceptable.Thepreferredmethodis to bandlimit thesignalor im-
ageprior to samplingby convolving it with afilter thatattenuatesthehigh frequencies.
Convolving an image ã with a bandlimitingfilter ä andthensamplingat location å
canbeexpressedastheintegral
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where

æ
is theresultingsampledimage,madeupof pixelsatthesamplepoints ò,å=ó . We

referto ä astheantialiasingfilter2 andtheequationaboveastheantialiasingintegral.
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2Also known astheprefilter or presamplingfilter.



The perfectbandlimiting filter, ö3÷�ø(ù , completelyremoves frequenciesabove the
Nyquist limit, but hasinfinite extentandcauses“ringing” in images,makingit unsuit-
ablefor antialiasingin mostcases.A smooth,positive filter with finite extent (e.g.,a
truncatedGaussian)is preferablefor efficiency andaesthetics.

Therearetwo commonmethodsfor computingthe antialiasingintegral. Analytic
methodscomputetheintegraldirectlyfromacontinuousrepresentationof ã . Pointsam-
pling methods,or supersampling, approximatethe integral by sampling ã at multiple
pointsaroundå andcomputing

æ�ç åAë asaweightedsumaccordingto ä .
For three-dimensionalscenes,ã is the two-dimensionalsolutionto thevisible sur-

faceproblem.Computinga continuousrepresentationof visiblesurfacesis non-trivial,
which haslimited theuseof analyticapproachesdespiteefficientmethodsfor comput-
ing theintegraloncevisiblesurfacesareknown.

Supersamplingresultsin muchsimplervisible surfacecalculations,sincevisibility
needonly bedeterminedat independentpoints.However, supersamplinghassomeneg-
ative traits. Sincethesamplingpointsarediscrete,it is a discontinuousapproximation
to theantialiasingintegral. A smallmovementof anedgecancausea samplepoint to
changefrom insideto outsideapolygon,resultingin a jump in pixel value.Also, small
featurescanbemissedentirelyby thesampling.Finally, regularlyspacedsamplesresult
in patternedaliases,whichareeasilydetectedby thehumaneye. Adaptiveandstochas-
tic samplingcanalleviate discontinuousbehavior andpatternedaliases,respectively,
but lacka regularstructuremakingthemlessamenableto efficient implementation.

In this paperwe introduceline sampling, a new antialiasingmethodthatcombines
a continuousapproximationto the antialiasingintegral with a simple visible-surface
algorithm.Line samplingcomputestheantialiasingintegral from the intersectionof ã
anda line segmentcenteredat å andspanningthe footprint of the filter ä , giving a
one-dimensionalsignalthat is antialiasedanalyticallyaccordingto ä . Theunderlying
assumptionis that the one-dimensionalsignalalongthe line sampleis representative
of the two-dimensionalimage ã near å . This assumptionis valid if the line sample
is orientedperpendicularlyto nearbyedgesin ã . Unfortunately, determiningsucha
directionis impossiblein somecases,andinfeasiblein general.

In practice,samplingslightly off the optimal direction gives acceptableresults,
which leadsus to taking multiple line samplesper pixel andcombiningtheir results
basedon local imagefeatures. With two perpendicularline samples,this approach
produceshigh qualityantialiasedimages,comparableto thosefrom analyticmethods.

Line sampling’s analyticnaturewith regardsto one-dimensionalfeaturesgives it
smoothbehavior when thosefeatureschangeslightly, as in animations. This yields
much more aestheticallypleasingresults,preventing the “twinkling” effects that are
visible in animationsgeneratedwith supersampling(unlessa largenumberof samples
areused).

1.1 Related Work
A tutorial on antialiasingis givenby Foley in [12], andJoy [16] includesanexcellent
review of antialiasingmethods[1, 4, 5, 6, 7, 8, 9, 11, 17, 23, 26, 27]. More recentwork
on analyticmethodsincludes[10, 14, 19], all of which assumea precomputedsolution
to thevisible surfaceproblem.Recentwork on supersamplingincludes[20, 21, 22].

An interestingvariation of particular relevanceis given by Max in [18], which
presentsahybrid techniqueusingdatafrom ascanlinerendererto antialiasscenes,pro-
viding a methodsimilar to analyticantialiasingin onedirectionandregularsupersam-
pling in theother. Thisis roughlyequivalentto ourmethodwith asingleline sampleper
pixel andeachline samplehaving thesameorientation.He extendshis methodin the
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Fig. 1. Theintersectionof a triangledefinedby theedgeequationsü A, B, C ý anda line sample
centeredatpixel P. Theintersectioncanbecomputedasthesegmentalongtheline samplewhere
theedgeequationsareall positive,asshown in thegraph. þ8ÿ and þ�� aretheanglesof intersection
betweentheline sampleandtheedgesA andB of thetriangle.
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Fig. 2. Visible segmentcalculation.On the left, triangleT1 partially obscurestriangleT2. On
theright, T1 andT2 intersect.Thedepthinformationis shown in thegraphs.

samepaperto usedatafrom adjacentscanlinesandtheslopesof theedgesintersected
by scanlinesto infer a moreaccurateapproximationof theimageprior to filtering. An
extensionof thismethodis describedby Tanakain [25] in whicheverypolygon’sexact
coverageis determinedby insertinga verticalscanlineat eachpositionwhereanactive
edgeis created,destroyed,or intersectsa horizontalscanline.Theseverticalscanlines
areboundedby thetwo neighboringhorizontalscanlinesto reducecomputationalcost.
Evenso,their methodis 4-8 timesslower thantraditionalscanlinerendering.Guenter
[14] also usesone-dimensionalsamples,but takes themfrom a precomputedvisible
surfacesolutionandusesthemto approximatethe antialiasingintegral via Gaussian
quadrature.

We extendMax’s work in [18] by usingmultiple samplingdirectionssimultane-
ously, by consideringindependentsamplingdirectionsfor eachpixel, andby combin-
ing multiple samplesperpixel. We do not useedgeslopesin theapproximationof ã ,
thoughour methodcouldbe extendedto do so. As will be shown (

�
3.2), our method

produceshigh quality resultswith a costof only abouttwice thatof a scanlinerender.

2 Line Sampling
Computingan approximationto the antialiasingintegral at a pixel with line sampling
involvesthreesteps:intersectingthe line sample(a line segmentin the imageplane)
with polygonsin the scene,calculatingvisible segmentsalong the line sample,and
computingthe filtered result. Thesecalculationstake placeafter the polygonsin the
scenehave beenconvertedto trianglesandtransformedto screenspace.A line sam-
ple canbeorientedin any direction;we assumea horizontalsamplefor the following
discussion.
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Fig. 3. Left: Extensionof visible segmentsto two dimensions. The visible segmentsare
“stretched”perpendicularlyto the line samplewithin the filter footprint. Right: Computing
andapplyingthe one-dimensionalsummed-areatable. The tablestoresthe fraction of the fil-
tercoveredasaperpendicularedgemovesalongtheline sample.Thefilteredcontributionof any
segmentcanbecalculatedasthedifferenceof two valuesfrom thetable.

The intersectionof a line sampleanda triangle canbe calculatedby finding the
segmentof theline samplealongwhichthesigneddistancesto eachedgeof thetriangle
areall positive; thesedistancescanbecomputedvia edgeequationsasin Pineda[24],
asshown in Figure1. Sincetheedgeequationsarelinear, they needonly beevaluated
at theendpointsof the line sample3. Intersectionsarecalculatedfor eachtriangleand
bufferedfor thevisibility calculation.

Given the multiple intersectionsfor a line sample,the visible segmentsalongthe
line samplemustbedetermined.Sincedepthis a linearfunction(seeBlinn [2]), depth
at segmentendpointsis sufficient to determinevisibility. Segmentson a line sample
canobscureor intersecteachotherasin Figure2, andit is possiblethata segmentwill
besplit into separatesegmentsby thevisibility calculation.

After the visible segmentsalonga line sampleareknown, thevaluefor the corre-
spondingpixel å is computedas the sumof the filtered contribution of eachvisible
segment.Sincetheantialiasingfilter ä is definedin two dimensionsbut thevisibleseg-
mentsareonedimensional,the segmentsmustbe extendedto two dimensionsbefore
filtering. In effect, theline sampleactsasa very thin “window” ontotheimage ã from
whichwemustguesstherestof ã within thefootprintof ä . Limited to one-dimensional
information,we mustassumethat ã changesonly in thatdimension,andis staticin the
otherdimension.Thisis equivalentto “stretching”thevisiblesegmentsperpendicularly
to theline sampleasshown in Figure3.

Ratherthancomputinga two-dimensionalapproximationof ã andthenfiltering, it
is possibleto computethefilteredresultdirectly from thevisible segments.As shown
in Figure 3, the contribution of eachvisible segmentcanbe calculatedusinga one-
dimensionalsummed-areatablecomputedfrom areparameterizationof theantialiasing
integralalongtheline sample.

3 Multiple Line Samples
To properlyantialiasan imagewith a single line sampleper pixel requiresthat each
line samplebe orientedperpendicularlyto any nearbyedges.This is impossiblenear
corners,anddifficult even in simplercases.Within theselimitations,onepossiblean-
tialiasingmethodis to renderthe imagewithout antialiasingandpostprocessit with
anedgedetectorto yield approximateedgeorientations,similar to thetechniqueused
by Bloomenthal[3]. Given theseedgeorientations,an antialiasedimagecanthenbe

3Analogousto [24], a tiebreaker rule mustbeusedwhena line sampleis collinearwith a triangleedge.



renderedwith line sampling. However, aliasesin the non-antialiasedpasscancause
thewrongorientationto bechosenfor the line samples,leadingto aliasingin thefinal
image.Anothermethodto determineedgeorientations,givenby Fujimotoin [13], is to
projectall edgesregardlessof visibility to thescreen.Theprojectededgescould then
beusedto orientline samplesfor rendering.However, thiscanresultin obscurededges
affectingtheorientationof line samples,againleadingto aliasing.

Ratherthanattemptingto antialiasusinga singleline sample,we extendline sam-
pling to usemultiple line samplesat eachpixel. To determinethenumberof line sam-
ples necessaryper pixel, we considerhow closeto optimal the orientationof a line
sampleneedsto be to still give acceptableresults. We have found that nearan edge,
line sampleorientationswithin 45� of optimalareadequate(

�
4.1).Therefore,with two

perpendicularline samplesperpixel, oneof theline sampleswill producea valuesuit-
ablefor anantialiasedimage.Thus,weusetwo line samples,orientedhorizontallyand
vertically; this simplifiesimplementationandimprovesefficiency (

�
3.2).

3.1 Combining Multiple Line Samples
Giventwo perpendicularline samplesatapixel, somemethodmustbedevisedto com-
binetheirvalues.Simpleaveragingof thetwo valuesis unacceptable,equivalentin the
worstcaseto averaginganantialiasedimagewith a non-antialiasedone.Somemethod
is neededfor weightingthetwo line samplesbasedon how closeoneor theother’sori-
entationis to optimal. We computetheseweightsfrom theedgesthat theline samples
intersect.

For a line samplethat intersectsan edge,the accuracy of the antialiasingby that
sampledependson therelativeorientationof theline sampleandtheedge,with greater
accuracy achievedthecloserthey areto perpendicular. We use ��� �	��
 asa weight that
follows this behavior, with 
 theanglebetweentheline sampleandtheedge,asshown
in Figure1. The relative weightsof the two line samplesat a pixel arecomputedas
thesumof ��� �	��
 for every intersectionof anedgewith eitherline sampleat thatpixel.
Using ��� �	��
 ratherthan ��� ��
 normalizesthetotalweightfrom a singleintersection.

Oncewehaverelativeweightsfor thetwo line samples,ablendingfunctionis used
to combinetheir values. Early experimentsshowed that simply choosingthe value
with thehigherweightgavegoodresults,but in somecasessuchadiscontinuousblend
causestemporalaliasing. Instead,we performcubicblending4 of the valuesfrom the
line samplesaccordingto their relative weights,which givesa smoothapproximation
of thestepfunction.

Obscured, Created, and Shared Edges. Properlyweightingline samplesbasedon
edgespresentin theimagerequiresthedeterminationof whetheranedgefrom thescene
datais visible in the imageor not. As in Figure2, someedgesmight beobscured,or
two objectsthatintersectmightcreateanew edge.Finally, someedgesmightbeshared
betweenadjacenttrianglesin anobject,andshouldcontributeto theweightsaccording
to thechangein coloracrossthesharededge.

Obscurededgesandedgescreatedby intersectionsarehandledasfollows. For each
trianglethata line sampleintersects,theorientationof edgescrossedby theline sample
(e.g.,A andB in Figure1) and the triangle’s surfacenormalarestored. During the
visibility calculation,obscurededgesareculledby depthcomparison.Whensegments
intersect,theorientationof thecreatededgeis calculatedfrom thecrossproductof the
surfacenormalsof thecorrespondingtriangles.

4The cubicblendof values( 
�� , 
�� ) accordingto the weights( ��� , ��� ) is definedas 
���
������ 
����

���� � � � �"!#�%$&���'� with �(�*),+).-�/.),+ .
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Fig. 4. Plotsof line samplingof singleedges,orientedat 3�465 , 768:9 ;�5 , and <:;�5 relative to oneof
the line samples.Plotsareof pixel valueversusdistancefrom the edgeto the pixel center, as
shown on theright. Two line samples,orientedhorizontallyandvertically, wereusedto generate
thedatafor theplots. Becauseof symmetry, theplotsdo not dependon which line samplethe
orientationsaremeasuredfrom.

Detectingsharededgesis trivially accomplishedby comparingsegmentendpoints.
Determininghow mucha sharededgeshouldcontribute to the weightingcalculation
requiresa heuristicbasedon the changein color acrossthe edge. We do not explore
sucha heuristic in this paper, noting that other antialiasingmethodssuchas proper
texturefiltering aremorerelevantin thesecases.

3.2 Computing Visible Segments Along Scanlines
Whenusingtwo line samplesper pixel, orientedhorizontallyandvertically, the hor-
izontal line samplesare all subsegmentsof the horizontalscanlinesrunning through
thosepixels. Likewise, the vertical line samplesare subsegmentsof “vertical scan-
lines.” It is possibleto computevisible segmentsalongentirescanlinesat a time,asin
astandardscanlinerenderer, andthenextractthevisiblesegmentsfor individualpixels.

Suchanimplementationof line samplingis equivalentto generatingtwo imagesvia
scanlinetechniques,with the weightsof the two line samplesbeingusedto perform
a per-pixel blend of the two images. Eachof the two imagesis antialiasedwell in
onedirectionandpoorly in the other, andthe weightsindicatewhich imageis better
antialiasedata particularpixel.

With suchanimplementation,thecomputationalcostof line samplingis not much
morethantwice thecostof ascanlinerenderer, andthestoragerequiredis proportional
to thesizeof theimagebeingrendered(notincludingshort-termstoragefor thescanline
visibility calculation). After taking into accounttransformations,shading,andother
calculationsindependentof the antialiasingmethod,line samplingbecomesa viable
alternative for achieving highqualityantialiasingwithouta largeincreasein cost.

4 Results
4.1 Error Analysis for Single Edges
Figure 4 shows the behavior of line samplingappliedto a single edgefor different
edgeorientations.Eachplot showsthepixel valuecomputedfor varyingdistancesfrom
the edgeto the pixel center. Two line samples,orientedhorizontallyand vertically,
wereusedto generatethe plots, with a Gaussianfilter =?> ��@ + (truncatedat A�ìCB and
normalized),andcubicblendingusedto combinethevaluesof thetwo line samples.

For edgesorientedat D?E � , line samplingis equivalentto analyticantialiasing.ForF,G � and HJILK G � edges,themaximumerrorscomparedto theanalyticresultare0.09and
0.03,respectively. The

F,G � orientationis theworstcasefor asingleedge.



Whenantialiasinga
F,G � edge,the result is equivalentto the analyticsolution for

a filter with A�ìM��� � F,G � ( NME.K O,B )5. In the HJILK G � case,the computedvalueis a blend
betweentwo filters, onewith AwìP��� �QHJILK G � ( NPE.K R?D ) andtheotherwith AwìP��� �SIJO,K G �
( NTE.K F H ). Cubicblendingensuresthatthewider filter dominates.

It is alsoimportantto noticethesmoothbehavior of line samplingin all casesasthe
distanceto theedgechanges.Thispreventstemporalartifactsasedgesmoveslightly in
animations.

4.2 Images
Figures5 and6 comparedifferentantialiasingmethods.Figure5 is a scenecomprised
of thin trianglesscaledandrotatedarounda singlepoint; Figure6 is a trianglecomb,
whereeachtriangle is 1.01pixels wide at the baseand100 pixels high. Eachfigure
shows four images,two from stochasticsampling(256 or 16 point samplesperpixel,
sharedduringfiltering), onefrom line sampling,andonewithout antialiasing(regular
sampling,onesampleperpixel). Supersamplingwith 256samplesis indistinguishable
from theanalyticsolutionfor theseimages.

Thestochasticsamplingandline samplingimagesweregeneratedwith a Gaussian
filter (truncatedat A{ìUB andnormalized).Two line samples,orientedhorizontallyand
vertically, wereusedto renderthe line samplingimages,with cubic blendingusedto
combinethevaluesof thetwo line samples.

The 256-supersampledand line samplingimagescomparequite favorably. The
Moiré artifactsin the line samplingimagein Figure5 areslightly morepronounced
nearedgesorientedat about

F,G � ; this is dueto the effectively narrower filter in those
areas(

�
4.1).

Stochasticnoiseis quite noticeablein the 16-supersampledimagesin areaswith
high frequencies.Whenanimated,theseareas“twinkle” distractingly, dueto thehigh
frequency contentof theclosely-spacedparalleledges.Line samplingperformsalmost
aswell asanalyticantialiasingin thoseareas,andthesameanimationsgeneratedwith
line samplingdo not suffer from suchtemporalartifacts.

4.3 Failure Cases
Therearesomecaseswhereline samplingcanfail, primarily becauseit is unableto
properlyantialiasareaswith high-frequency contentin multiple near-orthogonaldirec-
tions. For example,a D?EJ� axis-alignedcornercanprotrudeinto a pixel without inter-
sectingeither line sample. A slight changein its positioncancauseit to cover both
line sampleshalfway, resultingin a jump in pixel value.Othercasessuchassub-pixel
polygonsandendpointson thin rectangularpolygonsarenot properlyantialiasedby
line sampling.

Line samplingcanalsofail dueto interactionsof patternedsceneswith thepattern
of line samples.For example,a geometric(ratherthantextured)checkerboardtilted atF,G � in screenspacecouldappearall white if theline samplesandcheckerboardsquares
wereto line upperfectly.

5 Conclusions and Future Work
Line samplingprovideshigh quality antialiasingof polygonalsceneswithout a large
increasein the computationalcostof rendering.It providesnear-analyticantialiasing

5A single line sampleinteractswith an edgeas if the line samplewereperpendicularto the edge,but
scaledby VXW Y�Z , where Z is theanglebetweentheedgeandtheline sample.



on one-dimensionalfeatures,andpreventsmostof thedistracting“twinkling” artifacts
thatoccurin animationsgeneratedwith stochasticsampling.Becauseone-dimensional
featuresarevisually important,line sampling’semphasison properlyantialiasingsuch
featuresis justified.

In the future, we plan to explore using more line samplesat eachpixel to im-
prove line sampling’s robustness.Someof the failure casesmight alsobe prevented
by stochasticline sampling,in which the orientationsof line samplesarechosenran-
domly for eachpixel. We would alsolike to investigatethe naturalextensionof line
samplingto motion blur. Finally, we notethat line sampling’s per-pixel memoryre-
quirementscouldbe unbounded,similar to Carpenter’s A-buffer [4]. Recentwork by
Jouppi[15] on a simplified A-buffer with fixed per-pixel memoryleadsus to believe
thatanalogousmethodsmightbeappliedto line sampling.

Fig. 5. Clockwisefrom upperleft: stochasticsampling(256samples/pixel), line sampling,regu-
lar sampling(1 sample/pixel), stochasticsampling(16samples/pixel).

Fig. 6. Left to right: stochasticsampling(256samples/pixel), line sampling,stochasticsampling
(16 samples/pixel), regularsampling(1 sample/pixel). In the rightmostimage,the thin vertical
trianglesof thecombbreakupcompletelyandaliasaslargetriangles.


