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Abstract. Antialiasingis a necessargomponenbdf ary high quality renderer
An antialiasedmageis producedby convolving the scenewith an antialiasing
filter andsamplingtheresult,or equivalently by solvingthe antialiasingintegral
ateachpixel. Thoughmethoddor analyticallycomputingthis integral exist, they
requirethe continuoustwo-dimensionakesult of visible-surfice computations.
Becausdhesecomputationgreexpensve, mostrenderersisesupesampling a
discontinuousapproximationto the integral. We presenta new algorithm, line
sampling combininga continuousapproximationto the integral with a simple
visible-surfice algorithm. Line samplingprovides high quality antialiasingat
significantlylower costthananalyticmethodswhile avoiding the visual artifacts
causedy supersampling discontinuousature.

A line sampléis a line sggmentin theimageplane,centeredat a pixel andspan-
ning thefootprint of the antialiasingfilter. The sggmentis intersectedvith scene
polygons,visible subsgmentsare determined,and the antialiasingintegral is
computedwith thosesubsgmentsanda one-dimensionaleparameterizationf
theintegral.

On simplescenesvhereedgedirectionscanbe precomputedpne correctly ori-
entedline sampleper pixel suficesfor antialiasing.Complex scenesanbe an-
tialiasedby combiningmultiple line samplesveightedaccordingto the orienta-
tion of theedgeghey intersect.

1 Introduction

Aliasing, the masqueradingf a signal’s high frequenciesaslow frequenciesvhenthe
signalis sampledat too low arate,hasplaguedcomputergraphicssinceits inception.
Images(two-dimensionakignals)generatedrom scenesomprisedof polygonsare
particularly proneto aliasingsincepolygon edgescontaininfinitely high frequencies
which aliasasthewell-known “jaggies’”

Thesamplingtheoremstateghata signalcanbecorrectlyreconstructefrom areg-
ularsamplingonly if thesignal's maximumfrequeng components belov the Nyquist
limit, definedashalf the samplingrate. Frequenciegsbove the Nyquistlimit appearas
low-frequeng aliasedn thereconstructedignal. The naive methodto reducealiasing
is to representhesignalwith moresamplege.g.,by addingmorepixelsto thedisplay),
but this is usuallyunacceptableThe preferredmethodis to bandlimitthe signalor im-
ageprior to samplingby corvolving it with afilter thatattenuateghe high frequencies.
Convolving animage with a bandlimitingfilter ' andthensamplingat location P
canbeexpresseastheintegral

S(Py, Py) = //I(x,y) F(x — P,y — Py)dzdy

whereS is theresultingsampledmage madeup of pixelsatthesamplepoints{ P}. We
referto F' astheantialiasingfilter? andthe equatiorabove asthe antialiasingintegral.
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The perfectbandlimiting filter, sinc, completelyremoves frequenciesabove the
Nyquistlimit, but hasinfinite extentandcausesringing” in imagesmakingit unsuit-
ablefor antialiasingin mostcases.A smooth,positive filter with finite extent(e.g.,a
truncatedGaussian)s preferablefor efficiency andaesthetics.

Therearetwo commonmethodsfor computingthe antialiasingintegral. Analytic
methodssomputeheintegraldirectly from acontinuousepresentatioof /. Pointsam-
pling methods,or supesampling approximatethe integral by samplingl at multiple
pointsaroundP andcomputingS(P) asaweightedsumaccordingo F'.

For three-dimensionacenes/ is the two-dimensionakolutionto the visible sur
faceproblem.Computinga continuougepresentatioof visible surfacess non-trivial,
which haslimited the useof analyticapproachesgespiteefficient methodsor comput-
ing theintegral oncevisible surfacesareknown.

Supersamplingesultsin muchsimplervisible surfacecalculations sincevisibility
needonly bedetermineditindependenpoints. However, supersamplinassomeneg-
ative traits. Sincethe samplingpointsarediscrete|t is a discontinuousapproximation
to the antialiasingintegral. A smallmovementof an edgecancausea samplepoint to
changdrom insideto outsidea polygon,resultingin ajumpin pixel value.Also, small
featuresanbemissecentirelyby thesampling.Finally, regularly spacedamplesesult
in patternediliaseswhich areeasilydetectedy thehumaneye. Adaptive andstochas-
tic samplingcanalleviate discontinuousbehaior and patternedaliases, respectiely,
but lack a regularstructuremakingthemlessamenabldo efficientimplementation.

In this paperwe introduceline sampling a new antialiasingmethodthatcombines
a continuousapproximationto the antialiasingintegral with a simple visible-surfice
algorithm. Line samplingcomputeghe antialiasingintegral from the intersectiorof 1
anda line sggmentcenteredat P and spanningthe footprint of thefilter F', giving a
one-dimensionadignalthatis antialiasedanalyticallyaccordingto #'. Theunderlying
assumptionis that the one-dimensionasignal alongthe line sampleis representatie
of the two-dimensionaimage nearP. This assumptioris valid if the line sample
is orientedperpendicularlyto nearbyedgesin I. Unfortunately determiningsucha
directionis impossiblein somecasesandinfeasiblein general.

In practice,samplingslightly off the optimal direction gives acceptableresults,
which leadsus to taking multiple line samplesper pixel and combiningtheir results
basedon local imagefeatures. With two perpendiculaline samplesthis approach
producesigh quality antialiasedmagescomparabldo thosefrom analyticmethods.

Line samplings analytic naturewith regardsto one-dimensionaleaturesgivesit
smoothbehaior whenthosefeatureschangeslightly, asin animations. This yields
much more aestheticallypleasingresults,preventing the “twinkling” effectsthat are
visible in animationggeneratedvith supersamplingunlessa large numberof samples
areused).

1.1 Related Work

A tutorial on antialiasingis givenby Foley in [12], andJoy [16] includesan excellent
review of antialiasingnethodd1, 4,5, 6, 7,8,9, 11, 17, 23, 26, 27]. More recentwork
on analyticmethodsncludeg[10, 14, 19], all of which assume precomputedolution
to thevisible surfaceproblem.Recentwork on supersamplingncludes[20, 21, 22].

An interestingvariation of particularrelevanceis given by Max in [18], which
presents hybrid techniqueusingdatafrom a scanlinerenderetto antialiasscenespro-
viding a methodsimilar to analyticantialiasingin onedirectionandregularsupersam-
pling in theother Thisis roughlyequivalentto ourmethodwith asingleline sampleper
pixel andeachline samplehaving the sameorientation.He extendshis methodin the
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Fig. 1. Theintersectiorof atriangledefinedby the edgeequations{A, B, C} andaline sample
centeredat pixel P. Theintersectiorcanbe computedasthe segmentalongtheline samplewhere
theedgeequationsreall positive, asshavn in thegraph.64 andf g aretheanglesof intersection
betweertheline sampleandtheedgesA andB of thetriangle.
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Fig. 2. Visible sggmentcalculation. On the left, triangle T1 partially obscuregdriangle T2. On
theright, T1 and T2 intersect.The depthinformationis shavn in thegraphs.

samepaperto usedatafrom adjacenscanlinesaandthe slopesof the edgesntersected
by scanlinego infer amoreaccurateapproximatiorof theimageprior to filtering. An
extensionof this methodis describedy Tanakain [25] in which every polygon's exact
coverageis determinedy insertinga verticalscanlineat eachpositionwhereanactive
edgeis createddestrged, or intersectsa horizontalscanline.Thesevertical scanlines
areboundedby thetwo neighboringhorizontalscanlinego reducecomputationatost.
Evenso,their methodis 4-8 timesslower thantraditionalscanlinerendering.Guenter
[14] alsousesone-dimensionasamplesput takesthem from a precomputediisible
surfacesolution and usesthemto approximatethe antialiasingintegral via Gaussian
quadrature.

We extend Max’s work in [18] by using multiple samplingdirectionssimultane-
ously, by consideringndependensamplingdirectionsfor eachpixel, andby combin-
ing multiple samplegper pixel. We do not useedgeslopesin the approximationof I,
thoughour methodcould be extendedto do so. As will be shovn (§3.2), our method
producesigh quality resultswith a costof only abouttwice thatof a scanlinerender

2 Line Sampling

Computingan approximationto the antialiasingintegral at a pixel with line sampling
involvesthreesteps:intersectingthe line sample(a line sgmentin the imageplane)
with polygonsin the scene,calculatingvisible segmentsalong the line sample,and
computingthe filtered result. Thesecalculationstake placeafter the polygonsin the
scenehave beencorvertedto trianglesandtransformedo screenspace.A line sam-
ple canbe orientedin ary direction;we assumea horizontalsamplefor the following
discussion.
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Fig. 3. Left: Extensionof visible sggmentsto two dimensions. The visible sggmentsare
“stretched” perpendicularlyto the line samplewithin the filter footprint. Right: Computing
and applying the one-dimensionasummed-are#able. The table storesthe fraction of the fil-

tercoveredasa perpendiculaedgemovesalongtheline sample Thefiltered contrikution of ary
segmentcanbe calculatedasthe differenceof two valuesfrom thetable.

The intersectionof a line sampleand a triangle can be calculatedby finding the
segmentof theline samplealongwhichthesigneddistances$o eachedgeof thetriangle
areall positive; thesedistancesanbe computedvia edgeequationsasin Pineda[24],
asshawn in Figurel. Sincethe edgeequationsarelinear, they needonly be evaluated
atthe endpointsof theline samplé. Intersectionsare calculatedfor eachtriangleand
bufferedfor thevisibility calculation.

Given the multiple intersectiondor a line sample the visible segmentsalongthe
line samplemustbe determined Sincedepthis a linearfunction(seeBlinn [2]), depth
at segmentendpointsis sufficient to determinevisibility. Segmentson a line sample
canobscureor intersecteachotherasin Figure2, andit is possiblethata segmentwill
be splitinto separatsegmentsby thevisibility calculation.

After the visible sggmentsalonga line sampleareknown, the valuefor the corre-
spondingpixel P is computedasthe sum of the filtered contribution of eachvisible
seggment.Sincetheantialiasindfilter F' is definedin two dimensionsut thevisible sgy-
mentsare one dimensional the segmentsmustbe extendedto two dimensionsbefore
filtering. In effect, theline sampleactsasa very thin “window” ontotheimager from
whichwe mustguesgherestof I within thefootprintof . Limited to one-dimensional
information,we mustassumehat/ change®nly in thatdimensionandis staticin the
otherdimension.Thisis equivalentto “stretching’thevisible segmentgperpendicularly
to theline sampleasshowvn in Figure3.

Ratherthancomputinga two-dimensionabpproximationof I andthenfiltering, it
is possibleto computethefiltered resultdirectly from the visible sggments.As shovn
in Figure 3, the contritution of eachvisible sggmentcan be calculatedusing a one-
dimensionabummed-aretablecomputedrom areparameterizatioof theantialiasing
integral alongtheline sample.

3 MultipleLine Samples

To properly antialiasan imagewith a singleline sampleper pixel requiresthat each
line samplebe orientedperpendiculariyto ary nearbyedges.This is impossiblenear
cornersanddifficult evenin simplercases.Within theselimitations, onepossiblean-
tialiasing methodis to renderthe imagewithout antialiasingand postprocesd with
anedgedetectorto yield approximatesdgeorientations similar to thetechniqueused
by Bloomenthal[3]. Giventheseedgeorientationsan antialiasedmagecanthenbe

3Analogousto [24], atiebrealer rule mustbe usedwhenaline sampleis collinearwith atriangleedge.



renderedwith line sampling. However, aliasesin the non-antialiasegbasscan cause
thewrong orientationto be choserfor the line samples|eadingto aliasingin thefinal
image.Anothermethodto determineedgeorientationsgivenby Fujimotoin [13], is to
projectall edgesregardlessof visibility to the screen.The projectededgescould then
beusedto orientline samplegor rendering.However, this canresultin obscurededges
affectingthe orientationof line samplesagainleadingto aliasing.

Ratherthanattemptingto antialiasusinga singleline sample we extendline sam-
pling to usemultiple line samplesat eachpixel. To determinehe numberof line sam-
ples necessaryer pixel, we considerhow closeto optimal the orientationof a line
sampleneedsto be to still give acceptableesults. We have found that nearan edge,
line sampleorientationgwithin 45° of optimalareadequat€§4.1). Thereforewith two
perpendiculatine samplegerpixel, oneof theline sampleswill producea valuesuit-
ablefor anantialiasedmage. Thus,we usetwo line samplesgprientedhorizontallyand
vertically; this simplifiesimplementatiorandimprovesefficiengy (§3.2).

3.1 Combining Multiple Line Samples

Giventwo perpendiculaline samplesata pixel, somemethodmustbe devisedto com-
binetheirvalues.Simpleaveragingof thetwo valuesis unacceptablegquivalentin the
worstcaseto averaginganantialiasedmagewith a non-antialiase@ne. Somemethod
is neededor weightingthetwo line sampledasedn how closeoneor the others ori-
entationis to optimal. We computetheseweightsfrom the edgeghattheline samples
intersect.

For a line samplethat intersectsan edge,the accurag of the antialiasingby that
sampledepend®ntherelative orientationof theline sampleandtheedge with greater
accuray achievedthe closerthey areto perpendicularWe usesin® § asa weightthat
followsthis behavior, with 8 the anglebetweertheline sampleandthe edge,asshaovn
in Figure 1. Therelative weightsof the two line samplesat a pixel are computedas
the sumof sin” @ for every intersectiorof anedgewith eitherline sampleat that pixel.
Usingsin? ¢ ratherthansin # normalizeshetotal weightfrom a singleintersection.

Oncewe have relative weightsfor thetwo line samplesa blendingfunctionis used
to combinetheir values. Early experimentsshaved that simply choosingthe value
with the higherweightgave goodresults but in somecasesuchadiscontinuoudlend
causegemporalaliasing. Instead we performcubic blending of the valuesfrom the
line samplesaccordingto their relative weights,which givesa smoothapproximation
of the stepfunction.

Obscured, Created, and Shared Edges. Properlyweightingline sampleshasedon
edgegresentn theimagerequiregshedeterminatiorof whetheranedgefrom thescene
datais visible in theimageor not. As in Figure2, someedgesmight be obscuredor
two objectsthatintersecimight createanew edge.Finally, someedgesmightbeshared
betweeradjacentrianglesin anobject,andshouldcontributeto theweightsaccording
to thechangean coloracrosghe sharededge.

Obscurecedgesandedgesreatedy intersectionsarehandledasfollows. For each
trianglethataline sampléantersectstheorientationof edgesxrossedy theline sample
(e.g.,A andB in Figure 1) andthe triangle’s surfacenormal are stored. During the
visibility calculation,obscuredcedgesareculled by depthcomparisonWhensegments
intersectthe orientationof the creatededgeis calculatedrom the crossproductof the
surfacenormalsof the correspondindriangles.

4The cubic blend of values(v;, v2) accordingto the weights(wi, w2) is definedasv = vy + (v2 —
v1)(w?(3 — 2w)) with w = —%2
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Fig. 4. Plotsof line samplingof singleedgesprientedat 90°, 62.5°, and45° relative to one of
the line samples.Plotsare of pixel value versusdistancefrom the edgeto the pixel center as
shavn ontheright. Two line samplesprientedhorizontallyandvertically, wereusedto generate
the datafor the plots. Becauseof symmetry the plots do not dependon which line samplethe
orientationsaremeasuredrom.

Detectingsharededgess trivially accomplishedby comparingsegmentendpoints.
Determininghow much a sharededgeshouldcontribute to the weighting calculation
requiresa heuristichasedon the changein color acrossthe edge. We do not explore
sucha heuristicin this paper noting that other antialiasingmethodssuchas proper
texturefiltering aremorerelevantin thesecases.

3.2 Computing Visible Segments Along Scanlines

Whenusingtwo line samplesper pixel, orientedhorizontally and vertically, the hor-
izontal line samplesare all subsgmentsof the horizontalscanlinesrunning through
thosepixels. Likewise, the vertical line samplesare subsgmentsof “vertical scan-
lines” It is possibleto computevisible segmentsalongentirescanlinesatatime, asin
astandardscanlinerendererandthenextractthevisible segmentsor individual pixels.

Suchanimplementatiorof line samplingis equivalentto generatingwo imagesvia
scanlinetechniqueswith the weightsof the two line samplesbeing usedto perform
a perpixel blend of the two images. Eachof the two imagesis antialiasedwell in
onedirectionand poorly in the other andthe weightsindicatewhich imageis better
antialiasedat a particularpixel.

With suchanimplementationthe computationatostof line samplingis not much
morethantwice thecostof a scanlinerendererandthe storagerequiredis proportional
tothesizeof theimagebeingrenderednotincludingshort-ternstoragefor thescanline
visibility calculation). After taking into accounttransformationsshading,and other
calculationsindependentf the antialiasingmethod,line samplingbecomesa viable
alternatve for achieving high quality antialiasingwithout a largeincreasén cost.

4 Results

4.1 Error Analysisfor Single Edges

Figure 4 shows the behaior of line samplingappliedto a single edgefor different
edgeorientations Eachplot shavsthe pixel valuecomputedor varyingdistance$rom
the edgeto the pixel center Two line samples orientedhorizontally and vertically,
were usedto generatehe plots, with a Gaussiarfilter e 2’ (truncatedatr = 1 and
normalized) andcubicblendingusedto combinethe valuesof thetwo line samples.
For edgesorientedat 90° line samplingis equivalentto analyticantialiasing. For
45° and62.5° edgesthe maximumerrorscomparedo theanalyticresultare0.09and
0.03,respectiely. The45° orientationis theworstcasefor asingleedge.



Whenantialiasinga 45° edge,the resultis equivalentto the analytic solution for
afilter with » = sin45° (= 0.71)°. In the 62.5° case the computedvalueis a blend
betweentwo filters, onewith r = sin 62.5° (~ 0.89) andthe otherwith » = sin 27.5°
(=~ 0.46). Cubicblendingensureghatthewider filter dominates.

It is alsoimportantto noticethe smoothbehavior of line samplingin all casesasthe
distanceo theedgechangesThis preventstemporalartifactsasedgeanove slightly in
animations.

4.2 Images

Figuresb and6 comparedifferentantialiasingmethods.Figure5 is a scenecomprised
of thin trianglesscaledandrotatedarounda single point; Figure6 is a trianglecomb,
whereeachtriangleis 1.01 pixels wide at the baseand 100 pixels high. Eachfigure
shaws four images,two from stochasticsampling(256 or 16 point samplesper pixel,
sharedduringfiltering), onefrom line sampling,andonewithout antialiasing(regular
sampling,onesampleperpixel). Supersamplingvith 256 sampleds indistinguishable
from theanalyticsolutionfor thesemages.

The stochasticsamplingandline samplingimagesweregeneratedavith a Gaussian
filter (truncatedatr = 1 andnormalized).Two line samplesprientedhorizontallyand
vertically, were usedto renderthe line samplingimages,with cubic blendingusedto
combinethe valuesof thetwo line samples.

The 256-supersamplednd line samplingimagescomparequite favorably. The
Moiré artifactsin the line samplingimagein Figure 5 are slightly more pronounced
nearedgesorientedat about45°; this is dueto the effectively narrowver filter in those
areaq§4.1).

Stochastimoiseis quite noticeablein the 16-supersamplednagesin areaswith
high frequencies Whenanimatedtheseareas'twinkle” distractingly dueto the high
frequeng contentof the closely-spacegaralleledgesLine samplingperformsalmost
aswell asanalyticantialiasingin thoseareasandthe sameanimationgyeneratedvith
line samplingdo not suffer from suchtemporalartifacts.

4.3 FailureCases

Thereare somecaseswhereline samplingcanfail, primarily becauset is unableto
properlyantialiasareaswith high-frequeng contentin multiple nearorthogonalirec-
tions. For example,a 90° axis-alignedcornercanprotrudeinto a pixel without inter-
sectingeitherline sample. A slight changein its position cancauseit to cover both
line sampledhalfway, resultingin ajumpin pixel value. Othercasesuchassub-pixel
polygonsand endpointson thin rectangulampolygonsare not properly antialiasedoy
line sampling.

Line samplingcanalsofail dueto interactionsof patternedsceneswith the pattern
of line samplesFor example,a geometriq(ratherthantextured)checlerboardilted at
45° in screerspacecouldappeall whiteif theline samplesandcheclerboardsquares
wereto line up perfectly

5 Conclusonsand Future Work

Line samplingprovideshigh quality antialiasingof polygonalsceneswithout a large
increasan the computationatostof rendering. It providesnearanalyticantialiasing

5A singleline sampleinteractswith an edgeasif the line samplewere perpendiculato the edge,but
scaledby sin 6, whered is the anglebetweerthe edgeandtheline sample.



onone-dimensiondeaturesandpreventsmostof the distracting“twinkling” artifacts
thatoccurin animationgyeneratedvith stochasticampling.Becausene-dimensional
featuresarevisually important,line samplings emphasion properlyantialiasingsuch
featureds justified.

In the future, we plan to explore using more line samplesat eachpixel to im-
prove line samplings robustness.Someof the failure casesmight alsobe prevented
by stochastidine sampling,in which the orientationsof line samplesarechoserran-
domly for eachpixel. We would alsolike to investigatethe naturalextensionof line
samplingto motion blur. Finally, we notethatline samplings perpixel memoryre-
quirementscould be unboundedsimilar to Carpenters A-buffer [4]. Recentwork by
Jouppi[15] on a simplified A-buffer with fixed perpixel memoryleadsus to believe
thatanalogousnethodsmightbeappliedto line sampling.

Fig. 5. Clockwisefrom upperleft: stochasticampling(256 samples/pigl), line samplingregu-
lar sampling(1 sample/pigl), stochasticampling(16 samples/pigl).

Fig. 6. Left to right: stochasticampling(256 samples/pigl), line sampling,stochasticampling
(16 samples/pigl), regular sampling(1 sample/piel). In the rightmostimage,the thin vertical
trianglesof the combbreakup completelyandaliasaslargetriangles.



